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— THE PREFACE. | 


5 


Tur principal object of the preſent Collection of | 
Tracts is to explain, and illuſtrate by examples, 
Mr. Raphſon's and Dr. Halley's Methods of Reſolving 


Affected Algebriick Equations by Approximation, and 
to compare theſe two methods with each other, in order 


to be able to form a judgement of their reſpective merits | 


and determine to which of them we ought to give the 


preference. With this view I have, in the beginning of 


| the Book, reprinted Dr. Halley's Diſcourſe on this ſub- 
| jet from the Second Volume of the Collection of Tracts 


called Miſcellanea Curioſa, which was/ publiſhed in the 


year 1708. In this Diſcourſe (which is written in a very 
conciſe and obſcure ſtyle,) Dr. Halley, firſt, gives an 


| account of what had been done by Mr. Raph/on and 

 Monfieur De Lagny of Paris with reſpect to this buſineſs 
of reſolviag equations by approximation, and particularly 
in the reſolution of pure equations, or the extraction of 


the roots of numbers, and then proceeds to deſcribe his 
own method of reſolving affeFed equations of all degrees 


ty 


* 
* 
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= by approtimation, which he conſiders as a great improve- 

ment of the method that had been given by Mr. Raphſon 

for the ſame purpoſe, This deſcription is but ſhort, 

being contained in only two pages, to wit, pages 12 and 

1z of the preſent publication; and it is, in my opinion, 
very obſcure and difficult to underſtand : but it is illuſ- : 

trated in the following pages of the Tract, (to wit, pages 

14, 15, &c - - - 21,) by being applied to the reſolution. 
of three numeral equations, to wit, the cubick equation 

* — 172* + 54x = 350, the incompleat biquadratick 

| equation * 85 — 3. + 75x = 10,000, and the com- 

pleat biquadratick equation 14,937x — 1998x" + 80x! 

— x* = 50co.; This Diſcourſe of Dr:_Halley I have 
endeavoured to explain and iltuftrate in a very long 

1 Appendix to it, which extends from page 25 to page 183, 
MW and of which the principal contents are as follows 25 


I be firſt 12 pages of this Appendix, to wit, pages 25, 
26,:&c, - = 37, contain a very full. deſcription of 
the grounds of both Dr. Halley's and Mr. Raphſon's 
methods of reſolving, equations by approximation, and, 
indeed, of all other methods of the ſame kind; which 
conſiſt of the four ſollowing operatious ; to wit, in the 
firſt place, to find, (by a few-eaſy:conjectures and trials, 
with ſmall numbers conliſting of one, or two, figures, 
or by ſome other method ſuggeſted by the conditions of 
the equation, or of the Problem from which it is de- 
rived,) a tolerably near value of x, or the unknown root 
of the propoſed equation ; and, ſecondly, (calling the 
EE: h ſaid near value a,) to put z for the unknown difference 
724 | between @ and the root & and, if @ is leſs than x, and | 
| . 5 1 9 conſequently 
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conſequently x is equal to a + z; to ſubſtitute the . 
mial quantity @ + = inſtead of x in tha. terms of the 
original equation; and, if à is greater than x, and con- 
ſequently x is equal to @ — , to ſubſtitute a — 2 inſtead 
of + in the terms of the originzł equation; by which 
ſubſtitution the original equation, of which the un- 
known quantity x was the root, will be transformed 
into another equation, of which the unknown quantity z 
(which is much leſs than x, and uſually leſs than a tenth . 
part, and often leſs than a hundredth part, of it,) will be 
the root; and, thirdly, to omit, or reject from the ſaid 
ſecond, or transformed, equation, of which z is the root, 
all the terms that involve any higher powers of 2 than 
it's ſquare zz, or than it's ſimple power z; and then, in 
the 4th and laſt place, to reſolve the remaining equation 
ich will be either a quadratick equation or a ſimple 
uation, according as the terms involving zz are retained 
or rejected,) in the common methods given for that pur- 
poſe. For by theſe operations we ſhall obtain a near 
value of the ſecond unkügben quantity z, and conſe- 
quently a near value of a + 2, or a — , or of the 
root x of the original equation, which will be nearer to 
it's true value than the former near value of it, a, was. 
Theſe operations are ſ the grounds of both Dr. Halley's 
and Mr. Raphſon's njethods of approximation: and the 
difference between them is only this; to wit, that Dr. 
Halley retains, in the ſecond, or transformed, equation, 
of which = is the root, all the terms that involve the | 
 ſquareof & as well as thoſe that involve it's imple power, 
and is thereby under the neceſſity of reſolving a quadra- 


| tick equation in order to obtain the value of z; whereas 
4 2 55 | Mr. 
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Mr. Raphſon rejects all the terms that involve the ſquare 
of 2 as well as thoſe that involve 8, 87, 2; and it's 
ather higher powers, and retains only the terms that in- 
volve the ſimple power of 2, or = itſelf, and by ſo doing 
is enabled ro find. the value of = by reſolving otily a 
frmple equation. The confequence of this difference is, 
that the value of 2 obtained by a ſingle proceſs of Dr. 
Halley's method will be more exact than the value of it 
obtained by a ſingle proceſs of Mr. Raphſon's methad ; 


but the difficulty of obtaining it is confiderably greater 


in the former method than in the latter. How far once 
of theſe advantages courrer-balances the other, and which 
of the two methods, upon the whole, deſerves to be pre- 


ferred to the other, can only be determined by a cloſe 


and carefull compariſon of the two methods with each 
other in the application of them to the reſolution of the 
very ſame numeral equations, and by carrying the inveſti- 
gations of the roots of thoſe equations to the ſame, or 
nearly the ſame, degree of eractneſs, or to the ſame, or 


This therefore is what I have endeavoured to do, with 
rteſpect to the three numeral equations above-mentioned, 
(which have been reſolved by Dr. Halley in the preceed- 
ing Tract,) in the ſubſequent pages of this Appendix: 


The cubick equation +* — 172 + 54r = 350 is that 
Which is firſt examined: and the reſolution of it begins 
in page 37, and ends in page 49, taking up 12 pages. 
In pages 38 and 39 I ſhew how, by various eaſy reaſon- 
ings, conjeures and trials, we may conclude that the 
true value of * is ſomewhat leſs than the number 15. 
7 | WT > And 


* 


rh the ſame, number of figures, by both the methods. 
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And then, 48 a for 15, and e (in conformity to 
Dr. Halley's notation,) for the unknown difference of a 
and xr, I ſubſtitute a — e inſtead of x in the equation 
K — 17 * + 54x = 350, and — * obtain the 
transformed equation 


| 3 — Jo's + 300” 65 
— a ＋ 34e — Ie 5 
N 


= 350, which, (by ſubſtituting in it, inſtead of a, 4 
and 4“, their ſeveral numeral values 15, 225, and 3375 
and by making the ſubtractions and additions of the terms 
| which are neceffary to bring all the unknown terms, or 
terms involving e; tothe left-hand fide of the equation,) 
becomes 21ge — 28. + & 10. From this equation 
chen reject , as being very ſmall in compariſon of 
219e and 28%, and thereby obtain the Juadratick equa- 
tion 219e — 28e* = 10; which, by a diviſion of all it's 


terms by 28, is e the equation 8 * 
2 And, this equation being reſolved by the proper 


methods of reſolving quadratick equations, we find that 


219 216.427,81 Kc 219 
it's two roots re 6 + — 55 z and 7 


2 =, of - which, (by proper reaſonings 
5 


grounded on our knowledge of the limits between which 
the original unknown quantity x mult lie,) we conclude 


that the leſſet root. * | Ho $27.81 2 a muſt be the 


6 „ . 
value of « that is wanted for our purpoſe, * therefore 


. 
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we conclude that e, or the difference between 15 and , 


: | 216.427 8t f 
will be nearly = = 5 2 Ko { = 


2.572, 183, & 
56 | 

or a — e, or 15 — , will be, nearly, = 15 — 

0.045,932 = 44.9568. R. 1. | | 


) = 0,045,932, and conſequently that x, 


Having thus gone through the reſolution of the equa» 
tion x — 17z* + 54x = 350 by Dr. Halley's method, 


I proceed to reſolve it by Mr. Raphſon's method, begin- 


ning the approximation to the value of x from the ſame 
number 15, which was taken for a, or it's firſt near 


value, in the foregoing reſolution of the equation by 


Dr. Halley's method. 


By ſubſtituting @ — e inſtead of & in the equation 
x* — 17x* + 54x = 350 we transform it, as before, 
into the equation oo” 

* Jae + Jae — 
— 17a + 340% — 172: 


+ $40 —— 00 


= 350; and, by rejecting from this equation the three 


terms zae — 17 — „, (which involve the ſquare and 


cube of e,) we reduce it to the ſimple equation a? — 
17a* + 544 — 34% + 34% — 54e = 350, which (by 


ſubſtituting in it, inſtead of a, 4, and 4“, their reſpec- 
tive values 15, 225, and 3375, and by making the proper 


ſubtractions and additions of the terms, to bring all the 


unknown terms, or terms involving e, to the left-hand 
ſide 


* 
3 
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fide of the equation,) becomes 219e = 10. And, His 
eaſy ſimple equation being reſolved (by dividing both 
fides of it by 219, the co-efficient of e) we have e 


15 2 | Y 
8 = 0.0456, and conſequently x, or a — e, or 15 —e, 


nearly = 15 — 0.04 56 = 14-9544 QT — : 


4% 0 
£2 "5p 


This proceſs is evidently much ſhorter and ſimpler 
than the foregoing proceſs by Dr. Halley's method, and 
gives us the value of x, or the root of the original equa» 
tion & — 17x* + 54r = 350, exact to five places of 
figures, the error of the number 14.9544 beginning only 
in the laſt figure 4, which in the more accurate value of 

„is a Cypher. This, however, is a very conſiderable - 
degree of exactneſs obtained by a ſingle proceſs of Mr. 
Raphſon's method, which is much eaſier than the former, 
or correſponding, proceſs of Dr. Halley's method. 

I then proceed, in pages 46, 47, 48, and 49, to find a 

more exact value of x, or the root of the propoſed equa- 

tion x) — 171 + 54x = 350, by means of a ſecond Z 

proceſs of Mr. Raphſon's method, taking 14.954, (or 

the five figures that are exact in the number 14.9544, 

which was obtained by means of the former proceſs, ) for 

the ground-work of the new proceſs. I therefore ſub- 

ſtitute 14.954 initead of + in the trinomial quantity 

x* — 17x* + 54x, and finding that the reſult of this 


3 


= - ſubſtitution is = 349.985, (50, 664, which is leſs than 

the abſolute term 350, I conclude that 14.954 is leſs than 
the true value of x, and, putting c for 14.954, and f 
for the unknown difference by which this number falls 
| | a 4 ſhort 
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ſhort of the true value of , I ſobſtitute the binomial 
quantity c + / inftead of x in the equation x* — 19.x* 
D + 54x = 359 3 by which it is transformed into the 
equation 


. 
„%% + = 3 
+ „* +. 3&f 
1 

1 2 reject from this equation the three terms 2% 

— 17, and + H*, agreeably to Mr. Raphſon's direc- 
tions; and the remaining terms form the ſimple equation 
c + 36 — 17. 34f + 54c + 54f nearly = 350, 

which (by ſubſtituting i in it's terms, inſtead of c, c, and 
c*, their ſeveral numeral values, and by making ſuch. 
additions and ſubtractions of the ſeveral terms as are 3 
neceſſary to bring all the terms that involve the unknown 3 
quantity F to the left-hand fide of the equation,) pro- : 3 
duces the ſimple equation 216.4 30, 348 & f = 0.014, 1 
849,336. And the reſolution of this laſt equation, (by —_ 
dividing both fides of it by 216.430,348, or the co-eſſi- 4 


: 5 5 ROD 5 
cient of ſ)) gives us f (= Age. e, 


610,2. Therefore x, or c + V or 14. 954 + „, will be 
nearly (= 14-954 + 0.000,068,6:0,2) = 14-954,068, | 
e 1 


This 0 is probably true in all 
it's twelve figures. But it is certainly ſo in the firſt ten 
figures 14.954068, 61; of which the firſt eight figures 

14-954,068, are the ſame as thoſe of the formervalue 

| of 


means of ſome eaſy conjectu 
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of x, which was obtained by Dr. Halley's method of 
proximation. So that one proceſs of Dr. Halley's 


method of approximation gives us the value of x in the 
cubick equation a* — 17x* + 54x = 350 exact to 


eight figures by the reſolution of the quadratick equation 
219e — 28e* 10, which has two roots, of which the 
lefler is the value of e wanted for our purpoſe ; and two 


| proceſſes of Mr. Raphſon's method of approximation 


give us the value of the fame quantity exact to at leaſt 


ten places of figures by the refolution of the two fimple 
equations 219e = 10, and 216.430,348 x f = o. 014, 


349,336. The reader muſt now judge for himſelf to 
which of theſe two methods he will give the preference. 
For my own part, I give it to Mr. Raphſon's method. 


The next equation to be conſidered is the incompleat 
biquadratick equation * — 3 + 75x = 10,000. 
This I therefore proceed next to reſolve, firſt, by Dr. 
Halley's method and afterwards by Mr. Raphſon's, in a. 
very full and diſtinct manner, in pages 49, 50, 51, &c -- 65. 


And, in the firſt place, in ret 50 and 51 I find, by 

s and trials, that the value 
of x in this equation will be greater than 9, but leſs than 
10, and nearer to 10 than to 9. I therefore make a= 10, 
and, putting e for the difference between a and x, ſubſti- 


tute a — e inflead of x in the propoſed equation x* * — 


3 + 753 = 10,0003 which i Is thereby transformed i into 
| the equation 
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4 


— + bat "Lo +: 
— 34 + bae -— Je* 
D 


= 10,000. From this equation I then rejedl, according 


to Dr. Halley's directions, the two terms — 4a + , 


which involve in them the cube and fourth power of e, 


and thereby reduce the ſaid equation to the quadratick 


equation 


4 


5 > 
* — 4a'e + Gabe 


— za? + Gae — 3& + | = 1, , 


"36:55; The | ; 


TOY (by ſubſtituting 3 in it, inſtead of a, a? , 45, and a, 


their ſeveral values 10, 100, 1000, and 10,000, and mak- 


ing the ſeveral additions and ſubtractions of the terms 


which are neceſſary to bring all the terms that involve the 
unknown quantity e to the left-hand fide of the equa- 


tion,) becomes changed into the numeral equation 4o15e 


8 597 = 450, and (by dividing all che terms by 597, 


or the co-efficient of z,) into the equation 6.725,293 
X e—e* = 0.753,769, which is a quadratick equation 
duely prepared for reſolution, | 


This quadratick equation I then proceed to reſolve, 
and find that it has two roots, to wit, 3-362,646 + 
3.248, 633 and 3-362,646 — 3.248, 033, of which (by 
confidering the limits of the magnitude of x,.or a — 6, 
which is known to be leſs than 1c, but greater than 9, 
which makes it neceſſary for e to be leſs than 1,) I find 

| | that 
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tha the leſſer root 3. 362,646 — 3. 248, 633 muſt be that 


T hich will be ſuited to our purpoſe, or will be nearlß 


equal to the difference between a, or 10, and x. I 
therefore conclude that e will be nearly = 3. 362,046 — 
3-248,633 = 0.114,013, and therefore that x, or a — e, 


or 10 = , will be nearly = 10 — 0.114,013 or (ne- 


glecting the three laſt figures 01 3, as probably not exact) 


= 10 — 0.114 = 2 k ESL _— 


This number 9.886 appears, upon a trial of it, to he 
very nearly equal to, but ſomewhat leſs than, the true 
value of æ in the propoſed equation x+ * — 3a* + 75x 
= 10,000. In order therefore to find a more accurate 
value of x, I put c for 9.886, and / for it's unknown 
difference from the true value of x, and ſubſtitute the 
binomial quantity c + F inſtead of * in the equation 
** 3x* + 75x = 10, ooo; by means of which ſub- 


| ſtitution the ſaid equy ion is transformed into the equation 


* ＋ af „ * 
5 * 
EEE „ 


* 


TY! I0,000, of ich the ſmNll quantity Fi is the root. 
I then reject frgn this equation the two terms 4 cf* 
and , which reduces it to the quadratick equation 


„ ＋ 4 + b 


4 — 3 = bef — 37 % = 10, 0000 


i Ts 


and (by ſubſtituting in this laſt equation, inſtead of 6, 
cc and c, their ſeveral values 9.886 and it's ſquare, 


cube, 
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cube, and fourth power, and by making the ſeveral ad- 


_ ditions and ſubtractions of the terms which are neceilary 
to bring all the terms that involve the unknown differ- 
ence f to the left-hand fide of the equation,) this equa- 
tion is converted into the numeral equation 3880. 437, 
593, 824 X f + 583.307, 976 X ff = 0 010,480,86 3,984; 
and this equation (by dividing all it's terms by 583-397, 


976, oF the numeral co-efficient of ff) is further re- 


duced to the equation 6.651,441,646 x f +) ff = 


0.000,017,965,204,509,033, Which is a quadratick equa- 


tion duely prepared for reſolution. This equation (which 
bas only one root,) is then reſolved, but not without a 
great deal of laborious calculation; and it's root F is 

found to be = 0,000,002,700. Therefore x, or c + þ, 


or 9.886 + / is nearly (= 9-836 + 0.200,002,700) = 


9.886, 002, 700; chat is, the root of the propoſed biqua- 


. b is nearly equal to 9.886, 02, co. 
& E. 1. 


Dr. Halley makes this root to be nearly equal to 


9.886, 260, 393,49, 5. But I believe he muſt have made 
ſome miſtake in his calculation, becauſe the other value | 
of x here found, to wit, 9.886,002,700, is confirmed by 


the ſecond refolution which 1 have made of this equation 


by Mr, Raphſon's method. I his oſs reſolution is as 


follows : 


Let 10 be taken for a, or the firſt near value of x in 
the equation x* — zr: + 75x = loco, as it was 


in the foregoing reſolution of that equation by Dr. Hal- 
ley's method; and let 4 — de ſubſtituted juſtead of » 


in 


SD 


- NS 


7 
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15 the three terms x*, 3, and 7 5x. Then will the 


transformed equation reſulting from ſuch ſubſtitution be 
(as before) 


- — 40% + 6a'e* — gar? + * 
— 3a* + bat — on 


be RT: 75e 


= 10,000 which, by rejeQting the ſour terms 60%" 
3, — 44 „ according to the directions of Mr: 
Raphſon, will be reduced 5 the Gmple equation 


* 


„ 1 1 
— el + b e lo, co. 
7 0. 1 5 


And 41 laſt equation will (by cabſtituring 3 in it's terms, 
inſtead of a, a, a*, and , their ſeveral valdes 10, loo, 
1000, and 10, co, and by making ſuch additions and 
ſubrraftions of the terms as are neceſſary in order to 
bring all the terms that involve the unknown quantity e 
to the left-hand fide of the equation,) be converted into 
the ſhort numeral equation 30156 = 450. And the re- 


ſolution of this laſt equation (by dividing both ſides ef it 
by 4015, the co-cllicient of the unknown quantity ON 


450. 
4915 | | 
or 10 — , will be nearly = 10 — 0.112 = 9.888, or 
the ſecond , near value of » in the propoſed equation 


gives us e (= } = 0.112. Therefore x, or @—e, 


* *:— 3x* + 75x = 10,009, obtained by this firſt 


proceſs of Mr. Raphſon's method of approximati n, will 
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The operations of this firſt n of Mr. Raphfon's s 
method of approximation are, it is evident, much ſhorter 


and eaſieſ than thoſe of the firſt proceſs of Dr. Halley's 
method, which required the reſolution of the quadratick 


equation 6. 7251293 K — * = 0.753976: 


\ 


I then 1 to find a third near ; value of the root of 
the propoſed equation x* # — 3x* + 75x = 110,000 
by means of a ſecond proceſs of Mr. Raphſon's method 
of approximation. And for this purpoſe I, in the firſt 


plaxe, ſubſtitute the laſt near value of x juſt now ob- 


tained, to wit, the number 9.888, in the terms of the 
trinomial quantity x* — 3 + 75x, in order to diſ- 
cover whether the value of the ſaid trinomial quantity 


thence reſulting will be greater or leſs than 10,000, or 


the abſolute term of the propoſed equation. And I find, 

upon making this ſubſtitution, that the value of the ſaid 
trinomial quantity thence reſulting is 10,007-752,728, 
231,936 ; which is a little greater than 10,c00, or the 
abſolure term of the propoſed equation. I therefore 
conclude that 9.888 is a little _— than the true value 
of x in the equation x* * — 3x* + 7553 = 10,0c0, 
and, putting F for the unknown 1 8 
9.888 and x, [ ſubſtitute the binomial quantity g. 888 — * 2 
inſtead of x in the propoſed equation x* * — 3 + 
75x S lo, ooo, by which (omitting the terms that in- 


rolve either f*, F, or f*, and ranging the terme n their 


proper order.) we arrive at the ſimple equation 3882. 
771, 660, 288 x f = 7.7 52,728,231,9 36 the reſolution 
| , _ 7-752,728,231,936 


3882. 771,660, 50, 88 ou 


of which gives us / (= 
| Therefore 


. 
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Thereſore x, or 9.888 — f, will be nearly = 9.888 — 
0.001,99 = 9.886,01 ; or, the third near value of x in 


che propoſed equation x+ * — 3x* + 75x = 10,000, 
obtained by this ſecond proceſs of Mr. Raphſon's method 


of approximation, will be 9.886,01. 2. E. I. 


0 


Here again we may obſerve that the labour of reſolving 
| the ſimple equation 3882.771,660,288 & f = 7.752, 
728,231,936 in this ſecond proceſs of Mr. Raphſon's 
method is much leſs than the labour of reſolving the 
quadratick equation 6.651, 441,646 Xx f + if = = O. oco, 
017,965, 204, 569,033 in the ſecond proceſs of the fore- 


going reſolution of the propoſed N by Dr. Halley's 
method. 


I then proceed to find a fourth near value of æ in the 
Propoſed equation x* * — 3x* + 75x = 10,002 by 
means of a third proceſs of Mr. Raphſon's method of 


approximation : and, for that purpoſe, I, firſt, ſubſtitute 


the laſt near value uf it, to wit, 9.886,01, inſtead of x, 


in the trinomial quantity * — 7x? + 75x, in order 


to diſcover whether the value of the ſaid trinomial quan- 


tity reſulting from ſuch ſubſtitution is greater, or leſs, 
than 10,200,. of the abſolute term of the propoſed equa- 
tion. And I find, upon making this ſubſtitution, that 
the ſaid reſult is = 10,000.028, 31 3, 570, 294, 077, 144,01; 


which is a little greater than the ſaid abſolute term. I 
therefore conclude. that 9.886,01 is a little greater than 


the true value of x, and, putting g for the unknown 


difference between 9.886,01 and , I ſubſtiture the bi- 
nomial quantity 9. HO — 4 inſtead. of x in the pro- 


poſed 


3 
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poſed equation x** = 3 + 757 = = a with 


an omiſſion of the terms that involve either g* 2&5, or 27, 


agreeably to Mr. Raphſon's directions z and by this ſub- | 


ſtitution I transform the ſaid equation into a ſimple 
equation, which, when the terms of it are properly 


ranged, becomes the equation 3880.449,261,795, 383,204 
Xx g = 0.028,313,570,294,077,144,01. And, this tft / 
equation being refolved by dividing both ſides of it dy 


the co- efficient of g, we ſhall bare 2 (= 


00026, 3 13,370,204 07 7.14401 
3880.449,201,79 5,35 3,204 


and conſequently æ, or 9.886,01 — g. = 9.88601 — 


o. ooo, 007, 296,467 = 9.886, 02, 03,5 33; that is, the 


fourth near value of x in the propoſed equatio c — 


3x* + 75x = lo, cco, obtained by this third proceſs of 
Mr. Raphſon's method of approximation, will | be x 9 886, 
* 


Of this number 9.886, 002,703, 
that (if no miſtakes have been 
the firſt ten figures 9.886 ©52,703 are exact. And, as 
the firſt nine of them, to wit, 9.880, 02, e, ate the ſame 


with the firft nine ngures of the laſt value of x that had | 


been found by the ſecond proceſs of Dr. Halley's method 
of approximation, to wit, 9.3886,002,7 20, I think we 
may be confident that, at leaſt, theſe nine figures muſt 
be exact, and therefore that Dr. Halley's number 9.886, 
260, 393,640, 5» given above in page 15 for a moſt accu- 


rate value of x ſcarce exceeding the truth by 2 in the 


laſt figure, muſt we erroneous. 


) = ©0.C00,007 ,296,467, 


533 it us almoſt certain . 
Je in the caiculation,) 


It 


. 
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It ſeems to me, from the compariſon of the two me- 

thods of approximation in this example, as well as in 

the laſt, that Mr. Raphſon's method (which proceeds by 
the reſolution of only ſimple equations) is ſo much 
fmpler and caſier, both to underſtand and to practiſe, 
than Dr. Halley's method (which proceeds by the reſo- 

- lution of quadratick equations,) that, notwithſtanding 
the advantage of the latter method in giving us more 
new figures of the root ſought exactly, in every ſingle 
proceſs of it, than are given>by a ſingle proceſs of the 
former method, it very much deſerves to be preferred to 
the latter, or Dr. u 5, method. 


* 


I next proceed to Dr. Halley's third example, which is 
the biquadratick equation 14,937 — 1998x* + Sc 
— x* = £229, This equation he juſtly conſiders as a 
very diſſicult one, becauſe it is of that form which ad- 
mits of four different affirmative roots, and becauſe the 
co- eſſicients of x and *; to wit, 14,937 and 1998, are 
very great numbers in compariſon of the reſolvend, or = . 
Wiclute term, 5020. And in truth this equation has 
four affirmative roots, to wit, the decimal fraction 
5958,45, 866,6 Fc, the mixt number 12.7 56,441, 
704, ;8$0,744,022, &:c, the mixt number 32.069, 290, &c, 
and the mixt number 34.832, 280, &c. But of theſe 
roots Dr. Halley finds only the ſecond, or leaſt but one, 
to wit, 12.750441, 94480, 4,022, &c. This root | 
therefore I, in page 65, proceed” to inveſtigate, firſt, by , 
Dr. Halley's method of approximation, and afterwards + 
by Mr r. Raphſoh's. | OI | 


„ 
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In the firſt place 1 conjeQture thar x is nearly equal to 


10, and I ſubſtitute 10 inſtead of * in the quadrinomial 
quantity 14,937 * — 1998x* + for! — PI and I find the 
value of the ſaid quantity reſulting from that ſubſtitution 
to be 19,570, which is almoſt four times as great as 5000, 
or the abſolute term of the propoſed equation. I then 
form a ſecond conjecture about it's magnitude, and ſup- 
poſe i it to be, nearly, = 12, and ſubltitute 12 inftead of 
x in the quadrinomial quantity 14,937 — 1998x* + 

8or' = 24, and find the reſult of this ſubſtitution to be 
9,036. This reſult, though much leſs than the former 
reſult "895 570, is yet much greater than the abſolute 


By theſe two conjeQures and trials 1 find that, while 


x increaſes from 10 to 12, the quadrinomial quantity 


145937x — 1998 + 80x) — 3* decreaſes from 19,570 
to 9,036. I therefore ſuppoſe that, if x were to increaſe 


further from 12 to 13, the ſaid quadrinomial quantity 

would decreafe further from 9,036 to ſame leſſer number. 

And ſo, upon trial, I find it to do. For, if x is = 7 
MN 


the faid quadrinomial quantity will be = 2,718, whi 
3s lefs 'than the abſolute term 5000. I therefore now 


78 
conclude with certainty that x muſt be greater than 12, 


but leſs than 13. 


F urther, in order to obtain a {till nearer value of x, I 
make uſe of the following conjeftural, but very probable, 
and (as appears upon trial,) very uſeſul, ſuppoſition. 


Since, when x is = 12, the quadrinomial quantity 


14,937 x — 1998 * + 801? — * is = 9,036, and, 
es arg | : va 


1 
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when x is equal to the root of the ook equation 
| 145937 * — 1998z* + 89x?! — * = 5000, the faid 


_-quadrinomial quantity is = $0009, and, when x is = 13, 
the ſaid quadrinomial quantity is = 3,718, it ſeems pro- 
. bable that the difference of the firſt and third of the firſt 
three quantities 12, x, and 13, to wit, the difference 


2 13 — 12, or 1, will be to the difference of the firſt and 
| ſecond of thele quantities, to wit, x — 12, in, nearly, 


the ſme proportion as the difference of the firſt and 
third of the latter three quantities 9,036, 5000, and 


3.718, which correſpond to the firſt and third quantities, 


12 and 13, of the firſt ſet, is to the difference of the 
firſt and ſecond: of the latter three quantities 9,036, 
5000, and 3,718, which correſpond to the firſt' and 
ſccond quantities, 12 and x, of the firſt ſet; that is, 
that 1 will be to & — 12 in, nearly, the ſame proportion 
as 9,935 — 3.718, or 5.318, is to 9,036 — 5000, or 
4,036, and conſequently that x — 12 will be nearly = 
1 * 4.935 410 36 
„ os 5,18 
will be nearly = 12.7. 


$ 
= 0.7 Kc, and therefore chat x 


* 


Having thus obtained 12.7 for a firſt near value of 
that is ſufficiently near to it's true value to become the 
baſis, or ground-work, of a farther approximation to it's 
true value by either Dr. Halley's, or Mr. Raphſon's me- 
thod of approximation, proceed to make uſe of it for 
obtaining a more exaQ value of x by Dr. Halley's method 


ſtituting it inſtead of * in the quadrinomial quantity 
19372 — 10998 ˙¹ + 80K! — - a*, in order to diſcover 
bu | | whether 


— 


. of approximation. And for that purpoſe I begin by ſub- 


. 
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whether the value of the 11 quantity res 
ſulting from ſuch ſudſtituti Il be greater or leſs than 
Sooo, or th abſolute term of the propoſed equation | 


Ass: 7* Von” + Sox? — + = $000. 


Now the reſult of this cubſtitution is 5298.0 559. And 
——therefore it appears that, while æ increaſes from 12.7 to 
| 13, the quadrinomial quantity 14,937z — 1g9g8z* + 

80x* — x* will decreaſe from 5298.6559 to 3,718. 
And therefore, wlien x is of ſome intermediate value * 
between 12.7 and 13, the ſaid quadrinomial quantity 1 
will be equal to the abſolute term 5coo, or, in other 1 
Words, the true value of x in the propoſed equation , # 
14,937* — 1998 + 80 — «„ = 5000 will be F 
greater than 12.7, but leſs than 13. We mult therefore 4 
now make 12.7 = a, and 12.7 +6, or 4 , ==, h 
and ſubſtitute a + e inſtead of x in the propoſed equa- b x 
tion, but with an omiſſion of the terms that involve 3 Þ 
either e or . This ſubſtitution will produce me gy 3 


formed equation 


u, 

14,0374 + 149377 
— 1998 a* — 3900 — 
+ dos + 2404 + 240ae? 


4% i pe. = i 
=, Hearly, 50009. And (by ſubſtitWog in this equa- 
tion, inſtead of a, 4, 4, and a*, theK ſeveral values, 3 
to wit, 12.7, and it's ſquare, cube, and fourth power, = 


and making the ſeveral additions and ſabtractions of the = 
terms which are neceſſary to bring al he terms that 


| 
- 
! 


inveive - a -7 


3 
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ins ks unknown quantity « e to the left-hand Gs of 
the equation, with only a known number on it's right- 
hand bdes) we further reduce it to the equation 5296.132 
X e — 8226 X = 298. 6559, and (by dividing all 
the terms by 82.26, or the co- eſſicient of e to the 
equation 64.382,834,9 X e — e* = 3.630, 633,35 7,646, 48, 
which is a quadratick equation properly prepares for re- 
ſolution. 5 1 | 

This quadratick equation (which has two roots,) is 
then reſolved, but not without a great deal of laborious 
calculation: and it's two roots are found to be 32.191, 
4174 uhh 32.134,76,5, and 32-191,417,4 — 
97675 of which it is evident that the former root 


the ſecond root, 1 17% — 32. 34,976, 5, 1 8 — 
root that is to be adopted on this occaſion. We there- | 


UP 1 will be nearly = 32-191,417,4 3 32. 134,976, 5, 

Cr o. orb, 440, and conſequently that x, or a ++ e, or 

117 + „ will be, neaxx, (= 12.7 + 0.056,440,9) = 
2.7 56, 440, 9. N Et. = 


This value of x is exact in the firſt feven fi ures 

1256,44, it's more accurate value, as comput both 
by Dr. Wallis and Dr. _— ok 12. 2.750, 447,59, ky 
00 . 1 
| il 
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Dr. Halley on this occaſion points out à cotreckion to. 


be made to the value of x juſt now obtained, to wit, the 


number 12.756,440,9, without entering upon a compleat 


ſecond proceſs of his method of approximation, and tells 
us that we may, by this correction, find the value of x 
to be = 12.756, 441.794, 48, or to thirteen places of fi- 


gures, all exact. I his correction I have endeavoured to 


explain and to put in practice, in Bages 73, 74, and 75. 


w 


But I am not ſure that I have perfectly underſtood it; 
and the value of x reſulting from my applicatior- of it 
does not agree with the value aſſigned by Dr. Halley, to 


wit, 12.756,441,794,48, but differs from it in ſome of 


the latter figures, being 12.756, 441,794,387. The 


reaſon of this difference I do not know. But, as I do 


not approve of this correction for the reaſons alledged i in. 


art. 34, pages 76 and 77, I. ſhall ſay no more of it in 


this place, but ſhall proceed to give an account of the 


compleat ſecond pt᷑oceſs pf Dr. Halley's method of ap- 


proxnnation whiqu I have gone through in r. 78, 


79. 82, and by which 1 find the mor accurate 


value of x to be 12.756,441, 794, 480, 744,022, 60; f 


v hich I believe the firſt 20 . to wit, 12. 756,4, 


| 794,480,7 4499223 to be exact. | : 


In order to begin the ſaid focond proceſs, I ſubſtitute 
12.756, 34 inſtead of x in the quadrinomial quantity 


14,937x — 1998x* + 80 r — ; and | find the value 


of the ſaid quantity reſulting from ſuch ſubſtitution to 


be $000.009,486,04.4,489,476,5c3,04 ;* which is a very 
little greater than 5000, or the abſolute term of the pro- 
poſed equation 14,937 — 1998%* + 80 — a+ = 

„ 8 0 oc. 
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7 


5000. . I G conclude, for the reaſons 3 given in 
art. 29, that the number 12.7 56,44- is lomewney ns 
than the true value was 


I therefore put c for the number 12.556,44, and F for 


it's unknown difference from the true value of x, and 
ſubſtitute the binomial quintiry c + f inſtead of x in 


the gropoſed equation 14,937x — I998x* + 80 — 
x* oo; by which ſubſtitution the ſaid ee 18 


transformed into the equation 


. K 14937} 
— 9998. — 39906 — 1998 /f 
Soc! + 2407 + 240c ff + 10% 
„ =) ap * 2 = 1 


— 19,000, or (omitting the three terms 9%, 4 and 


f*) into the * 


1469376 + 1: 4.037% „ 
— 1998 — 3996. — 1998 ff 
+ 8c + 240% + 24% 
"w c“ — 1 1 N 


=, nearly, 10,0c0. And, 1 we fubſtitute in this | laſt 


equation, inſtead of © cf, c3, and c their ſeveral values, 


to wit, 12.756,44, and it's ſquare, cube, and fourth 
- power, and make the ſeveral additions and ſubtraQions 
that are neceſſary to bring all the terms that involve the 
unknown quantity f to the left-hand fide of the equa- 
Bp this laſt equation will be converted into the equa» 
"BS tion 
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12 7, putting & = 12.7 and x = a 14 = 
and ſubilituting the binomial quantity 12.7 + e inſtead 
| 2 | | | j . | oft 
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tion 5286. 368, 162, 865,159,936 * . — 87 184,431, 
158,4 „ ff = O. ooq, 486, 644,489, 476, 03, og, and, 
finally (by dividing all the terms of the laſt equation by: 


87.184, 431,158, 4, the co-efficient of /,] into the ns: 
tion 60. 636, 607, 8 5 , 008 64, 270,08 R871 X = 
o. oo, 108, 811 221,951, 323, cop, 352,097 „689,829, 8 24, 


5 386, 0 &c, which is a wn equation ducly prepared 
for reſolution. 5 OY 


This equation is then reſolved in page 82, but not 
without a great deal of laborious calculation; and it's 
leſſer root (which is that which is equal to the diticrence 


between 12.756, 44 and x) is found to be 0.c00,001, 


794,480, 744.012, 60. Therefore x, or c + 7, or 


12.756,44 + f, will be, nearly, (= 12.756,44 + 
0.0C0,001,794,489,744,022,to) = 12.756,441,794,480, 
744,022, 60; that is, the value of + in the propoſed 
equation 14,937Xx — 1998x* + 80 — x* = 5000 
will be very nearly equal to 12.756, 441, 794,480,744, 


022,00. Q. E. i 


I Wa proceed i in pages 83, ga, 85 K - = = - ut to 
find the valve of the ſame root of the propoſed equation 
14,937x — 1998 + 8ox! — a* = 5 * Mr. 

— 
Raphſon's method of approximation, | 


In making this approximation I begin with the ſame | 
firſt near value of x with which I began the former ap- 


proximation by Dr. Halley” s method, to wit, the vumber 
12.7 6. 


— 
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of x in the propoſed equation 14,9377 — 1998 + 

fort — „ = £020, but with an omiſhon of all © 
terms that involve either e?, e, or “. I his ſubſtitution 
produces the ſimple equation 14,9374 — I998a* + 
to4a? — „ + 14,999e — 3996bm + 240a% — 4a*e 
=, nearly, 5:00. And this laſt equation, being fur- 


ther reduced (by ſubſtituting in it's terms inſtead of 


a, a', a3, and a* their ſeveral numeral values, to wit, 
12.7, and it's ſquate, cube, and fourth power, and by 
making the ſeveral additions and ſubtractions which 
are neceſſary to bring all the terms involving e to the 
left-Nand fide of tte equation, and to conſolidate them 
into one term) becomes 5296.132 X e = 298. 55998 


the reſolution of which gives e ( = 2 2595 

* © 3390-138 
+ 0-050,39. Therefore x, or a + „ or 12.7 + e, will be 
(2.7 + b. 56, 30) = 12.756, 393 that is, the ſecond 
near value of x, obtained by this firit proceſs of Mr. 


Raphſon's approximation, will be 12.756,39. a . E. 2. 


Of this number 12.7 56,39 the firſt 605 figures 12.756 
are exact, the more accurate value of x being, 12. 756, 
441,794,480, Ke. 


- 
2 


I then ſubſtitute 1.776030 inſtead of * in 1 qua- 


dripomial quantity 14,937 — 1998 + 80 r — K, 
and find the reſult of the ſaid ſubſtitution to be = 


5oOO. 273. 905, 270, 59, 600, boq, 59 which is ſomewhat 
greater than 5000, or the abſolute term of the propoſed 


equation. Therefore, for che reaſons before given, I 
conclude that 12.7 56, 39 muſt be leſs than the true value 
of x. I therefore put c = 12.756,39, and F for the 
unknown quantity by which 12.756,39 falls ſhoxt of the 

| true 
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true value of > and ſubſtitute c + 7 inſtead of x in 

the propoſed equation 14.7937 — 1908 + 804 — 

„* = 5000, but with an omiſſion of all the terms that 

involve either , f*, /*. And the transformed equation 
| thence ariſing is DT ood 


14,937 © + 149937 / 2; 
— 7 on 1 
Ss. CC - 
-  * gf 3 —_ 
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nearly, = £220; in which if we ſubſtitute for c, c , 1 
and , their ſeveral numeral values, to wit, 12.7 756,39, E 
and it's ſquare, cube, and fourth power, and afterwards - is 
make the ſeveral additichs and ſubtractions of the terms Mx - 

| which are neceſſary to conſolidate the four terms involy- LH 
ing the unknown quantity F into one term, and to con- | 
ſolidate all the known quantities in the equation into one Pp 
term, and bring it to the oppoſite fide of the equation, 2 
we ſhall obtain the ſimple equation -5286.576,b81,1500  # 
968,476 x f = ©.273,805,275,591,699,609,59, by the 
reſolution of which we ſhall have f 5 i 1 
0.278, 808, 270, 601,600, x 
5485.76.68. =) = 0.000,951,792. There. 43 
fore c ＋ / ar 12.756,39 + 7 will be (= 12.756,30 + _ x 
o. oo, o5 1,792) 12.756, 441,792 ; that is, the third g 
near value of x, which is obtained by this ſecond proceſs 
of Mr. Raphſon's method of 8 will be 
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Oh this number 12.756, 44,792 the firſt ten figures, 
32-756,441,79, are exact, the more accurate value of » 
„ = 2 being 
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| being, 12.7 56, 441, 794,480,744,02, as has been obſerved 


before. But this greater degree of exactneſs may be at- 
tained by carrying this approximation by Mr. Raphſon's _ 
method one ſtep further; which may be done as fol- 


lows: 


11 the 3 12.756,441,792, A e Is the laſt 


proceſs, be ſubſtituted inſtead of & in the quadrinomial 


quantity 14,937x — 1998x* + 80z* — , the value of 
the {aid quantity reſulting from ſuch ſubſtitution will be 
$099.000,013,114,021,596,455,067,255,3 45,516,642, 
304; which 1s a little greater than zoco, or the abſolute 


term of the propoſed equation 14,937 — 1y93x* + 
80x) — K =:5020. Therefore, for the reaſons before 


given, 12.756,441,792 muſt be ſomewhat ieſs than the 
true value of x. I therefore-put d = 14.7 50,3 1, 792, 


and ſuppoſe x to be equal to d + g, or to 12.756,41, 


792 + g, and ſubſtitute that binomial quantity, inſtead 
of x, in the propoſed equation, but with an omiſſion of 
all the terms that involve either g g, or g.. And the 


transformed equation thence obtained, after it's terms 


are properly arranged, becomes the ſimple equation 
5,286. 567,850, 393, 729, 132,515,900, 260, 352 * F = 


c. oco, OI 3, 114, 621, 596, 455,067,255, 345, 510,042,304, 


as is ſhewn in pages 93, 94, and 95. Therefore g is {= 
0.5c0,913,114,621,596,45 5,067»255,345 


) = ea | 


5286.36. 550, 303, 729, 132,5 15,900, 262,352 
002, 480, 744, 22,88; and conſequently x, or 12. 756, 
441,792 + g, will be = 12.756, 441,792 ＋ o. ooo, ooo, 
oo˙, 80, 44.022,88 12.7 56,441, 94,480, 744,022,883 
that is, the fourth near value of =, which is obtained bß 


xxxli nk rt ten. 


this third proceſs of Nr. Raphſon's method of approxi- 1 
mation, will be 12. 7564415]94:480,744:022, 88. | 
Q E. o. 


| This value of « (which has been obtained by means 
of theſe three proceſſes of Mr. Raphſon' s method of ap- | 
proximation, ) agrees with the value-of it above-obtained 
by means of two proceſſes of Dr. Ialley's method of 
approximation, to wit, 12. 756,441, 794,4 80,744, 022, bo, 
in the firſt twenty figures 12.7 56,441,7 791.480, 744,b22 ; 
and therefore theſe twenty figures are probably exact, 
and the true value of » is greater than 12.756, 441,94, 


480,744,022, but leſs than 12-7 56,441 794,480, 744402 1 


Both theſe WAP ee of attaining the value of x in this 
equation to this great degree of exactneſs have been at- | 
tended with a great deal of labour; but I have found * | 
the labour neceſſary to the three proceſſes of Mr. Raph- = 
fon's method conſiderably leſs than the labour neceſſary 
to the two. proceſſes of Dr. Halley's method. The 
readers, who ſhall-have gone carciully through all the 

operations of both the methods, will be able to judge 
for themſelves which of the two methods/is the clearer 
and eaſier, and deſerves, 1 755 the whole, to be preſerred 
to the other. 
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The reſolutions of the three foregoing equations 2 
17 + 54x = 350, x4 — 3x* + 75 =. 10,000, 
and 14,937x — 1998 + 80 — 2 = 5000, (which 
Dr. Halley had produced as examples of his method of 
approximation, having been. compleated in page 96, 1 
| proceed in page 97 tO mention, and explain at large, 
. 5 another 


* 


* TV IH © a, * 1 
4 f 5 5 n N . r #7 e - AY ACER ou b 4 l q 8 — ＋ „ * k n 6 a > — 1 8 
n 8 n W W * * * N r c I Yo r r 7 i Ly © A r 7 a * 4 * ere * + EET! 
e — 5 on 5 re N . + Sa, Kor bode}, 5 3 . r TR 2 n 2 K* * EE IL ee PREG een 8 . 9 e | Pt mY 
” — . * 1 . e : " 0c / ME OE RITES: res, n r 
e a 25 * | | 66 es SI IN gh or ße. dd St... 5 
: c N RY * = 6 "ut r E „„ 
> ? * * i G - a be ; ay 
” — * er £ — 3 . T4 
— 5 : i ; Grp ) 
* 1 " * 


rr 


Kana 2 

9 2 wt” 
wy e _ 

5 " — . P 2 * 


r. | 
mne . 
* * np 2 I 
28525544 „ SD WI AE AD Fuſe he qc 


E—— — — — -W 
. 


+ 
r 7 2 9 755 - 
SEO?" CO n ? x 
— e 
4 


nr PREFACE. | xxxiii 
another ati of reſolving high affected equations by 
approximation, which is totally different from both the 
former methods. This method, I think, may with 
propriety be called The Differential Method of {pproxima- 
tian; becauſe it is grounded on a very uſeful property of 
the differences of the root x of any propoſed equation 
and- any two rear values of x. This property may be 
tlius deſcribed. Let the capital letter A be put for the 
abſolute term of the equation, which is the value of the 
compound quantity which ſorms the left-hand fide of 


the equation, when the true value of * is ſubſtituted in- 


ſtead of * in the ſaid compound quantity. Let 6b be a 
near value of x, (the nearer the better,) either greater. 
or leſs than it's near: value; and let c be another near 
value of x, either greater or leſs than it's true value. 
And let the capital letter B denote the value of the com- 
pound quantity which forms. the left-hand fide of the 
_ equation, when b is ſubſtituted inſtead of » in the terms 
of the ſaid compound quantity; and let the capital letter 
C &note the. value of the ſaid compound quantity when * 
cis ſubſtituted in it Pg inſtead of x; ſo that the 
three quantities B, A, ind C ſhall be the values of the 
ſaid compound quantity correſponding to the three 
_ _quarttities 4, x, and c, reſpeQively, or reſulting from 
| the ſubſtitution of ö, x, and c in the faid compound 
quantity, reſpectively. Theſe things being ſuppoſed, 
the property of the differences of x and it's two near 
values “ and c is as follows. © The difference of & and 
« c, the firſt and third of the three former quantities 
«Ks, x, and c, will be to the difference of & and x, the 
40 firſt and ſecond of the ſaid three quantities, in, nearly, 

; -  _ 
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« the ſame proportion as the difference of B and C, the 


er firſt and third of the three latter quantities B, A, and 


* C, is to the difference of B and A, the firſt and ſecond. 


«of the ſaid three latter quantities.” \ . 


__ _ 


D - 


By means of this proportion the value of x may be 


derived to a conſiderable degree of exactneſs from the p 
quantities 6, c, B. A, and wy which are all known 


quantities. 


= 


It was by means of this proportion that, in ſeeking a, 
or the firſt near value of x in the laſt- mentioned biqua- 
dratick equation 14,937x — I998+#* + 80x* — x* = 


$Oo9, in order to make it the baſis of a proceſs of Dr. 


Halley's method of approximation, when we had found 


| that 12 was ſomething leſs, and that 1 3 was ſomething 
greater, than the true value of x in that equation, and 


— 


that, if 12 was ſubſtituted inſtead of » in the compound 


quantity 14,937x — 1998x* + 80x* — 2, the reſult 


would be = 9,036, and that, if 13 was ſubſtituted in- 
ſtead of x in the ſame compound quantity, the reſult 
would be = 3,718, we diſcovered that 12.7 would be 
much nearer to the true value of * than either 12 or 13. 
For in that caſe the three firſt quantities ö, x, and c 


were 12, x, and 13, and the three latter quantities B, 


A, and C, correſponding to them, were 9,036, 5000, 
and 3,718, and we ſuppoſed 13 — 12 to be to x — 12 
in nearly the ſame Proportion as 9,036 — 3718 is to 


9,036 — 5000, or 1 to be to x — 12 in nearly the 
ſame proportion as 5,318 is to 4,036; whence it followed 


— 


2 ben Dt 


8 


4 
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4-036 
5,318 | 
conſequently that x would be n. equal to * &c + 


12, or 12.7. 


that x == 12 would * 3 = 0.7 &c, and 


And, if we has carried the dixißon of 4 by 5,318 
to two figures more in the quotient, we ſhould have 
ſound x — 12 to be neafly 0.758, and conſequently 
& to be ntarly = 12.758,\ of which the four firſt figures 


12.75 are exact, and the fifth figure 8 is but a little too 


great, the more accurate value being 12.7 56,441, &c. 


So that we might by this means have obtained the four 


figures 12.75, which are all exact, for the value of a, or 
of the firſt near value of x, which was to be made the 
baſis, or ground-w of a further approach to the true 


value of & by a proceſs of Dr. Halley's method of ap- 


proximation. This property therefore of the differences 


of x and it's two near values þ and 6 appears from this 


example to be highly uſeful in obtaining a much nearer 
value of the root x than either of it's two former near 
values & and c, or, in this inſtance, 12 and 13, which we 


had obtained before. 


This property of the differences of x and it's two near 
values b and c takes place with reſpec to three logarithms 
that are nearly equal to each other. For it is the ground- 
of the method by which, when three numbers, which 
are nearly equal to each other, are given, and the loga- 
rithms of the greateſt and leaſt of them are known, the 
logarithm of the middle number is derived, from the 
known logarithms of the two extreme numbers, and 
from the three numbers themſelves. Foy in that caſe, if 
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the three numbers be called B, A, and C, and the loga- 


rithms of B and C are known, but that of A is unknown, 


it is cuſtomary to make the following proportion, in, 


order to diſcover the logarithm of A to wit, log. B — 
log. C is to log. B —. log. A:: B — C: 63 — A; 
whence it follows that log. B — log. A will be = 


7 FE. 
log. B — log. C * I. and (adding log. A to 


: 8 


both ſid log. will be = log. 1 — log C * 


= + log. A, and conſequentl} log. A will be = 


- 


BA 
B=C 


known application of this proportion to the finding of 


the logarithms of ſuch intermediate numbers between 
other numbers whoſe logarithms are known, was the 


circumſtance that firſt ſuggeſted to me the idea of ap- 
plying it to the finding of a nearer value of the root x 
of any propoſed equation when we are already poſſeſſed 
of two contiguous near values of it, as“ and c, and of 
the reſults of the ſubſtitution of the ſaid near valucs in 
the compound quantity that forms the left-hand fide of 


the equation. 


Eo. 2. \ : 
This Differential Method of approximating to the roots 
of affecłed equations is explained pretty fully, and illuſ- 


trated by an example, in the Scholium in pages 97, 98, 


99, &c - - - 10g. And it is there ſhewn that it gives 
us about as many new figures of the value of » exact 
as are obtained by one proceſs of Mr. Raphſon's method: 

„ . of 


— 


* log. B — log. C. Indeed the 
| 
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bol approximation. However, I think, Mr. Raphſon's 
1 method is, upon the whole, ſomewhat preferable to it, 
1 for the reaſons aſſigned in art. 50, pages 105, 106, and 
107; and I would therefore recommend this differential 
method to be uſed only in the firſt part of the inveſtiga- 
tion of -x, or the root of any propoſed equation, while 
we are endeavouring to find 4, or the firſt near value 
ok x, (which is to be made the baſis of a nearer ap- 
1 proach to the true value of it by Mr. Raphſon's method 
of approximation, ) to a conſiderable degree of exactneſs, 
= as, for example, to three or four places of figures. For 

a 2 in this way, I believe, this differential method will 
8 found n uſeful. _ 1 


% 


= After the Scholium concerning the differential method 
SL of approximation (which ends in page 10 9,) I have in- 
bſerted ſome obſervations of Mr. Raphſon ou Monſieur de 
L agnpy's and Dr. Halley's claims to the merit of having 
invented their methods of reſolving equations by approxi- 
mumation, which ſhew them to be only branches, or modifi- 
-* Ccations, of his method, which he had conſidered with 
"F attention and deliberately rejected, as being leſs ſimple 
and convenient in practice than his own method. Theſe ' 

obſervations are contained in pages 109 and 110, | 


| WS 5 
In page 171 I enter upon an inquiry, whether it may 
not ſometimes, in extracting the ſquare-root of a number 
to many places of figures, (as was neceſſary in reſolving — 
the quadratick equations that occurred in the reſolution 
of the three foregoing equations by Dr. Halley's method 
of approximation,) be convenient to proceed by ſome 
. == | 7 method 
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method of approximation rather than by the common 
method of extracting the ſquare-root. This inquiry ex- 
rends to page 132; and the reſult is, “ that, from all 
the trials I have there made of different expreſſions for 
te approximating to the value of the ſquare-root of a given 
© number N, or aa + 5, I am inclined to conclude that, 
in performing the extractions of the ſquare-roots of 
given numbers which are neceſſary in Dr. Halley's 
method of reſolving high affected equations, it will 
% al moſt always be found eaſier and more convenient to 
&© proceed by the common method of extracting them 
te than to have recourſe to either of the three expreſſions = 
* found for that purpoſe in the courſe of this inquiry, 
© not excepting even Mr. Raphſon's {imple expreſſion 


4 a + LET which is AY much to be preferred to the 


« two others.” 


I then in pages 133, 134; &c reſume the conſideration 
of, the three foregoing equations which Dr. Halley has , 
adduced i in his Tract as examples of his method of re- 
ſolving equations by approximation, and I inquire whe- 
ther theſe equations may not have ſome other roots beſides 
thoſe that have been inveſtigated by Dr. Halley and in 
the Appendix to his Diſcourſe.” And I fhew, firſt, that 
the firſt of theſe equaticns, to wit, the cubick equation 
K* — 17x* + 54x = 350, cannot have any other root 
beſides that above inveſtigated, to wit, 14.954, 068, 61. 
This is ſhewn by two different methods, in pages 132, 
134, 135, &c, - 142. And I then ſhew that the 
biquadratick equation * — 3¹ + 75% '= 10,000 

cannot 
A 


NIN 


which the leſſer 
will be ſomethißg greater, than the number 33.42. The 
ſecond inquiry | 
and it contains a proof that this equation will alſo have 
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cannot have any other root beſides that above inveſti- 
gated, to wit, 9. 886,002, 70. This 1s ſhewn in pages 


142, 143, and 144. And I then proceed to examine 
the third and laſt of the ſaid equations, to wit, the bi- 
quadratick equation 14,937 — 199847 + 801% — &“ 
= $000, and to inquire, firſt, whether this equation can 
have any other root greater than the root 12.756,44r, 
794, &c which we have already found, and ſecondly, 
whether it can have any other. root leſs than the ſaid root 
already found. The former of theſe inquiries begins in 
pige 144, and ends in page 152 and it contains a clear 
and regular proof that this equation will have tivo roots 
that are \greater than the root 12.75 6,441, 94, 8&c, of 
ill be ſomething leſs, and the greater 


gins in page 152, and ends in page 15 1 


a fourth root, that will be leſs than the root 12.7 56,441, 
794, & c already found. And, in pages 156, 157, 158, 


it is ſne wn that this fourth root will be nearly = to the 


decimal fraction o. 35; and, in pages 158, 159 and 160, 
it is further ſhewn by means of only one proceſs of Mr. 


| Raphſon's method of approximation, that the firſt fix 


ſigures of the value of this fourth root will be o. 3 50,98). 
A ſecond proceſs of that method of approximation would 


have given us the decimal fraction o. 350.987,04 5, 866,06 


for it's more accurate value. I then in pages 161, 162, 


| &e, = = 175, \inveſtigate to a moderate degree of 
' exaQneſs the two greateſt roots of this equation, which 
had been before found to be not very different from the 

number 33-423 and ] find that the leſſer of thoſe roots 


8 will 
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will be = 32.060, 290, &c, and that the greater of them 

will be = 34 832, 280, &c. And thus the peſolutions 
ol all che three equations #3 — 17x + 54 = 350, 
* * — 32* + 75x = 10,000, and 14.237 — 1998 v | 
+ Box? — 4 = 5000, which Dr. Halléy had produced 
* examples of his method yt reſolving affected cqua- 
tions by approximation, are rendered quite complent and 
. ſatisfaQtory. | 
The remaining eight pages 176, 177, 178, &Cc, - - 183, 
of the Appendix to Dr. Halley's Tract above-mentioned, 

contain no Algebriick calculations, but are employed, 
firſt, in deſcribing the circumſtance that forms the dif- 7 
ference between the accurate methods of reſolving Al- 9 
gebràick equations and the methods of reſolving them by | & | 
approximation, and, ſecondly, in giving an account of | 
i the principal methods of reſolving Algebriick equations = 
by approximation that have been publiſhed, and of „ 1 
times of their publication. The former of theſe point: 8 
11148 is treated of in pages 176, 177, and 178, and the latter i 
if me | in pages 178, 179, 180, & - - 183. b 


The next Tract in this Collection, after this long . 7 
Appendix to Dr. Halley's Diſcourſe, contains a very full | 7 
exhibition of Dr. Wallis's Solution of a very difficult * 

Arithmetical Problem that had been propoſed to him by =» 
Colonel S:/as Titus, a perſon of great note in the reign = | 

of King Charles the Second, to whom he had at one 1 
time had the honour of being a gentleman of the bed. 
chamber. And Dr. Wallis further tells us that this 
Problem had been originally propoſed to Colonel Titus 8 

( 28 1 
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tas the Colonel informed kim, by Dr. John Pell, hg 
famous Algebriift of that time. So that it is a queſtion 
that has engaged the attention, anf exerciſed the talents, 
of very eminent Mathematicians. But my reaſon for 5 
introducing it into this Collection of Tracts (which re- 
lates to the reſolution of equations, and not to the ſo- 


lution of problems, or the reduction of them to equa- 


tions, ) was Jes connection with the biquadratick equation 
14,037 — 1998 + 80 — 44 = 5000, which has 


been the object of our attention and conſideration through 


ſo great a part of che foregoing Appendix to Dr. Halley's, 
Tract: for this circumſtance, I ſuppoſed, would make my 


readers deſirous of becoming acquainted with the Problem 
from which it\had been derived, and of underſtanding 


the Solution that had been given of that Problem by 
Dr. Wallis. This, however, I found to be no*eaſy 
matter: for I attempted ſeveral times to underſtand Dr. 
Wallis's Solution of this Problem without being able to 
make it out, though I had each time employed ſeveral 
hours in the attempt, and had filled ſome pages of large 


ſheets of paper with the long Algebraick operations of 


| multiplication, addition, and ſubtraction, which were 
neceſſary for that purpoſe. But theſe operations were ſo 


intricate-and complicated that I repeatedly made miſtakes 


in attempting to perform them, and, after much tireſome 
labour, was obliged to begin them over again. At laſt, 
| however, I performed} them rightly, and obtained the 


equation which has been given us by Dr. Wallis, as the 
reſult of the conditions of the -Problem, and as being 
the grand, final, equation by the reſolution of which 
the OTE quantities which the Problem requires us 
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to find, may be diſcovered. And this equation is an 
equation of the 12th order, or involves the 12th power 
of the unknown quantity which is it's root. And, as 1 


ſhould be ſorry that my readers ſhould be forced to waſte 
their time and pains in making the ſame fruitleſs endea- 
vours to perform theſe operations that I had made, I 
have, in this Tract, ſet down, at full length, the ſeveral 
compound quantities produced byevery new operation in 
Dr. Wallis's Solution; ſo that the diligent reader, thut 


ſhall chuſe to go through the Solution with care and ex- 


actneſs, and to perſorm all the neceſſary operations in it, 
may continually compare the ſeveral terms of his own 
reſults with thoſe of the reſults here ſet down, and 
thereby diſcover and correct any miſtakes he may have 
made in performing the operations, as ſoon as they ariſe. 
The conſideration of this Problem begins in page 187, 
and Dr. Wallis's Solution of it ends in page 217. 


This Problem 1s, to find three numbers, denoted by 
the three letters a, b, and c, that ſhall be of ſuch mag- 
nitudes that aa + bc ſhall be = 16, and bb + ac ſhall 


be = 17, and cc + ab ſhall be = 18. And, if / be 


put for 16, n for 17, and u for 18, and ee be put = 


2aa, the finial equation involving e, reſulting from the 


conditions of the Problem, is the. equation of the 12th 
order, (or involving the 12th power of the unknown 
quantity e,) that is ſet down in page 217. 


But this equation may be reduced to an equation of 
the eighth power, or order, by dividing it by the trino- 
mial quantity “ — 4/e* + 407, or the ſquare of 2/ — 3 
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which diviſion is ſet down by Dr. Wallis in his Algebra, 


and is likewiſe ſet down in the preſent Volume in pages 


218 and 219. And the equation reſulting from this di- 
vifion is ſet down in page 220. And, in pages 220 aud 
421 the values of the three letters J, m, and 2, to wit, 
the numbers 16, 17, and 18, are ſubſtituted in the teims 
of the ſaid equation inſtead of the ſaid letters themſelves, 
and the ſaid equation is thereby converted into the nu- 
meral equation e* — 802% + 1998“ — 14,537e? 

5000 = o; and this equation, by proper additions * 


ſubtractions of it's terms, is further changed into the 


equation 14,937 — 1998“ + doe — „ = 50003 
and this laſt equation, by ſubſtituting x inſtead of ee in 
it's terms, becomes the equation 14,937 — 1998x* + 
80x* — 4 = ooo, which was ſo much the object of 


our attention in the Appendix to Dr. Halley's Diſcourſe. 


In the equation of the 12th order, which i is the reſult 
of Dr. Wallisss Solution of the foregoing Problem, and 


which is ſet dowr in page 217 of the preſent Volume, | 


all the terms are placed on the left- hand fide of the 
equation, and their reſult, or value; is declared to be 
equal to 0; which is the method in which Dr. Wallis 
and molt other writers,of Algebra, ſince the publication 


of Harriot's, Treatiſe of Algebra in the year 163 1, uſually 


range the terms of their equations. . And this equation 


is afterwards reduced to an equation of the eighth order 


by dividing it by the trinomial quantity “ — 4/e* + 4/7, 
which is an exact diviſor of it, or which divides it ſo as 


to produce a quotient conſiſting of a certain number 2 


terms, without any remainder, one of * terms is e 
oo : | G +: „ . 
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and this quotient is alſo equal to o. Thus we have 3 
dividend that is equal to © divided by the trinomial quan- 
tity e — 4% + 4/?, and producing a quotient that is 
alſo equal to o. All this ſeems very obſcure and myf- 


terious, and bordering upon nonſenſe. And therefore, to 


avoid the difficulties ariſing from this method of reducing 


the ſaid equation of the 12th order to an equation of the 
eighth order, I have, in art. 15, .pages 222, 223, 224, 
&. - - 227, given another od of doing the 


ſame thing, which is perfeAly clear and intelligible, 
For, by adding ſome quantities to both ſides of Dr. 
Wallis's final equation, ſet down in page 217, of which 
the right-hand ſide was o, I obtain two finite compound 


quantities that.are equal to each other; and I then divide 


| theſe two equal quantities by the trinomial quantity # — 
Je + 417, and thereby obtain two ſeparate quotients, 
Which will be equal to each other. And from this equa- 
tion between theſe two quotients we may afterwards 


derive (by a proper arrangement of it's terms, and by 


ſubſtituting in it, inſtead of the letters /, m, and u, the 
values of thoſe letters, to wit, the numbers 16, 17, and 
18,) firſt, the equation 14,9376 — I99824 + 808 — 
a5: = 5c09 o, and, afterwards, (by ſubſtituting x inſtead 
of ee in this laſt equation) the equation 14,937 x — 


1998 + B80x* — 4 = 5000, which was reſolved in 
the foregoing Appendix to Dr. Halley's Diſcourſe. This 


article, I preſume, will be thought an intereſting one by | 
all ſuch readers as are deſirous of preſerving clear ideas 


in all the operations that they have 0 to perform 
9 „ | — 
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In pages 228, 229, 230, &Cc, = - 232, 1 have applied 


che number 12.756, 441,794, 480,44, or the ſecond value 
of » in the equation 14,937 — 1998 + 80 — K* = 


$000, or of ee in the equation 14,937ee'— I998e* ＋ 80 


| — & = 5000, to the Solution of Colonel Titus's Problem, | 


8 6,441, 80, 
by taking aa = — (= 12. 2.75 w 21 


| — 
— 


-"& 378,220,897, 240,372, and 3 a 1 RO 


220,897,240,372) = 2.525, 513,986, or, nearly, 2.525, 
514; which is therefore the value of the firſt of the 
three numbers that were required. to be found by that 
Problem. This firft number à being thus found, the 


ſecond number “ may be derived from it by computing 


a 81a — zur + ma? + 4Þn 
| 22 7235 
as is ſhewn in the courſe of Dr. Wallis's Solution of the 
Problem; and the third number c may be derived from 
the two former numbers à and 6 by computing the ex- 


. is Ekewiſe ſhewn 1 Wallis's 


b 
Solution. Theſe computations are made in Mey 22g : 


and 230, and it there appears that the expreſſion = + 


V a — I2 44 *＋ Jar per + 4 


ws Is = 2.969, 152,826, or, 


22 


nearly, 2. 3 53, and that the nettes — 
3.240, 580. Therefore the three numbers ſought are, 
nearly, the three mixt numbers 2.5255 14, 2.959,15 3, 


and 3 n De Q. E. I. 
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And in art. 17 and 18, pages 230, 231, and 232, it is 


* ſhewn that theſe three numbers will anſwer the conditions 
of the Problem. 
But Dr. Wallis has obſerved that the firſt; or leaſt; 
value of ee in the equation 14, 9376 — 1998e* + 80e* 
en 5000 will alſo enable us to find three other num- 
bers that will anſwer the conditions of the Problem, as 
well as the three numbers 2.525,514, 2.969, 153, and 
3.240, 580. And this is ſhewn in art. 19 of the preſent 
"Tract, pages 232, 233, is, = 256. For this firſt, 
or leaſt, value of ee is = 0.3 50, 987,45, 866, &c as has 
been ſhewn in the foregoing Appendix. And, it we 
take ee = 0.350,987,045,866, &c, and as = _ (* 
0.3 50,987,245, 866, =) 
conſequently a (= eo. 175, 493, 522,933, &c) = 0.418, 
919,470,701, &c, and from this value of a. deduce the 


values of b and c by computing che expreſſions © — — 4 


na! — 2% + m*a* + 4 42 aa . ; 
h 4 and we Wall 


22 2 — 


find the 33 of theſe expreſſions, or the value of the 


ſecond number 5, to be 3.912,226, 866, and the latter 


of them, or the value of the third number c, to be = 
4.044,88, 670. And conſequently the three numbers 


ſought will be the decimal fraction o. 4 18, 919, 470, & c, os 


and the two mixt numbers 3.912,226,866, and 4. O44, 
$84,670. This is ſhewn in art. 19, pages 232, 2 33, and 
234; and in art. 20, Pages 234) 2355 and 236, it is 

ſhewn 


_ * &c, and 


8 


„ 


. 0 


= 
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ſewn that theſe three numbers will anſwer the conditions 
of che Problem. | 


After thus diſcovering that two of the values of ee in 
the equation 14,93 — 1998e* + 8oe* — & = 5020 
ſerve equally well to enable us to find three numbers 
that will anſwer the conditions of Colonel Titus's Pro- 
blem, it may be ſuſpected that the other two values of e- 

im the ſame equation, to wit, 32.060,290,8 and 34.832, 


280,2, would likewiſe enable us to find two other ſets of 


numbers that would alſo anſwer the conditions of the 
Problem. But this is found, upon trial, not to be true. 
For, if ee is taken = eee and aa 18 taken = 


ce (= 32. 060,290, 8 


_— 2 


4. = 16, 030, 145,45 and a 18 taken 


' ma 


* 


wt 16. 030, 145.45 and b is 5 raken'= 


a $na% — I 2lna* 71222 {3 7 | 
X X 4 as 5 Or to I fo © 
2 7 6 30 


5 and c is taken = Ie 


, — 31674 + 18,432 
INT" if | 
16 — aa 
b 
6b + ac, and cc + ab, reſulting from theſe values of a, 
b, and c, will not be equal to the numbers 16, 17, and 
18 reſpeCtively ; but that aa — bc (inſtead of aa + bc) 
will be = 16, and that 3% + ac will be (as before) = 
17, and that cc — ab {inſtead of cc + ab) will be = 18; 


or 


1 will be found that the viduos of aa : + be, 


and conſequently that the three values of a, 5, and « ſo | 
obtained will be fitted to anſwer the conditions of a pro- 


blem ſomewhat 2 from that of Colonel Titus, to 


: 3 wit, 
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. problem in which it ſhould be required to find the 5 8 
values of three unknown quantities 42, h, and c, that 

ſhould be of ſuch magnitudes that aa — bc (inſtead off 
@a + bc,) ſhould be equal to 16, and that 5% + ac ſhould 1 S 
(as before,) be equal to 17, and that cc — ab (inftead 7 
of cc + ab,) ſhould be equal to 18. And, if ce is taken i 
34.832, 280, 2, and aa is taken = _ (= . 7 

. 3+: 832128042 } * 17.416,14c,1, and 6. is taken = i 
2 2580 #/1449% = 31656* + 18,432 4 
= 25 | 


„it will be found that the values be 


„and c is taken 


oy — — 
b 
; of aa * be, 75 + ac, and cc + ad, reſulting from theſe + 
values of a, b, and c, will not be equal to the numbers 
16, 17, and 18 reſpectively, but that aa — bc (inſtedde 
of aa + bc) will be = 16, and that bc — ac (inſtead of 
ze T ac,) will be = 17, and that cc + ab will be (as 
before) = 18; and conſequently that the three values of 1 
a, b, and c fo obtained will be fitted to anſwer the con- 
YE ditions of a problem ſomewhat different both from Co- . 
| lonel Titus's Problem and from the other problem juſt 
* | no mentioned, to wit, a problem in which it ſhould be 
required to find the values of three unknown quantities 
u, b, and c, that ſhould be of fuch magnitudes that 
aa — bc (inſtead of aa + bc) ſhould be equal to 16, and 
that be — ac (inſtead of bc + ac) ſhould be equal to 17, 9 
and that cc + ab thould (as before) be equal to 18. And | 
thus it appears that the equation 14,937 — 1998e* + 
ge — e&* = 5000 is related to, or maybe derived from, 


three different at that bear 4 reſemblance to each 
5 | other 
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other by agreeing in ſome of their conditions. but not in 


all, and that two of the values of ee in this equation, to 
wit, the leaſt and the leaſt but one, are related to the 


firſt of the ſaid three problems, to wit, that propoſed by 
Colonel Titus, and will enable us to find two ſets of 


numbers that will anſwer the conditions of that problem; 


and that the third value of ee, in this equation, to wit, 
32. 060, 290, 8, will enable us to find three numbers that 


will anſwer the conditions of the ſecond problem; and 


that the fourth, or greateſt, value of ee in the ſame equa- 
tion, to wit, 34.832, 280, 2, will enable us to find three 
numbers that will anſwer the conditions of the third 


problem. This is a remarkable concluſion, and deſerves 


to be attended to. Theſe obſervations are briefly men- 
tioned in art. 21, pages 236, 237; and 238; bur, for 
more ample ſatis faction concerning thEſe two greateſt 


values of ce in the ſaid equation, the reader is referred 
to Dr. Wallis's Algebra, Chapter LXII, art. 63, 64, 65, 
66, &c, = - 79, where he will find the ſubject fully 


diſcuſſed, but not, it is apprehended, without ſome de- 
gree of obſcurity ariſing, partly, from the conſideration 
of negative quantities, and, partly, from the doQrine of 
the generation of equations, one from another, by multi- 


plication, or by bringing all the terms of the equation to 


the firſt, or left-hand, fide of the equation, ſo as to make 
them equal to o, and then multiplying the equations (ſa 


| Prepared and made equal to nothing,) one into another, 
and from the eminently-ſalſe poſition derived from that 


manner of generating equations, to wit, © that every 
Algebriick equation has as many roots as there are units 


in che index of 2 higheſt power of the unknown quan- 
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tity contained in the equation.” For this doctrine of the 
generation of equations, one from another, by multipli- 
cation, (which was invented by Harriot, and adopted by 


Des Cartes, and Dr. Wallis, and almoſt all the ſubſe- 


quent writers on Algebra,) inſtead of being an inne- 
ment in that ſcience (as many people conſider it), has, 


in my opinion, been of great detriment to it by deſtroy- 
ing it's ſimplicity and perſpicuity, and ' thprelore ought 


again | to be diſcarded from. it. 


The 3 Solution of Colonel Titus's Problem, 


given us by Dr. Wallis, is (as we have already obſerved,) 
exceedingly tedious and laborious : and great part of the 


labour required in the ſaid Solution ariſes from the ne- 
ceſſity we are under, of raifing the equation which in- 
volves the unknown quantity @ to the 12th degree, or to 


the 12th power of a, in order to free it's terms from 


radicality. But Mr. William Frend, the ingenious author 


of the late perſpicuous Treatiſe on Algebra in one vo- 


tume, octavo, intitled, Principles of Algebra, (in which 
he totally rejects the abſurd and perplexing doctrine of 


negative quantities, or quantities leſs than nothing, or quan- | 


$:t1es obtained by the ſultractian of a greater quantity from 


a lefer,) has lately communicated to me another Solution 
of this Problem which produces only a biquadratick 


equation, to wit, the equation x* — 11.54x* + 21.70 
— 11.24x = 0.02. And this equation is found to hare 
three roots, or, in the language of modern Algebriiſts, 
three real and air mative roots; of which the middle root 
will enable us to find the firſt ſet of values of the three 
pnknown numbers 4, &, and c, that will anfwer the 


conditions 


„ 


_- 
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conditions of Colonel Titus's Problem, to wit, the three . 
numbers 2.5 25, 5 &, 2.969, 15 &c, and 3. 240,5 & ; 
and the greateſt root will enable us to find the ſecond ſet 
of values of the ſaid three unknown numbers, that will 
anſwer the ſame conditions, to wit, the three numbers 
9. 418,9 19,47, 3.912, 226,8 &c, and 4.044,884,6 &c. 
This Solution of this Problem I have therefore inſerted 
in this Collection, immediately after the foregoing Solu- 
tion of it by Dr. Wallis, and have exhibited and ex- 

plained it very fully. It begins in page 240, and ends 
. „„ — 5 


Ihn this Solution Mr. Frend puts 5 = xa, and c = 9a; 
and in the courſe of his Solution ſhews that y will be = 
„„ 16> — 17 
E max 2 17* 16 


So that, when x is diſcover- _ 
— | De 


ad, the proportion of c, or ya, to a will be known, as 

| well as the proportion of ö, or xa, to a. His object in 
the Solution is therefore to find x. This Solution of 
Mr. Frend is contained in art. 23, 24, 25, and 26, and 
pages 240, 241, 242, 243, and 244, and Notes the 


In + m*\. 


mn 1 | mm | : * 


biquadratick equation à4 — 


— 3 
—— = 


I vn FED xe = Dp Andin en 
Pages 244 and 245, it is ſhewn that, if we ſubſtitute in 
this equation, inſtead of the letters /, m, and n, the 
numbers that are denoted by tem, to wit, 16, 17, and 
> 18, the ſaid equation will be converted into the numeral 
"= <equation ** = 11.54 X &* + 21.76 & * — 11.24 * 


5 | * = 
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r = 0.62, This tr thereſore hs reſolres, 

in order to LS al the value of x; and {rom the valuc of 
x ſo obtained, or, if the equation Cools „ave more than 
one root, (as i is the caſe,) from that value of x which has 
2 relation to the preſent Problem, we muſt 8 


the value of y "7 computing. the fraction = ver e 
| 1 5 — 17 . be, 
179x—16 ? to which y is equal, And, when this 1s 


done, we muſt multiply the value of za, or. 5; into the 
value of ya, or c; which will give us the value of bc 
expreſſed by it's relation to aa : and then, by ſubſtituting 
this value of 4c inſtead of 4c in the equation ca ＋ bc 
= 16, we ſhall convert the ſaid equation into a quadra- 
tick equation involving only one unknown quantity, 
namely, a, and which may therefore be eaſily reſolved. 

And the reſolution of this quadratick equation will give 
us the value of a, or the firſt of the three unknown 
quantities 4, b, and c, that the Problem requires us to 
find. And from the value of a, ſo found, we may de- 
rive the values of “ and c by multiplying a into x to 
obtain the number , and by multiplying it into y to 
obtain the number c. Our chief buſineſs therefore is to 
find the roots of the biquadratick equation x* — 11.54 ' 
X & + 21.76 X ** — 11.24 NE = o o, which 

is done very fully in pages 246, 247, 248, &c, - 253, 
by the application of Mr. Raphſon's method of approxi- 
mation; and the firſt, or leaſt, root of this equation is 
found (in pages 246, 247, 248, & c, 25 5% to be 
very nearly = 1.027, 79,787, which, it is ſhewn in 
art. 34. Page 2355 will not 3 us to folve Colonel 
. . | Titus's 


£7 A 
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Titus's Problem and the ſecond, or midiie; root is 


found (in art. 35, 36, 37, &c, - - - 40, pages 256, 


257, &c, - = - 265) to be nearly = 1.175,56, 46; 
and this root is (in art. 41 and 42, pages 266 and 267, 


applied to the Solution of Colonel Titus's Problem, and 


is ſound to auſwer the purpoſe, by enabling us to find 


2.52 5,534 for the value of a, or the firſt of the three 


unknown numbers a, b, and e, which we were required 
to diſcover, and 2.969, 159 for the value of (xa, or) 6, 
or the ſecond of the ſaid three numbers, and 3.240, 537 
for the value of (ya, or) c, or the third, or laſt, of the 
ſaid numbers; which three values of @, 5, and c are 
nearly the ſame with the values of them found before in 


the firſt part of Dr. Wallis's Solution of this Problem; 


and, laſtly, the third, or greateſt, root is found (in 
art. 44, 48, 46, pages 268, 269, cc,. - = 273) to be 
nearly = 9.338, 851,9; and this root is (in art. 47 and 
48, pages 273, 274, and 275,) applied to the Solution 
of Colonel Titus's Problem, and is found to anſwer the 


purpoſe, by enabling us to find 0.418,919,47 for the * 
value of a, and 3.912,226,888 for the value of (xa, or) 


b, and 4.044,884,650 for the value of (ya, or) c; which 


three values of a, 6, and c are nearly the ſame with the 
latter three values of the ſame quantities found before in 


the fecond part of Dr. Wallis's Solution of this Pro- 
blem. | | | | | 


This Problem is thereſote now compleatly ſolved by 
Mr. Frend's method of proceeding, as it had been before 


by that of Dr. Wallis. And Mr. Frend's Solution has 


this advantage over that of Dr. Wallis, that it ſaves us 
| 9 the 


— eres 


| 
il 
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the trouble of thoſe very tedious and perplexing Alge- 
braical multiplications, ſubtractions, and diviſions, which 


| were neceflary in Dr. Wallis's Solution, and which it is 
very difficult to perform without making ſome flip, or 


error, either in ſetting down the ſigns + and , that 
are to be prefixed to the ſeveral terms, or in computing 


the co-efficients of the terms, or the indexes of tlie 
5 powers of the ne involved in them. | 


The 8 of the three roots of the 3 


dratick equation x*,— 11.54 X * + 21.76 — 11.24 


X x = 0.02 are eminent inſtances of the utility of Mr. 
Raphſon's method of reſolving equations by approxima- 


tion, and in that view, as well as on account of their 


relation to Colonel Titus's Problem, were fit to receive 
a place. in the preſent Volume, which is intended to 


illuſtrate and recommend that method of reſolving 


equations. 


Ihe next Tract in the preſent Volume is re- printed 
from my Appendix to Mr. Frend's Principles of Algebra ; 
and it had been publiſhed for the firſt time in the large 


octavo volume of Tracts containing a part of Mr. James 


Bernoulli's excellent Treatiſe De Arte Conjectandi, and 
other mathematical pieces, in the year 1795. It is in- 
titled, Obſervations on Mr. Raphſon's Method of reſolving 
AﬀeFted Equations of all Degrees ly Approximation. It 
begins in page 279, and ends in page 323, and it's con- 
tents may be deſcribed as follows. The firſt part of it, 
as far as page 303, is intended, partly, to remove fome 
difficulties chat occur in reading Mr. Raphſon's excellent 

. JTreatiſe 
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Tteatiſe on the Reſolution of all Equations, (whether 
pure or affected,) by Approximation, intitled Aualyſis 
Aguationum Univerſalis ; which difficulties are not inhe- 
rent in the ſubject itſelf, or neceſſarily belonging to his 
method of reſolving equations, but have ariſen merely 
from his having unfortunately adopted the doctrine and 
language of negative roots of equations, by which the 
Science of Algebra, or Univerſal Arithmetick, has been 
diſgraced aud rendered obſcure and difficult, and diſguſt- 
ing to men of a juſt taſte for accurate reaſoning, ever 
ſince it's introduction by Harriot and Des Cartes. The 
firſt part of this Tract is, I ſay, intended, partly, to 
remove ſome difficulties of this kind in the ſaid Treatiſe 
of Mr. Raphſon, and, partly, to illuſtrate his method 
of reſolving high equations in other caſes, or where no 
negative roots are mentioned, by performing the reſo- 
lution of one of the equations adduced by him as ex- 
amples of his method, to wit, the reſolution of the 
equation x5 + 7x* + 20x? + I55xzx = 10,000, in a 
very full and diſtin&t manner, with every ſtep of the re- 
ſolution, and the reaſonings upon which it is grounded, 
ſet forth at length, agreeably to the principles laid down 
by him in the beginning of the ſaid Treatiſe, inſtead of 
reſorting (as he has done in his reſolution of the ſame 
equation, and in thoſe of all the other equations adduced 
by him as examples of his method,) to the repeated 
application of a general theorem, or canon, which he 
has deduced from the ſaid principles: becauſe I was of 
opinion that the latter way of performing the ſaid reſo- | 
lution, by means of a theorem, or canon, affords much 
leſs ſatisfaction to the mind of the reader, or calculator, 
| d 2 5 
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in the wy of it than he would receive by ding the 


equation in the former way, or by the immediate applica- 


ation of the principles themſelves, as is done in the refolu- 
tion here given of the faid equation. And the following 
part of this TraQ (from page 303 to page 317,) contains 


fome obſervations on the refemblance between Mr. 
Raphſon's method of reſolving an equation by approxi- 
mation and Sir Iſaac Newton's method of doing the ſame 


thing; which latter method in it's firſt proceſs, (or in 
finding the ſecond near value of x, or the root of the 
equation, after having found a, or it's firſt near value, 


by conjecture, or otherwiſe, to a moderate degree of 
exactneſs,) is preciſely the ſame with Mr. Raphſon's, 


dut in the following procefles differs a little from it. 

This circumſtance makes it neceflary to compare the two 

methods with each other, by applying them to the reſo- 

.  hution of the ſame equation; as we before compared 
Mr. Raphſon's method with Dr. Halley" s, by applying 

them both ſucceſſively to the reſolution of the ſame three 

equations in the foregoing Appendix to Dr. Halley's 


Diſcourſe, And with this view J have (in pages 305, 
306, 307, - = - 317) refolved the cubick equation 


u — 2x = 5 (which is the equation adduced by Sir 
- Tfaac Newton as an example of his method,) by both 
Mr. Raphſon's method and Sir Iſaac Newton's method, 
in a very full and diſtin manner, and ſo as to ſet the 


reſpective advantages of the two methods in oppoſition 
to each other, to the end that the reader may be enabled 
to compare them one with the other, and determine 


which of the two is, upon the whole, the more conve- 


nient. And here I muſt confeſs that it appears to me,, 


T upon 
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upon making this compariſon, that Mr. Raphſon's me- 
thod of approximation is, in ſome degree, preferablo 
even to Sir Iſaac Newton's method, though not lo much 
as to that of Dr. i: | 


In art. 22, pages 317, 31 8, and 319, A muon is given 
of the exactneſs of the number 2: 094,551,438, which 
has been found by both Mr. Raphſon's and Sir Iſaac 
Newton's methods of approximation to be the root of 
the equation x* — 2x = 5, And, in art. 2%z pages 321, 
322, and 323, there are ſome obſervations on the diffi- 
culty of finding a, or the firſt near value of an affected 
equation, in certain caſes, to wit, in thoſe caſes in which 
the propoſed equation either has, or (from the changes 
of the ſigns of it's terms from + to — and from — 


to +)) ſeems to have, more than one real aud affirmative 


root. And with theſe obſervations this Tract concludes. 


The next Tra in this Collection is the roth Chapter 
of the 2nd Book of Mr. John Kerſey's Elements of Al- 
gebra,—a molt valuable work in two ſmall volumes, folio, 
that was publiſhed in the year 1673. This book is now 
too little known, and deſerves to be ſtrongly recom- 
mended to all ſtudents of Algebra on account of the 
great fulneſs and perſpicuity with which it is written; 
in which important qualities it very far ſurpaſſes moſt of 
the Treatiſes of Algebra that have been written ſince; 
excepting Dr. Saunderſon's Elements of Algebra, in two 
volumes, quarto which was publiſhed in the year 1740. 
And in ſome reſpects it is even preferable to Saunder- 
ſon's Algebra; becauſe it gives a fuller account of the 


| — problems, and becauſe it deals leſs in the 
d 3 5 abſurd 5 
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_ abfurd myſteries of negative root, and negative quantities 
in general, and the doctrine of the generation of higher 
» affected equations from lower equations by multiplica- 
tion, which has been the ſource of great obſcurity and 
perplexity to all the ſtudents of Algebra ever ſince it's 
introduction into that ſcience by the publication of Har- 
riot's Algebra in the year 1631 and Des Cartes's Geo- 
metry in the year 1637. Theſe abſurd doctrines ſeem 
to have delighted Dr. Saunderſon, who frequently inſults 
and rails at ſuch of his readers as fhall find a difficulty 
4 in underſtanding them, as being perſons of narrow | 
minds and incorrigible dulineſs and ſtupidity: but Mr. 
| Kerſey, though he did not venture boldly to reject them, 
as either poſitively abſurd and unintelligible or, at leaſt, 
leading to obſcurity, yet ſays but little about them, and 
| ſeems deſirous, as much as poſlible, to keep clear of 
+: them. His book therefore deſerves to be ſtudied by all 
| perſons who deſire to become ſkilfull in Algebra; and to 
* confirm this recommendation of it I will add the follow- 
ing paſſage from the Preface of the learned Dr. Wallis 
to the Latin Edition of his Algebra, in the ſecond vo- 
lume of the Collection of all his Works publiſned at 
Oxford in three volumes, folio, in the year 1693, where, 
after mentioning other eminent writers on this ſubject, 
he has theſe words: Suaſerim ut leftor conſulat ex nęſtris 
i (preter altos, ) Kerſeum neflrum ; qui duobus voluminibus 
= integram Alzebre tractationem exhibuit, fuiè quidem et per- 
ſpicnè traditam : quo nemo felicius queſtiones Diophnnteas 
elucidavit. The chapter of this valuable book which is 
here reprinted, (and which 1 had reprinted already about 
a year ago in the Appendix to Mr. Frend's Principles 
of A'gebra,) relates to the method invented by Simon 
9555 N 1 Sterinus, 
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Stevinus, the Flemiſh Mathematician, (who flouriſhed in 
the beginning of the laſt century, and died in the year 


1633,) for finding a, or the firſt near value of x, or the 
root of any propoſed Algebriick equation, by repeated 
- conjectures and trials with eaſy numbers of one or two 


decimal figures: after having found which we may pro- 


ceed to determine the value of the ſaid root to a greater 
degree of exactneſs by one or more applications of Mr. 


Raphſon's method of approximation. The title of this 


2 


10th Chapter of Mr. Kerſey's Algebra is as follows: 
An Explication of Simon Stevin's General Rule to extraft 


one Rot out of any poſſi ble Equation in ae either ex- 


actly or very nearly true. 


I have next inſerted in this Colle&ion of Tracts A 


Remark, (which, as well as the two preceeding Tracts, 


I had printed before in my Appendix to Mr. Frend's 
Principles of Algebra,) on a groſs error in the reaſoning 
of the late celebrated French Mathematician, Mon- 
ſieur Clairaut, in his elegant little treatiſe, intitled 
Elements d' Algebre, where he endeavours to prove that, if 

two negative quantities, called — 6 and — d, be mul- 


tiplied together, their product will be + 5d. This Pro- 
poſition he ſhould have, firſt, made intelligible, by telling 


us what he meant by a negative quantity, before he un- 


dertook to demonſtrate it. But this he has not done. 


For, in the beginning of his book, he ſpeaks of the 
ſign —, or -1inus, as being only the ſign of the ſubtrac. ' 


tion of the quantity to which it is prefixed from another 
quantity which is greater than it; according to which 


meaning of the ſign —, (which is very clear and juſt ): 


the compound _— a — b muſt hgnify the exceſs of 
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the quantity a above the quantity 5, which is ſuppoſed to 
| be leſs than a, He then proves clearly and by juſt rea- 


ſonings that, if the compound quantity a — 6 is multi- 


plied into the compound quantity c — 4, the product of - 
the ſaid multiplication will be the quadrinomial quantity 
dc — be — ad + d. But then he ſuppoſes a and c to 


become equal to o, while 5 and d retain their former 
magnitudes, not conſidering that, according to the only 


idea which he had before given us of the ſign —, the 


quantity a muſt be greater than 4, and the quantity c 
muſt be greater than d, in order to make it poſſible for 


the compound quantities a = 6 and c — d to exiſt; 
and then he concludes that, ſince a and c are become 


equal to o, the three terms ac, — bc, and — ad, (which 


involve them) will become equal to © likewiſe, and the 


whole quadrinomial quantity ac — be — «d + td will 


become equal to it's laſt term + bd, and. conſequently | 


that O - ] Xx O- , oe ee will be equal 
to ＋ td, This is very weak reaſoning for ſo great a 


Mathematician as Monſieur Clairaut : and, if he, who 


Vas fo juſtly celebrated for the clearneſs of his ſtyle and 


the accuracy of his reaſonings on many occaſions, could 


offer nothing better than this fallacious argument in ſup- 
port of this favourite doctrine of negative quantities, or 
quantities leſs than nothing, or quantities ariſing from 


the ſubtraftion of ſome quantities from others that are 


leſs than themſelves (which are the definitions given of 
theſe quantities by Sir Iſaac Newton, Dr. Saunderſon, 


and Mr. Mac Laurin, as is ſhewn in the Note in page 286 


of the preſent Volume,) I think we. may fairly conclude 
that this doctrine cannot be defended : 


IF 2 
5 
4 
£ 
* 
En 

* 
a 

IR, 

2 
N 

ME 

* 

3 
* ” 

"x 

2 

Fo 
Rb 

99 
Ko. 

os 

. 

8 

5 
= 
8 

258 
8 
2 


. 


81 


THE PREFACE. 111 


Si Pergama dextrd © 
Defendi peſſent, etiam hac defenſa faiſſnt 


This Remark begins i in page 339» and ends in page 343. | 


The next Tract in this collection is intitled, 4 Generat 
Method of inveſtigating the two, or three, firſt Figures of 
the lenſt Root of an Equation that has more than one real 
and affirmative Root, and is reprinted from the 3d Vo- 
lume of the Scriptores Rs pages 725, "= Ke. 
— - Jn: 


The foregoing method of finding a, or the firſt near 
value of the root of a propoſed equation, by means of 
conjeCtures and trials with eaſy numbers of only one or 
two figures, in the manner recommended by Stevinus 
and Kerſey, (which is ſet forth in the 1oth. chapter 
re-printed from Kerſey's Algebra in pages 32 5, 326, &c, 
- - - 236 of this Volume,) will be found perfectly con- 
venient in all equations that have but one root. But, 
when the propoſed equation has, or (from the changes 
of the ſigns + and —, prefixed to it's terms, from + 
to — and from — to +)) ſeems to have, two, or three, 

or four, or more, roots, or (in the language of modern 
Algebriiſts,) real and affirmative roots, we may ſome- 
times be at a loſs to know which of the ſaid ſeveral roots 
we ought to go firſt in purſuit of. In theſe caſes there- 
fore J am inclined to think that it will be moſt prudent, 
in general, to begin with the inveſtigation of the leaſt 
root. And the manner of doing this is the ſubject of 
cis Tract. The PR on which this method of 
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proceeding is founded, is as follows ; bo wit, „that, if all 
the terms of the propoſed equation that have the ſign — 
prefixed to them are expunged from it, the root of the 


equation ſo curtailed will be leſs than the leaſt root of the 


2 


original equation;” whence it follows that, if this root is 


found to two places of figures by Sterinus's method of 


conjecture and trial, or otherwiſe, and be called a, it 


will ſerve for the ground-work of an approximation to 


the value of the leaſt root of the original equation in 


Mr. Raphſon's method by putting the ſaid leaſt root equal 
to a + 2, and ſubſtituting @a + z inſtead of - in the 
terms of the original equation, and reſolving the tranſ- 
formed equation reſulting from this ſubſtitution, as if it 
were a mere ſimple equation, in the manner recom- 
mended by Mr. Raphſon. The principle, or propoſition 


| above-mentioned, upon which this method is grounded, 


is deſcribed and proved in the Lemma ſet ſorth and de- 
monſtrated in pages 367, 362, 363, &c, - - 30673 
and ſome examples are given of it in pages 368, 360, &c, 
- - - 431, which are reſolved at great length and with 
great care and labour ; and methods are pointed-out by 


which, when we have obtained the leaſt, or, perhaps, the 


only, root of the propoſed equation, we may, in the firſt : 
place, diſcover whether the ſaid equation has, or has not, 


any other root beſides that which has been already found, 


and, ſecondly, if the ſaid equation has any other root, we 
may reduce the equation to another equation of the next 
Jower order, or degree, of which the roots will be the 


fame with the remaining roots of the original equation. 


Aſter having dwelt ſo long upon Dr. Halley's, ; © 
 Raphſon's, and Sir Iſaac Newton's, methods of reſolving 


equations 
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equations by apres I conceived thats it would be 
agreeable to the readers of theſe Tracts to be made ac» 


aduainted with Vieta's method of reſolving them alſo by 


approximation, which was invented by that celebrated 
author above a hundred years before the publication of 
Mr. Raphſon's and Dr. Halley's methods, and which wis 
generally adopted and practiſed by the ableſt Mathema- 
ticians of thoſe times, and particularly by Mr. Oughtred, 
Dr. Pell, and Dr. Wallis, though it has ſince been aban- 
doned on account of the greater facility and expedition. 
of the methods of Sir Iſaac Newton, Mr, Raphſon, and 
Dr. Halley. I have therefore added another Tract to 
thoſe already mentioned, in which I have endeavoured 
to explain the principles upon which-Vieta's method of 
reſolving equations by approximation is grounded, and 
the manner in which we are enabled by it to inveſtigate | 
the value of the root of any equation whatſoever. I 
| have, however, confined myſelf, in this attempt, to the 
_ reſolution of only one affected equation by this method, 
as a ſpecimen of it, to wit, the equation a* = 5 + | 
5<Ox = 7,905,504, Which is the higheſt and moſt com- 
plicated of all the affected equations which Vieta has 
adduced as examples of his method of reſolution, and 
which is reſolved in the 15th Problem of his Diſ- 
courſe on this ſubject, which he intitles De Numergſ4 
Poreflutum Aafecturum Reſelutione. But, as Vieta's me- 
thod of reſolving afefed equations by approximation 
is ſimilar to, and derived from, his method of re- 
ſolving pure equations of the ſame degree, or of ex- 
trating the roots of numbers, I have begun my ex- 
planation of his method of reſolving the affected equa- 
| tion ** — * + Soo = 7,905,504 by, firſt, ſhewing 
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how he would reſolve the pure equation x5 = 9,905,504, - 
or extract the fifth root of the number 7,905,504. This 
is done very fully and diſtinctly in art. 4, 5, 6, and 7, 


Pages 441, 442, Kc, 361 and the reſult is, 


that the above fifth root is = 23.96 Kc. I then (in 
art. 9, pages 4 52, 45 3) compare this reſult with the value 
of the fame fifth root obtained by means of Monſieur de 
Lagny's general expreſſion for the mth root of any given 


number N, upon a ſuppoſition that a, or a firſt near 
value of it, is already known. This expreſſion has been 


given in the Note in page 9 of this Volume, and is 
4 + 22 X — . 15 „ Or, hs a is = "ie 
| . | | 

oo it is in the preſent caſe,) a + 24 X 5, or 
Jr 
2N + 3% n wk > 
(= 23.9 + 0.065,466,9, or) 23.965, 466, 9; of which 
number the firſt eight figures, 23.965, 466, are, probably, 


exaq;: So that no leſs than five new figures, to wit, the 
figures }0.065,466, are obtained exactly by means of this 


expreſfon of Monfieur de Lagny, from the firſt three 
figures, 23-9, that were already known; whereas by 
Vieta's method of proceeding only one new figure, to 
wit, the figure 0.06, was obtained by the correſponding 


proceſs from the ſame three figures, 22.9, that were al- 


ready known. I then compare the ſame reſult of Vieta's 
method of extraction, to wit, the number 2 2.96, with 


the yalue of the ſame fifth root of the ſame number 
7,905,504 obtained by means of Mr. Raphſon's fimpler 


expreſſion for the mth root of any given number N, upon 
2 ſoppoſition that 4, or a firſt near value of it, is already 


known, 
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known, to wit, the expreſſion a + omg. when 


ma 


; N — 45 
2 
and 1 find that, if à is ſuppoſed to be = 23.9, this ex- 


= 5, (as it is in the preſent caſe,) a + 


_ preſſion will be = (23-9 + 0.065,8, or) 23. 965,8, 


which agrees with the more accurate value of the fame 
fifth root found before by Monſieur de Lagny's expreſſion, 
to wit, 23. 965,466, 9, in the five firſt figures 23-965, 
which therefore muſt be exact: ſo that even this fimple 


expreſſion of Mr. Raphſon has given us two new figures 
of the fifth root ſought, to wit, the two figures 0.065, 
| exactly, i in addition to the ſirſt three figures 23.9, which 


were already known; whereas by Vieta's method of 
proceeding only one new figure, to wit, the figure 0.06, 
was obtained by the correſponding proceſs in addition to 
the ſame three figures 23 9, that were already known. 


By theſe compariſons it appears that both Mr. Raph- 
ſon's and Monſieur de Lagny's expreſhons for the value 


of the fifth root of the given number 7,905,504 have 


greatly the advantage. of Vieta's method of extracting 
the ſame root in point of expedition, though not in 
point of accuracy of reaſoning and certainty of the con- 
eluſions obtained by them; in which reſpects _ are 


all equally valuable. 


In art. 11, pages 454, 45 5, and 456, I have pointed- 


out the reſemblance between Vieta's method of extract 


ing the fifth root of the number 7,905,504, and Mr. 


ING $ method of — it, and own that my 


are 
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are almoſt the ſame. For they both proceed by a diviſion 
+ of the ſame number, or dividend, 107,391-348,01, by 
the ſame diviſor 1,621,404-3205 ; which occurs firſt in 
page 449, in extracting the fifth root of 7,905,504 by 
Vieta's method, and afterwards in page 454 in finding 
the ſame fifth root by computing Mr. Raphſon's ex- 


8 a” 


_ preſſion a + : and the only difference between 


N 24 | 

them is that Mr. Raphſon continues the diviſion to three 
| Ggures in the quotient, to wit, the three figures 0.0558, 
and thereby obtains 23.9 + 0.0658, or 23.9658, for the 
next near value of the fifth coo op, of which num 
ber all the figures, except the laſt*figure 8, are exact; 
| whereas Vieta carries the diviſion to only one figure in 
the quotient, to wit, the figure 0.06, and thereby ob- 
tains only 23.9 + 0.06, or 23.96, for the next near 
value of the fifth root ſoughr. If Vieta had happened 
to obſerve that the two firſt figures of the quotient 
©.0658 would have been exact, and that, in general, if 
2 is the number of figures that are exact in a, or the 
part of the root that is already known, the firſt a — 1 
figures of the quotient would be exact, and had accord- 
ingly carried his divifion to that number of figures in 
the quotient, his method of extracting the fifth, or the 
mth, root of any given number N would have been ex- 
actly the ſame with Mr. Raphſon's. | 


| Having thus gone through the extraction of the fifth 
root of the number 7,905, 504, or the reſolution of the 
pure equation a* = 7,905,504, in the manner in which 
Vieta had directed ſuch reſolutions of pure equations to 
ns | | 5 
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be performed, I proceed (in art. 12, 13, 14, and 155 
pages 456, 457» 458, & c. 463, ) to exhibit Vieta's 
method of reſolving the affected equation x5 5 + 
Soo = 7,995,504, which is ſimilar to the foregoing 
method of reſolving the pure equation x5 = 7, 905, 504. 
And by this reſolution it appears that the root x of that 
equation is exactly = 24. I then (in art. 16, page 463,) 
reſolve the ſame equation x5 — 5x? + 500x = 7,905, 
$04 by Mr. Raphſon's method of approximation, in 
order to compare the proceſſes of this reſolution with 
thoſe in Vieta's reſolution juſt before exhibited. And I 
find that there is the ſame reſemblance between theſe 
two methods of refolving this affected equation that I 

had before obſerved to take place between the ſame two 
methods of reſolving the pure equation x5 = 7,905, 504. 
For here, as before, both methods of reſolution lead us 


| to the diviſion of the ſame dividend, to wit, the number 


' 44735504, by the ſame divifor, 794,500. But Vieta 
carries the diviſion to only one figure in the quotient, 
which in the preſent example is ſufficient for his purpoſe, 
becauſe this equation has the whole number 24, conſiſt- 
ing of only two figures, for it's exact root, but which, 
if the root were an irrational quantity, or incommenſur- 
able to unity, (as it moſt commonly is,) and were - 
. quired to be found to ten, or twelve, places of figu 
would make his method of reſolution exceſſively tedious 
and laborious ; whereas Mr. Raphſon continues his di- 
viſions to as many figures in the quotients, or to as many 
wanting one, as there are figures that are exact in a, or 
the part of the roat æ that is already known; by which 
means, if the figures that are exact in 2, or the known 
; part 
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part of the root, are hve, or ſix, or ſeven, he will obtain 
four, or five, or ſix, new figures in the quotient to be 
added to a, that will be all exact. And in this circum- 


ſtance alone conſiſts the advantage of Mr. Raphſon's 
method of approximation over that of Vieta. If Vieta 
had happened to obſerve that theſe diviſions might be 
ſaſely continued to ſeveral figures in the quotients, or 
that ſeveral figures in the quotients, (namely, as many, 
wanting one, as there are figures that are exact in a, or 


the part of the value of * that is already known, ) would 
de exact, and had conſequently directed his readers to 


continue the diviſions to that number of figures in the 


quotients, his method would, as I conceive, have been 
the very ſame with Mr. Raphſon's, and the art of re- 
ſolving all ſorts of equations by approximation would 
not only bave been invented by him (as it has been, ) but 
would have been brought by him at once to the higheſt 
degree of perfection of which it, probably, is capable. 


He therefore ought to be conſidered as the original 
- founder of the whole doctrine of reſolving equations by 


approximation, though Sir Iſaac Newton, Mr. Raphſon, 


Monſieur de Lagny, and Dr. Halley, and, perhaps, ſome 


ſubſequent -Mathematicians, have made valuable improve- 
ments on his method, by which the practice of it has 


been very much facilitated. 


This Specimen of Vieta's Method of reſolying Equa- | 
tions by approximation begins in Page 435» and ends in 


page 470 


The laſt Trad in this Collection is written by the 
learned and ingenious Mr. Frend, the author of a valu- 
| able 


ky © 


able Treatiſe of Algebra in one volume, oRavo, intitled; 


Principles of Algebra, in which he has totally diſcarded 
the obſcure and myſterious docttines of negative quan- 


tities, and impoſſible, or imaginary, roots of equations, 


and the generation of higher equations from lower ones by 
bringing all the terms of the lower equations to the ſame 


ſide of the equation, ſo as to make the reſults of them 


equal to nothing, and then multiplying them, (when thus 


made equal to o,) into each other, and thereby producing 
equations of higher orders that will likewiſe be equal to 
nothing. His preſent Tract, which is mtitled “ Remarks 


on the Number of Negative and Impeſſible Roots in Algebraick 
Equations,” has the ſame laudable tendency to free Al- 
gebra from obſcurity, by ſnewing more clearly than is 
uſually done by writers on this ſubject, what is meant by 
the negative roots of an equation, to wit, © that they are 
in truth the roots, or (in the language of modern Alge- 


braiſts,) the affirmative, or poſetive, roots, of another 
equation which is derived from the firſt equation by 


changing the ſigns + and — that are prefixed to ſuch 


of it's terms as involve any odd powers of the unknown 


» 


quantity , into the contrary ſigns,” and by obſerving 


that impoſſible roots are mere ſictitious quantities, of which 


no clear idea can be formed, which have been introduced 
into Algebra to make-up the number of roots which 
Harriat and Des Cartes and their followers have thought 
proper to aſcribe to every equation of any given degree, 
or order, denoted by any whole number called , to 
wit, m roots; though, in truth, there is only one form 
in every degree, or order, of equations, (as, for ex- 
ample, the form pr — * 2 4 in quadratick equations, 

= = and 
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and the form x — pa? + ge = r in. cubick equations, and 
the form rr — ga” ＋ ph — aft =: in biquadratick 
equations,) that can really have ſo many roots. When 
therefore an equation occurs, of the mth order, that has 
fewer than m roots, the modern Algebriifts firſt call-in 
the negative roots of the equation, (or the real and affirm- 
ative roots of the ſecond equation which is derived from 
the firft equation in the manner above-deſcribed,) in aid 
of the former, or real and atiirmative, roots of it; and, 
if the ſum of both the affirmative and the negative roots 
of the equation, (which ſum we will ſuppoſe to be de- 
noted by the letter ,) is likewiſe leſs than m, (which is 

_ . often the caſe,) they then declare that, beſides the n real 
roots, both affirmative and negative, the equation has 
„ — n impeſſtble, or imaginary, roots, which, being added 
to the former 7: roots, makes up the full number of » 
roots, which they had before declared that the ſaid equa- 
tion ought to have. "Theſe Remarks begin in page 473, 
and end in page 479. And with theſe Remarks the 
preſent Volume concludes. 5 
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IN page 242, &e, Mr. Frend's Solution: of Colonel 
Titus's Problem may be made ſhorter and eaſier by 
making the following ny in it.” | 


In art. 25, lines 6 and 7, we have myy — ny = nxx 
— mx, From this equation let the Solution be as 
follows. | 


But it has been ſhewn in art. 24 that y is = 
LE LW | 


mx —| 


8 — * 2 _ Pat —2Ima* I 


= = 1 
hu. — 21m*x* + m3 g 


Therefore 3 5y will | be 5 * 


2 myy will be = . — ny will 
* ES mr : 1 be 
3 In? Ren = inx* — mn X mx — 1 2 
— mai 15 


lm? - Hu Mer + Inn 
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z and conſequently myy — ny 


2 % = 1 3 $4 | 52 
will be = — = web Su the fraction 


mr IN 
Inn — I — nx + Imn 
)* | 5 
I — ina — 2114 + Jan + minx + m? _ Imn 


— . . ? © 


mx - 1 


ut myy = ny is = nxx — Mx. 


e 2 ” Therefore 
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[ Ixxu } 
Therefore the fraction juſt now obtained, to wit, 
Iz * — — — 2n*x* + I= + mnx + an) — Inn 
5 
will alſo be = nxx — mx; and (multiplying both 1406 


into my — 7 „) the ſeptinomial quantity Pma* — Im 
— 2 u + ur + mns + m — [mn will be (= 


N. * 1% „ 3 _y o . = THR PR 
4 2 32 1 o 8 — > '% 8 o 
* RY : 
5 e . ICS 
- , 


r X nr I = nxz— ma) X n nr T) 


= the ſextinomial quantity m*nx* — 2Iůùmm + Pnx* — 
mx + z2Imx -I mr. Therefore (adding /mnx? 4 
2/m*x* to both ſides,) we ſhall have /'mx* + In 
mn + m — Imn = m = Imnx* + K — _ 
+ 4/m'sx* — Pm, and (ſubtracting /*ma* + Prx* + 
min from both ſides,) n — /mn = m*nx* — Pmx* 
— Inn — MI + aln'a* — nr — mur, and 
(dividing all the terms by n,) m* — In = mar — * 
28 — * + Aar — Ps — , = mn — 7, 
* „ fa T Xx V n XK * — fn X £, 
and (dividing all the terms by mn — /*, the co- efficient 
of *, the higheſt term,) ** — RE 2 N * + 


oe 


| m* — 
1 . 


the final equation obtained, with more * at the 
end of art. 26, page 244. 


This improvement of Mr. Frend's Solution was ſug- 
geſted to mg by my learned friend, the Reverend Mr. 


John Hellins, B. D. Vicar of Pottcr's Pury is in North- 
amptonſhire, | 
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IN page 7, line 4, inſtead of 6.358, read 6.1358. 

In page 8, line 11, after the word had, inſert been. 

In page 10, line 11, under the radical ſign, inſtead of 

e 414353530 | 
0p; 108 5 

In page 12, line 18, after the word column, dele 16. 

In page 16, line 6, inſtead of 10.26, read — 10.26. - 

In page 66, line 13, inſtead of conſequently, read confiderably. 

In page 114, line 2 from the bottom, inſtead of Zaz, 

read 2452. | ; | 

In page 1 39, line 12, inſtead of 17d, read 17d*. 

And in the ſame page 139, line 16, inſtead of 17d, read 17d. 

In page 161, lines 7 and q, inſtead of o. ooo, ooo, og 5, 866, 14, 
and o. 350,98), o4 5, 866, 14, read o. ooo, ooo, oa p „866, O6, 
and o. 350, 987, 0g 5, 866,06. For, upon a re- examina- 

tion of the computation in page 431, which makes 

z = 0.000,000,045,865,06, and not = 0.000,000,045, 
866,14, I have found it to be right. x; | 

In page 168, line 7 ſrom the bottom, before 34-81 , inſert 
the mark =. | 

In page 204, line 11 from the e inſtead of 168 45. 
read 168% a5. f 

In page 212, line 5, inſtead of 41e, read alm nia. 

In page 218, line 9, inſtead of + mne*, read — mne. 

In page 227, line 14, inſtead of 7%, 3 7 

And in the ſame page 227, line 4 from the bottom, i in- 
ſtead of 7%“, read 7. | 
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In page 247, line 6, inftead of 11.24, read 11.24x. 
And in the ſame page 247, line 2 from the Ik, > in- 
ſtead of 0.2, read 0.02. | 
In page 249, line 3, inſtead of I.1 1122453 3. 441, read 
1.112,4539203,441. | a 
In page 297, line 3 from the bottom, inſtead of xx, read æ. 
In page 352, line 19, inſtead. of the, read thoſe. | 
And in the ſame page 353, lines 2 and 4 from the bottom, 
after the number 14,937, and after the word 3 
inſert a comma. 


In page. 399, line 3» before x the number 12,721.120, in- 


ſert the mark =. 


Tn page, 393, line 15, under the rinculum, inſtead -of 


ta + ba, read ba + ba*. 

In page 404, line 2 from the bottom, after the word __ 
inſert 70. - 

In page 430, line 4 from the bottom, inſtead of —, read +- 

In page 449, line 7, inſtead, of 5 x 23 X 0'9, read 
5X 23 & 07 6567. 


In p page 454, line 12, inſtead of 507 779557564 read 


af *(729055504- 
In page 455, line 15, inſtead ol 1,631,404,3205 read 


2 „63 1404. 320g. 
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A New, Exadt ond Rae MerHon of finding 
| the Roors of any Ent ie Generally, | 


5 | and that without any previous Reduction. 
By EDM. HALLE. Being Number 210 


of the Philoſophical Tranſactions elde * 


in May 1694- 


H E principal uſe of the Anahytick Art, is to bring 
Mathematical Problems to Equations, and to exhibit 
thoſe Equations in the moſt ſimple Terms that can be. 
But this Art would juſtly ſeem.in ſome degree defective, 
and not ſufficiently Analytical, if there were not ſome 
Methods, by the help of which the Roots (be they Lines 
or Nambers,) might be gotten from the Equations that 
are found, and ſo the Problems in that reſpe& be ſolved. 


The Ancients ſcarce knew any thing in theſe Matters, | 


beyond Duadratick Equations. And what they writ of 
the Geometrick Conflruftion of ſolid Problems, by the help 


of the Porabola, Ciſcid, or any other Curve, were only 


particular things deſign'd for ſome particular Cafes. But 
as to Numerical Extraction, there is every where a pro- 
found Silence; ſo that whatever we perform now in this 


kind, is entirely owing to the Inventions of the Ns | 


derns. 


And firſt of all, that great Diſcoverer and Reſtorer of 
| the Modern Algebra, Francis Vieta, about 100. years 


'B 8 84 ſince, 
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the cube aaa + 5 is between 


. ) 
tas ſhew'd a 4 Method for tho 6 the Roots of 


any Equation, which he publiſh'd under the Title of, A Nu- 


merical Reſolution of Powers, & c. And the fubſequent writers 


Harris, Oughired, and others, as well of our own Country 


as Foreigners, ought to acknowledge whatſoever they have 
written upon this Subject, as taken from Vieta. But what 
the Sagacityof Mr. Newtorn's* Genius has perform'd in this 


buſineſs, we may rather conjeCture (than be fully aſſured of) 


from that ſhort Specimen given by Dr. Wallis in the 94th 
Chapter of his Algebra. And we muſt be forced to ex- 


pect it, till his great Modeſty ſhall yield to the Intreaties 


of his Friends, and ſuffer thoſe curious Diſcoveries to 


ſee the Light. 


Not long fince (viz. L D. 1690) that excellent Perſon 


M. Joſeph Raphſon, F. R. S. publiſh'd his Univerſal Analyſis 


of Equations, and illuſtrated his Method by plenty of Ex- 


amples; by all which he has given Indications of a Ma- 


thematical Genius, from which the * things may 


: be expected. 


By his Ra M. de Lagny, an ingenious Proſeſſor 


of Mathematicks at Paris, was encouraged to attempt the 
ſame Argument; but he, being almoſt altogether taken up 
in extracting the Roots of pure Powers (eſpecially the 


Cubick) adds but little about Affected Equations, and that : 


pretty much perplex'd too, and not ſufficiently demon- 
ſtrated. Yet he gives two very compendious Expreſſions 
for the Approximation of a Cubical Root ; one a Rational, 
and the other an Irrational one. Ex. gr. that the fide of 


* Afterwards Sir Iſaac Newton: 
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5 . 2 + 5p 2 4 
by 3aaa + b * by 3 . 


= 1 + te + = — + aa (where Note, that 


"tis aa, not + aa, as 'tis erroneouſly printed in the 
French Book.) Theſe Rules. were communicated to me 
by a Friend, I having not ſcen the Book ; but, having by 


tryal found the goodneſs of them, and admiring the 


Compendium, I was willing to find out the Demonſtra- 
tion: Which having done, I preſently found that the 
ſame Method might be accommodated to the Reſolution 


of all ſorts of Equations. And I was the rather inclin'd 


to improve theſe Rules, becauſe, I ſaw-that the whole 


thing might be explain'd in a Synapſe. s ; and that by this 
means, at every repeated ſtep of the Calculus, the Figures 


already found in the Root would be at leaſt trebled; 


which, by all other ways“, are encreaſed but in an equal 


Number with the given ones. Now, the fore-mention'd 
Rules are eaſily demonſtrated from the Geneſis of the 
Cube, and the 5th Power. For, ſuppoſing the ſide of 
any Cube to be = @ + e, the Cube ariſing from thence 
will be aaa + 3e + 3aee + eee. And conſequently, 
if we ſuppoſe aaa to be the next leſs Cube to any given 


Non-cubick Number denoted by aaa + b, and a + eto 


be the Cube-root of the ſaid Number, it is evident that 


e will be leſs than 1, and conſequently that eee will alſo be 


lefs than 1, or Unity, and that the remainder b, or the dif- 
ference of the Numbers aaa and aaa + b, will be = 


the three other Members of the Cube, to wit, 3aae þ 
» This alludes to Mr. Raphſon' and Sir Iſaac Newton's 


Methods, 
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— = will not much exceed e 3 ſo that, putting 4 = —, 


8 the quantity. 


conſiſts of four, or more, decimal figures. F. M. 


to 


hs + eee, Whence, rejecting eve | _ the ac count 


of its ſmallneſs, we have = 3aae + Zaee. And, 


ſince ade is much greater than ace, the quantity 


— (to which e is nearly equal) 
34 | 


will be found 
will be 


= 


b 
„ or . that 1 
34a * aa + —-— 


aaa 


. * 00 ſo. the ade of the. Cube aaa + & will be 


b ab 
, or a + _ ory which is the 


nearly = 2 * 

1 344 + A 
Rational Formula of M. de Lagny. But now, if aaa were 
the next greater Cubick Number to that given, the ſide of 
the Cube ava — , will, after the ſame manner, be found 
t | ab - 


3aaa — b 


to be nearly = a — » 0 1 4 — 


C 
44 — 
3 a 


this eaſy and expeditious Approximation to the Cubick 


Root is (only a very ſmall matter) erroneous in point of 
defect, the quantity e, the remainder of the Root thus 
ound, _ ſomething leſs than really 'tis “. 


5 and 4 — 
344 7 5 — 3a — — 


* 1 ber ere the expreſſions a * 


will be Gan eaſier to compute to any given pumber of figures 


than the equivalent and, ſeemingly, more ſimple expreſſions 


28 
| Jaaa +b . ES: TP 3444 — 


As 


And 


5 and more W when 4 


G ER WY! 7 a” 


E 


As b chi Irrational Formula, tis deriv'd from 
the ſame Principle, via. 5 = 344 3a ee, ot 


—m—_— 


1 + ee, and ſo Va + 7 = ka e, and 
4 4 | | | 


Ates + — + ta = a + &, the Root ſought. Alſo | 


the ſide of = Cube aaa — b, after the fame manner, 


— IS 
will be ad to be 14 + Va — 2 And 4s; 


Formula comes testing nearer to the Scope, being 
erroneous in point of exceſs, as, the other was in defect, 
and is more accommodated to - — ends of Practice, fi ince 
the Reſtitution of the Calculus, is nothing elſe but the 


continual addition or ſubtraction of the Quantity 2 


* 


according : as the quantity e can be known. So that we 


ſhould rather write 4 + 2 55 | 5 Ph the former 


" 


6 


eee 


2 
caſc, and, 3 in the latter, 14 + NA + 


. -But bs 


either of the two Formula s, the Figures Allah known 
in the Root to be extracted, are at leaſt tripled ; which I 
eonclude will be very grateful to all the Students in 
Arithmetick ; and I congratulate the Inventor upon Ly. 
account of his Diſcovery. 
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ee f the Uk of theſe Rules i in the strain * os 
aul. Roots of Numbers; id 2 
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But 1 the uſe of theſe Rules may bs the better | 
perceiv'd, 1 think it proper to ſubjoin an Example or two. 


* = Let 
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Letit be propos'd to find the ſide of the double Cube, or let 
a +b be = 2. Here a is = 1, and conſequently ais = 1, 


and bis = 1, and — is (= +) = 0-50, and * 15 = 75 


and aa + * is (= n X 117 2 + 3) = {7s and 


125 | b 
I aa + 3 is (= *r = 90 8633) = 0.76, and 


2 Vito + — wt 0.50 + 0.76) = 1.26, 


which will be found to be the true ſide nearly. Now, 


the Cube of 1.26, is 2.000, 376, and ſo 0.63 * 


: FF cog. ñĩ%ᷣ - 
Bog = — or 0.63 + 4/ +390800,529100,5291 
= 1. 259,921, 49, 895 — ; which in 13 Figures, gives the 
ſide of the double Cube, with very little trouble, via. By 


only one diviſion, and the extraction of the ſquare Root; 
when- as by the common way of working, how much 


pains it would have coſt, the Skilful very well know. 
This Calculus a Man may continue as far as he pleaſes, 
by encreaſing the Square by the addition of the quantity 


* which Correction, in this caſe, will give only the 
encreaſe of Vniry in the 14th Figure of the Root. 


Examp. 2d. Let it be — to find the ide of a 


| Cube equal to that Engliſh Meaſure commonly call'd a 
Gallon, which contains 231 folid Ounces “. The next 
leſs Cube is 216, whoſe ſide 6 = 4, and the remainder is 


{ ing os #4 "all ſo, for the arſt e ee we have 


* Or Cubick Inches. 


E #3 
4 An 1 3850 1 
2 Tx 4 ” 3 ( = — 4 3 * 6 3 


 9++%5 = 3 + vg + 08333) = 3 + „9.8333 
= the Root. And ſince 4/9.8333 +++ is 3.13588. 
'tis plain that 6.358 = a Te. Now, let 6.1358 
= a; and we ſhall then have ſor its Cube 

| 231.000,85 3,894,712 „and, according to the Rule, 3.0679 


* * 9- 412,010, 41 — — is moſt accurately 


equal to the gde of the given Cube, which within the 
ſpace of an Hour, I determin'd by Calculation to be 
-6.135,792,439%661,958,97, which is exact in the 17th Fi- 

gure,and defective in the 18th. And this Formula is deſery- 
edly preferable to the Rational Formula, upon the account of 
the great Diviſor 322a + , or Zaaa b, in tft Rational For- 
mula, which is not to be managed without a Freat deal of 
Labour; whereas the extraction of the ſquare- hot proceeds 
much more caſily, as manifold Experience has taught me. 


Of the Extraction of the Fifth Root of a Given Number. 


But the Rule for the Root of a pure Surſolid, or the 
Sth Power, is of ſomething a higher Enquiry, and does 
much more perfectly yet, do the buſineſs : for it does at 
leaſt Quintuple the given Figures in the Root; neither is 
the Calculus very large or operoſe. Tho' the Author 
no- where ſhews his method of Invention, or any Demon- 
ſtration, altho' it ſeems to be very much wanting; eſpe- 
cially ſince all things are not right in the printed Book, 
which may eaſily deceive the Unſkilful. Now the gth 
payer of the fide @ + e is compos'd of theſe Members, 
+ af ak + 104% + 100% + ga 1 * +5; 
2 FFT 


— 


+ 129 
from whence b is = Za% + 104%? + 104% ; * 5400, re⸗ 
: JeQng 45 becauſe of its ſmallneſs. Whence —_ 4e 


+ 20% + 206 4 e, and (adding on both ſides 27, 
and then extracting the ſquare- roots of both kdes,) we 


| A b | 
ſhall have NV. + — = Tp jan may rg Pe = 


= ad + ae + ce. Then (ſubtracting 14 from both 
ſides, and extracting the ſquare-roots of the remain- 


ders,) 23 + e will be = / N + — — 24a to 
which if 2 4 hs wow _w will a+e= 14 + 


— 222232 


= = e e 
an b - o * 4 = LL — — = 
— 244% pr _— — 5 £ 4 PR 
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8 Pe F * * 
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= the fifth root of the Num- 


ber a* + 4 But, if it had a 6 (the quantity a being 
too great) the Rule would have been thus, 42 re 44 + 
. om 


of VET a == aa. And this Rule approaches won- 
deal 0 Len there is bardly any: need. of Reſtitution. 


—— — 5 
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Of the 1 f "tl it Rents of Gi iven Mis 
_ by Means. of femilar Ruler to thoſe above given for the 
Extratlion of the Third and Fifth Roots. | 


3 But, while I conſidered theſe. things with my ſelf, I 
At upon 2 General Method for the Formula's of all 
Powers whatſoever, and (which being handſome and 
% : conciſe enough) 1 re 1 nt not oe; it FR 
"tree WE 


1. Theſe. Formula's, 7 the Keule as the Hro- 
a ones) are thus. 1 | 
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Au ta alfp of the Ger er Powers. But if a were 
aſſumed bigger, than the Root ſought (which is done 


* 


x NTA II x a* 


«+y + 2xN= ie he ; 2s is eu 
m1 mXm——Ti XxX a>» wands 15 


py” laps 1 in my Explanation of Monſieur de Lagny's method of 


 extraRting the Roots of Numbers, publiſhed with other Mathe» 


** 


matical Tradts in a „ 3 your ph 6-5 
r Sen sos, de. 516. FEE 2 


any given number are as follows. Let the given „ be 
called N, and (m being any whole number whatſdever,) let 
a near value of it's mth root that is leſs than the truth he 
called a, Then will the mth root of the given number N 


N oquel er'w" pe 


26xN = w 70 — » 6 the into] eee 


A, LA 
4 


or ee 


Z 
{ 
| 
| 


4 * o 
5 8 n . 
= — Di" Pe 4 © FR . — * _ * 
l 4 —— 4 an TY * 0 D * 2 31 
„„ e e e e eee rn ee : 
. * N 2 Sw) pf be l = Es 5 9 —. = = = 
\ mw r 222 ; OY - l . — = >, = 
N E \ 5 n ele r e , < \ : 
. G . OL m—— Rs g * — — * „ . 
$ 7 WW n 3 g [4 \ , _ 
AG 6 Cas * RR 8 — ö - 
e 0000 — 8 k 3 1 . 
3 — * 6 rs ; — « lb 5 — —— pn 4 > - 
\ 


* 


(3 
with ſome advantage, as often as the Power to be re- 


ſolved, is much nearer to the Power of the next greater 
whole Number, than to that of the next le 7) in this caſe, 


MAutatis Mutandis, we thall have the ame * — of 


the Roots, viz. 5 
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* The general expreſſions of theſe values of the root of 
any given number are as follows. Let the given number be 


called N, and (n being any whole number whatſoever,) let 


un near value of its mth root that is greater than the truth 
+ be called a. Then will the mth root of the given number N 
| be very nearly equal either to the rational expreſſion a — 


„ 24 N N 
, or to the irrational expreſſion 
„ix N+m +1] x an. 


* 1 7 [= „ X m—1X a= 
ſhewn in the faid large octavo volume of Tracts, in pages 5 36, 


2 x * 5 N 


537 546, where the ſubject is very fully treated, and 
illuſtrated by examples. F. M. Ava 
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And within theſe two Terms the true Root is ever 
found, being fomething nearer to the Irrational than the 
National Expreſſion. But the quantity e found by the 
Irrational Formula is always too great, as the quotient 
reſulting from the Rational Formula is always too little. 
And conſequently, if we have + 6, the Irrational Formula 
gives the Root fomething greater than it ſhould be, and 
the Rational ſomething leſs: But contrary-wilt, if it 
be — 8. 


And thus much may ſuffice to be ſaid concerning the 
extraction of the Roots of pure Powers; which notwith- 
ſtanding, for common Uſes, may be had much more 
eaſily by the help of the Logarithms. But when a Root 
is to be determin'd very accurately, and the Logarithmick 
Tables will not reach ſo far, then we muſt neceſſarily 
have recourſe to theſe, or ſuch like Methods. Farther; 
the Invention and Contemplation of theſe Formulzz 
leading me to a certain Univerſal Rule for Adfected 

| Equations, (which I hope will be of uſe to all the Stu- 
_ dents in Algebra and Geometry,) T was willing here to give 
ſome account of this Diſcovery, which I will do with all 
the perſpicuity I can. I had given, in No. 188 of the 
Tranſattions, a very eaſy and general conſtruction of all 
Acdfected Equations, not exceeding the Biquadratick 
Power; from which time I had a very great deſire of 
doing the ſame in Numbers. But quickly after, Mr. 
Raphſon ſeem'd in great meaſure to have ſatisfy'd this 
Deſire, till Mr. de Lagny, by what he had perform'd in his 
Book, intimated that the thing might be done more 
compendiouſly yet. Now, wy Method is thus. 


(6 
Of the Reſolution of Aﬀetted Equations. 


Let 2, the root of any Equation, be imagin'd to be 


compos d of the parts @ + or — e, of which let a be 
aſſum d as near z as is poſſible ; which is notwithſtanding 
not neceſſary, but only commodious. Then from the Quan- 
tity a2 or 4 - e, let there be form'd all the Powers 
of æ, found in the Equation, and let the Numerical Co- 


efficients of the faid Powers in the Terms of the Equa- 


tion be reſpectively athxed to them: Then let the Power 
to be reſolved, (in the new, or transformed, Equation 
ariſing from this ſubſtitution of « + e, or a — e, inſtead 
of 2, in the Terms of the original Equation,) be ſubtract- 
ed from the ſum of the known Parts (in the firſt Co- 
lumn of Terms in the ſaid new Equation, amongſt 
| which the unknown Quantity e is not found) which 
* they call the Homogeneum Comparationis, and let the dif- 

ference be + b. In the next place, take the ſum of. all 


the Co-efficients of e in the ſecond Column, ta which 


put = . Laſtly, in the third Column let there be put 


down the ſum of all the Co-efficients of ee, which ſum 


call t. Then will the Root z ſtand thus in the Rational 
Formula, viz. 2 = @ + 2 71. and thus in the Trra- 
| 2 $ == . 35 b 2 


tional Formula, viz. 3 = a + = ; which | 


4 


perhaps i it may be worth while to illuſtrate by ſome Ex- 


amples. And inſtead of an Iaſtrument, let this Table 


ſerve, which ſhews the Geneſis of the ſeveral Powers of 
4 4 e, and if need be, may eaſily be continued farther; 
which for its uſe I may righily call A General Analytical 
Speculum. The forementioned Powers ariſing from 2 


continual Multiplication by a + e (= z) come out thus. 


with their adjoyned Co-efficients. 
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 TABELLA POTESTATUM, 
| „ 0 
A GENERAL ANALYTICAL SPECULUM. EOF 5 


* : = 


5 ET > <= 21 1 
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= ca + ce 


Bus now, if it be a — e = 2, the Table i is compos'd of 
che ſame Members; only the odd Powers of e, as e, ef, es, er 
are Negative, and the even Powers, as e?, e*, ee, are Affir- 
mative. Alſo let the ſum of the Co- efficients of the ſide e 
be = s; the ſum of the Co-efficients of the Square ee be 
= 2, the ſum of the Co-efficients of e3. be = u; of 
& d; of es = x; of ee = y, &c. But now, ſince e is 
ſuppos'd to be only a ſmall part of the Root that is to be 
enquir'd, all the Powers of e will be much leſs than the 

| correſpondent Powers of 4, and ſo, for the firſt Hypo- 
theſis, all the ſuperiour ones may be rejected; and form 
ing a new Equation, by ſubſtituting a=e= z, we ſhall 
have (as was ſaid) + b = e = tee. The ole 
Examples will make this more clear. 


Example I. | : £ 


Let the 3 8 32 + 75% = 10,000, be 5 
propos d. For the firſt e Ui let 4 = IC, and ſo 
we have this Equation, 
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2x* = + a* 44 + i 4087 + a 
— d . da* 2dae — de 5 


*» £& = + 4 &- 
= + 10000 40e + boore 40e“ + 8a 
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10000 


'+ 450 golge + 5Sg7ee 40e 4 = © 

| 5 „ 
The Signs + and — with reſpect to the Quantities 
and e, are left as doubtful, till it be known whether e 
be Negative or Affirmative ; which thing creates ſome 


difficulty, ſince it ſometimes happens, (to wit, in Equa- 


tions that have ſeveral Roots,) that the Homegeneum 
Comparationis (as they term it) is encreaſed by the di- 


minution of the quantity @, and on the contrary, that, 
when a is encreaſed, the ſaid Hemogeneum is diminiſhed. 
But the Sign of e is determin'd from the Sign of the 
Quantity 5. For, taking away the Reſolvend from the 
Homogeneum formed of a, the Sign of ve (and conſe- 
quently of the prevailing Parts in the compoſition of it) 


will always be contrary to the Sign of the difference 6. 
Whence 'twill be plain, whether it muſt be + e, or 


'— e; and conſequently whether a be taken greater or 


. Sign ; but, when the Signs are different, e is = = = 


— —— — — 
1 1 
3 


leſs than the True . Now the _— 5s = 


t | 5 


Vz ss + bt — 


£ 


be 


o when 5 and : have the ſame 


L | w—_ 8 222 a : 4 . | 
- . But after it is found that it will 


(WF | 

be — e, let the Powers e, , and es, &&c. in the Affirm- 
ative Members of the Equation be made Negative, and 
in the Negative be made Affirmative ; that is, let them 
be written with the contrary Signs. On the other hand, 
if it be + e, let thoſe foremention'd Powers be made 
Affirmative in the Affirmative, and Negative in the Ne- 
gative den of the Ren | — 


Now we have in this Example of ours, 10, 450 inſtead 
of the Reſolvend 10,000, or 5 = + 450; whence it is 
plain that @ is taken greater than the Truth, and conſe- 
quently, that 'tis — e. Hence the Equation comes to be, 
10,450. se + 597ee — 40e + 2 10,000. That 


is, 450 — 4915e Þ+ 59Jee = o; and ſo 450 = 4OISe 


— 
"Fon Viss — be 


' $97ee, or b=5e fee; whoſe Root £18 = 


5 9 

1 715 ” 5 | 
3 of 5 5 that is, in * preſent caſe 
pave, 555 224084 | fr whence we 1 the 


Root ſought, 9.886, which is near the Truth. But 3 th 
| ſubſtituting this for a ſecond Suppoſition, there comes 


a + e , moſt accurately g. 886, 260, 39304995 + ++ » 
ſcarce exceeding the Truth by 2 in 1 the laſt Figure, viz. 


3 . 


be * e) the quantity 5 75 = 5 
33 ＋ 


fore found; z Or (f it be — e) by adding 


from the Root be- 


EL ues — Le by 


* tb | 
that 


Ae 


is = e. And this (if need be) 
may be RR 3 farther verified, by ſubtracting (if it 


4, 


EE Ws IL N 

. 3 * 5 
94 | 
8 

8 4 


(16) 


that Root. Which Compendium is ſo much, FY more 
valuable, in that ſometimes from the firſt Suppoſition 
alone, but always from the ſecond, a Man- may continue 
the Calculus (keeping the ſame Co-efficierits) as far as 
he pleaſes. It may be noted that the fore-mentioned 
_ Equation has alſo a Negative Root, viz. z 10.26 
which any one, that has a mind, may determine more 
nocurately, 


* 


Example II. 3 


Suppoſe 23 = 172* + 542 = 380, and let @ = 10. 
"Then according to the 3 of the Rule, 


| 4 
+ * = a + 34*e + 2085 + 4 
— do* = d= 2daet = de* 3 
5.2 9 + 02 LEES - ce 
| b 4 . 
That is, + 1000 + 300e + 30% + 
8 8 — 1700 — 340 e = 17e f 
+ 540 + 54 by 
| 8 3 352 . Hf 
Or, — 510 + 14e + 13ee + * = o. Now, ſince we - 
+ Jo - have — 510 it is plain, that a is aſſumed leſs than the , 
Truth, and conſequently that e is Affirmative. And 2 
from the Equation 510 = 14e + 13 comes e = : 
V. + 35s — 24 = x5 — 2 bo $147 = 7 2 24-7) Ke 
55 13 : 13 Ce, 13 
5 7. Wende = (or 10 4 % is ( 10+5.7) = 15.7. 
vhich is too much, becauſe of 2 taken wide. Therefore, vic 


| Secondly let a = 15, and by the like way of Reaſoning, 
we 


6 a7 


* mall I pos Ls 5 109% 2 
and conſequently 2 = 14.954, o68. If the Operation 
were to be repeated the third time, the Root will be 
found conformable' to the Truth as far as the 28th 
Figure ; but he that is contented with fewer, by writing 
th = te* inſtead of tb, or ſubtracting or adding 
Ie 
Ns tb 
obtain his end. 


to the Root before n ill preſently 


— 


Note, the Equation propoſed is not explicable by any 

other Root, becauſe the Refolvend 350 is Mrs than the 
| 1 

| Cube of To 3 a 


1 * 


Let us take the Equation 2* — 802 + 1006 2 2* 
14937 z + 5000 = o, which Dr. Wallis uſes, in Cap. 62 
of his Algebra, in the Reſolution of a very difficult 
Arithmetical Problem, where by Vieta's Method he has 
obtain'd the root moſt accurately; and. Mr. Raphſen 
brings it alſo as an Example of his Method, in Pages 25, 
26. Now this Equation is of the form which may have 
ſeveral Affirmative Roots, and (which increaſes the 


difficulty of reſolving it) the Coneficrents are OT great in 
reſpect of the Reſolvend ern. 


But, that it may be the. eaſier „ * it be. di- 
vided, and, according to the known Rules of Painting, | 


C let 


— 


ME a * — —— 
—ů —U—— Lang : — ns — 
N . m —— — 
oo l 
8 — i 
by 2 n 


quantity 2 is e of 2 in the Equation propoſed) and for 


| is (= 1.5 X 2 — 0) ==. 15 Firs + bt is = 


77700 bs 227, and 
3 e oy „ and 


— 
8 2 450e- 3 


—— 3 
rr and 
7 „%% 2 
hence e ( = . 

| : 8 4 


a 7 os , 
WW ND 
„ 4 


0X 8 * 


let — - + 8 25 — 202* + 1;2. = "Gi (where the 


the firſt Suppoſition, let @ = 1. Then will + 2 — 5e — 
20” + 4% — &f — , 5 be = oz that is, 14 will be = 5e 
+ 2ece. Here therefore 5 is = 14 or 1. 5, and is = 5, 


VVV . . 

3 FF = 5 

C 3222 ĩ²³?5! FR SD REY een Oe SET 7 e 
. : * ee Ay 


and f is = 2; j and conſequently 4 47 1 = * „and bt | 


2 


. and 
2 


1e. bf — — 18 — — 
.. + bt —— | AER" 


„ : 
5 5 = I) = 0.27, and ſoa +, or 4, is 


(= 


4 4 ; 

= 1 + 0.27, or 1.273 whence 'tis manifeſt that (10 X . 
1.27, or) 12.7 is near the true Root of the Equation ; 
propoſed. Now, Secondly, let us ſuppoſe 2 = 12.7, 5 
and then, according to the directions of the Table of 9 
Powers, there ariſes i 
| „ „ 1 u R 
— 26,014.4641 —. 8,193.532e — 967.746 — 50.85) — „ 5 
+ 163, 870.640 + 38,709. boe + 3048 „* + 80 63 1 


— 322,257.42 — 0,749.2 e — 1998 e 
+ 189,609.9 7 14,937 
— 5000. : EO 


That 


76644 


(1 


That is, EOS 298.6559 — 5296. 1320 + 82.26 ˙ + 
29.2% — „ = 0; And ſo — 298.6559 = 
— 5296. 132 + 82. 26e, whoſe Root e (being, ac- 


| Ig ML ;s — bf 
cording to the Rule, = * by : ) comes to 
066 — 4/6, 586. 106, 022 
Nea 0 8 0 9” = 056,440,803, 31. 


= e; which is leſs than the Truth. But, that it may be 


; | 
2 e = a 


corrected, 'tis to >» be conſider d that 


1 .000,000,99, and conſequently e cor- 
204Þ4ZJ „ „„ 8 | - | 

rected is = 0.056,441,794,48- And, if you deſire yet 
more Figures of the Root, from the e corrected let there 
be made u — 228+ = 0.431,956, 024,23 „ an 


. 
£2 95 = tue ITE (which is all one,) 


2648. 066 w_ 6,937,685. 674,96 5,97 5577 2 
82, 26 
056,441,794, 480, 744,02 = e; whence 4 + &, =" 
the Root, is moſt accurately 12.7 56,44 1,704,480, 744,02. 
as Dr. Wallis found in the fore- mentioned Place; where 
it may be obſerv'd, that the repetition of the Calculus 
does ever triple the true Figures in the aſſumed a, 
#03. Le . 
— does quin- 
V 355 — bf | 
tuple ; which is alſo commodiouſly done by the Laga- 
rithms. But the other Correction, after the firſt, does 
alſo double the number of Figures, ſo that it renders 
the afſumed altogether Seven- fold; yet the firſt Cor- 
rèction is abundantly ſufficient for Arithmetical uſes, 
for the moſt part. 


= 


d I 
which the firſt correction, or = 


E 2 But, 


„ 


But, as to what is ſaid concerning the number of 
Figures rightly taken in the te I would have it under- 
ſtood fo that, when @ is but g part diſtant from the 
true Root, then the firſt ee is rightly aſſumed; 
if it be within 1 part, then the two firſt Figures are 
_ rightly aſſumed ; and, if within ss part, then the three 


firſt are ſo; which conſequently, managed according to 


our Rule, do preſently become nine Figures. 


It remains now that I add ſomething concerning our 


ys . | 1 3 b i a 6 1 
Rational Formula, viz. e = e r which ſeems ex- 


peditious enough, and is not much inſeriour to the former, 
ſince it will triple the given Number of Figures. Now, 


when we ſhall have formed an Equation from @ 4e = 2, 
as before, it will preſently appear, whether a be taken 
greater or leſs than the Truth; ſince e ought always 
to have a Sign contrary to the Sign of the difference of 


the Reſotvend and its Hamogeneum Comparationis, produced 
from a. Then, ſuppoling + b + ;&+ a — tee = o, 


the Diviſor is 5s — 16, as often as t and b have the ſame 
| Signs; but it is 55 + Gr, when they have different 
ones. But it ſeems moſt * for Practice to 


write the Theorem thus, e = 17 
ä | s = — 


way the thing is done "WM one Multiplication and two 
Diviſions, which otherwiſe would require three Multi- 
. hens and one Diviſion. 


Let us take now one Example of this Method, from. 


the Root (of the fore mention'd Equation) E227» 6 
where 


| ſince in this 


bw My oY vo 2 


298.6 559 


( 


; 298.6559. * 5296.132e + 82.26ee + 29.26 
„ VV 


— & is = 6, and ſo wy is = e; that is, let us 


4 — — — S * 


14 
make the following Proportion, to wit, as 5 18 to r, ſo 


is & to =, or as 5296.132 is to 82.26, ſo is 5 298. 6559 to 


82.26 * 298. 6559 

57 90. 132 
a + 038,755 and * the Diviſor oy 3 N 
will be (= 5296.132 — 4. 638,75) = 5291.43, 25, and 


will be {== — > ) 
1 5291.493253 


LR which will therefore be (= 


tb 
1 e 
that is, e will be = o. 056, 441, in which all the Figures 5 1 
are true. And conſequently z, or a + e, or the Root : 
of the propoſed Equation 2* — 802* + 1998 2* — 
14,9372 + 5000 = ©, will be (= 12.7 + 0.056,441) 
= 12.756,441 ; of which all the eight 2 are true. 


. . b | 
But this Rational Formula e = * 5b y OF] —, 
15 


cannot be corrected, as the foregoing Irrational one was; 
and ſo, if more Figures of the Root are deſired, 'tis the 
beſt to make a new Suppoſition, and repeat the Calculus 
again: And then a new Quotient, tripling the known 
Figures of the Root, will abundantly ſatisſie even the 
moſt ſcrupulous, 


= 0.056,441 3 


— — 
das - . — * 2 
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AN APPENDIX © 
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DR. EDMUND HALLEY'S TRACT ON THE 
' RESOLUTION OF ALGEBRAICK EQUA- 
TIONS OF ALL DEGREES BY - 


APPROXIMATION. 


4 


= . R np » 


I 


;, 
— ons er — — 


—— — 


An he to the foregoing 25 ract of Dr. 
EDMUND HALLEY, inlitled, A New, 
Exact, and Faſy, Method of finding the 
Roots of Equations Generally, and that with= 


out any previous Reduction. 


By FRANCIS MASERES, Esa. 
EURSITOR BARON OF THE COURT OP EXCHEQUER IN ENGLAND, 


4 


GG 


* 


Article 1. NR. HALLE conſidered his method of 
reſolving affected equations by ap- 

proximation (which is deſcribed in the foregoing tract, 
as an improvement upon that which had been given by 
Mr. Joſeph Raphſon in his valuable treatiſe, intitled, 
Analyſis Aquationum Univerſalis, which had been pub- 
liſhed in the year 1690 becauſe the new figures in the 
value of the root ſought that are diſcovered by every 
Proceſs of his approximation, were twice as many as the 
new figures in the ſaid value diſcovered by the corre- 
ſponding proceſs of Mr. Raphſon's approximation. But 
this circumſtance of quicker diſpatch, or rather of the 
appearance of it, (ſnce the reality of it depends upon the 
; volley and number of the operations to be performed in 
each 


(26 } 
each proceſs of the approximation as well as on the 
number of the ſaid proceſſes,) is not the only thing to 
be taken into conſideration in order- to determine whick 
of the two methods is the moſt convenient: but the ſim- 
plicity and perſpicuity of the reaſonings employed in 
them ; and the greater or leſs danger of falling into 
miſtakes, or difficulties, ariſing from having more Alge- 
_- brick quantities to arrange and manage in Dr. Halley's 
method than in Mr. Raphſon's ;—and ſometimes having 
two roots, or, in the language of modern Algebriiſts, 
two real and affirmative roots, to examine and reaſon 
upon in the proceſſes of the former method, and never 
more than one ſuch root in thoſe of the latter ;—are, all 
of them, circumſtances of great importance in forming a 
_ Judgement on this queſtion. And Mr. Raphſon always 
continued to prefer his own method of approximation, 
| (which proceeded by the repeated reſolutions of mere 
{imple equations,) to that of Dr. Halley, (which pro- 
ceeded by the reſolution of quadratick equations, after 
the publication of the foregoing tract of Dr. Halley as. 
well as before it. For he informs us in the ſecond edition 
of his Analyſis ZEquationum Iniverſalit, (which was pub- 
| liſhed in the year 1697) that he himſelf had had, at the 
time of preparing that treatiſe for it's firſt publication in 
the year 1690, the very ſame thought as Dr. Halley, of 
retaining the terms of the ſecond, or transformed, equa- 
tion that involve the ſquare of the unknown root of the 
faid equation as well as the terms that involye the ſimple 
power of the ſaid root, and fo reſolving a quadratick 
equation inſtead of a ſimple one; but that, after full 
conſideration of the matter, he had rejected that method 
p = e of 


25 £2 
* 
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(9) 


ol proceeding as liable to more perplexity than the other, 


and had reſolved to proceed only by the reſolution of ſimple 
equations. And Sir Iſaac Newton, in his method of 


reſolving equations by approximation, (which differs a | 


little from Mr. Raphſon's,) proceeds only by the reſo- 


lution of ſimple equations, except in a few particular 


caſes, in which it may ſometimes be convenient to pro- 
ceed by the reſolution of a quadratick equation, as, for 
example, in performing the firſt proceſs of approximation 
to the true value of æ, when the firſt near value of it, 
obtained by conjecture, or otherwiſe, and which is taken 
for the baſis of the approximation, is not ſufficiently near 
the truth. And, as far as my experience in theſe calcu- 


lations has enabled me to form a judgement on the ſub- 


je, I am inclined to join with Mr. Raphſon in preferring 


his method of proceeding by the” reſolution of only ſimple 
equations, to this of Dr. Halley by the reſolution of qua- 
draticks. But, that the reader may be the better able to 


form a judgement for himſelf upon this ſubject, I ſhall 
now proceed to give a ſhort view of theſe two different 
methods of approximating to the values of the- roots of 
equations, and to point out, firſt, the circumſtances in 
which they 'agree, and ſecondly, thoſe in which they 
differ; and afterwards I ſhall proceed to conſider the 


| three equations * — 3 * + . and 
* — 17 + 54 = 350, and 14,937 x — 1998 4 


+ 80 x* — a+ = '50co, (which Dr. Halley has choſen 
in the foregoing tract for the examples of his method of 
approximation,) and ſhall reſolve them, firſt, by Dr. 


Halley's, and dafterwards by Mr. A 8 method of 
approximation. 


Art. 2. 


„ 


rt. 2. In both theſe methods of reſolving equations 


by approximation we muſt begin by finding by conjecture, 
or otherwiſe, in the beſt manner we can, a firſt near value 
of x, or the root ſought, which firſt near value Dr. Halley 
denotes by the letter a. We muſt then fubſtitute ſuch 


near value inſtead of x in the compound quantity which 


forms the left-hand fide of the propoſed equation, and 
which contains all the terms that involve the unknown 
quantity x. 'Thus, if the propoſed equation is the cu- 
bick equation x* + P + gx = r, and à is found, 
by conjecture or otherwiſe, to be nearly equal to r, we 
muſt ſubſtitute a inſtead of x in the compound quantity 


a*'+ px* + qr, which will thereby be converted into 


the compound quantity a? + pa* + q a, which con- 
fiſts intirely of known terms. We mult then compare 
this known quantity a* + pa* + ga, reſulting from 
this ſubſtitution, with », the abſolute term, or known 
quantity, of the propoſed equation x* + px? + qu 
= : and, if the ſaid reſult is leſs than the ſaid abſolute 
term, we may conclude that the ſaid near value, a, of 
the root æ of the ſaid equation is leſs than it's true value; 
and, if the faid reſult is greater than the ſaid abſolute 
term, we may conclude that the ſaid near value is greater 
than the true value of x. It muſt, however, be obſerved 
that this concluſion will not always be juſt, becauſe in 
ſome equations that have more than one root, or in the 


language of modern Algebraiſts, more than one real and 
affirmative root, it ſometimes happens that, while the 
unknown quantity æ increaſes, the compound EY 


that ſorms the left-hand fide of the propoſed equation 
will ere Ihus, it the propoſed equation had been 
17 5 8 5 


5 
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(a) 


=p + 9x = 5, inſtead aft + px* ihe 
= x, and the magnitudes of the two co-eſſicients p and 
9 and the abſolute term r had been ſuch that the equation 
admitted of three real and affirmative roots, and @ had 
been a near value of the middlemoſt of the ſaid three 
roots, the compound quantity x* — p x* + gx would 
have been greater than the abſolute term , if a was leſs 
than the true value of the middle root of the equation 
and, if a was greater than the ſaid true value, the ſaid 
compound quantity would have been leſs than . But 
theſe caſes happen but rarely : and, when they do happen, 
we muſt make uſe of ſome further reaſonings concerning 
the roots of the equation and the limits of their magni- 
tudes, in order to determine. whether a, or the near value 
of x which we have choſen for the baſis of our approxi- 
mation, is greater, or leſs, than it's true value. 


Art. 3. When it is determined in the foregoing man- 
ner, or by ſome further reaſonings ſuited to the nature 
of the inquiry, that a is leſs than the true value of x, or 
the root ſought, we mult then begin our further approxi- 
mation to it's true value by ſuppoſing the unknown exceſs 
of x above 4, it's firſt near value, to be denoted by ſome 
other letter of the alphabet and to be added to 4. 
Dr. Halley on this occaſion makes uſe of the letter 5: 
and we will therefore employ the ſame letter. And 
then we ſhall have a + e = x. We muſt next ſubſti- 
tute this binomial quantity a + e inſtead of & in the 
propoſed equation. And, if this equation be the cubick 
equation which was juſt now taken as an example of 
_ theſe methods of approximation, to wit, the equation 


1 + pa” + qr = r, we ſhall, by means of this 
ſubſtitution, 


— N 


(#3 
babllirution, © convert, or transform, hs ſaid equation into 
the following equation, to wit, a + 418 + P X a 2 a | 
T9 Xa T = , or 4 + 3abe + Jae + & + 
px 24 T zd. Fee N = , or 


\ EIS ; A 


a? + 32a e _ 3ae + e 
+ pa + 2pae + pe 
+ ga + ge 


U 
o 


in which the unknown quantity that remains to be diſco- 
vered is e, or the difference between x and a, inſtead of 


the original unknown quantity x itſelf. - Now this quan- 
tity e is leſs than a + e, or x, and uſually much leſs than 


it, namely, only a tenth part of it, or ſome leſs part. 
And conſequently, as à is nearly equal to a, e will be alſo 


much leſs than a, and, 2 fortiori, leſs than 3 a, and, ſtill 


more, leſs than 3 a + p. Therefore en (which is equal 


to e X ei) will be much leſs than 3a + pl X es, or than 
3a + p, and, & fortiori, leſs than 34 + 2pa + q) 


X e, or than 3a*e + 2pae + ge. And conſequently, 
if e' be taken away from the left-hand ſide of the equa- 
tion, the remaining terms of the ſaid left-hand fide of 
the equation, to wit, the terms 


4 + 34e + Jae 
+ p07 + apes +::pe* 3 
* 5 


will ſtill be very nearly equal to the abſolute term r of 
the firſt equation, But this curtailed equation is only a 
.  quadratick equation, and may therefore be reſolved by 


Oe 


Set, 
Sl 
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the known methods of reſolving ſuch equations; which 


methods are eaſy and accurate. Therefore Dr. Halley 


- adviſes that, in order to determine the value of e, or the 


difference between a and x, we ſhould reject only the 
little quantity e, or the cube of e, from the foregoing 
transformed equation, and ſhoy\\ reſolve the remaining 
quadratick equation by the common method of reſolving 
ſuch equations. And for this purpoſe he directs us to 
put s for the compound quantity 3a* + 2pa + 7. 
which is the co-eflicient of the unknown quantity e in 
the ſaid quadratick equation, and ? for the compound 
quantity 3a + p, which is the co- eſſicient of ee, or of 
the ſquare of the unknown quantity e in the ſame equa- 


tion; - after which abbreviations of the notation, the 


equation will be as follows, to wit, a* + P + qa + 


Se + te* = r. Therefore, (ſubtracting a + a 
+ 24 from both ſides,) we ſhall have ge + fef T 


— a) — pa? — qa, and (dividing both ſides by t, 


. — 22 — qa 
* 


we ſhall have — + ef = 


(putting 5 for * a3 — pa* — 94) —— + 0? = 


SE 


Therefore e + . +- geg will be 5 3 
7 477 
43 2 595 + 35 1 


$40 "2th | $48 — *W 


5 2 5 
will be dT > fol —— be. = — 8 


5 


Qi E. I. 


Therefore 


) * | e 
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Therefore a + 3 T2 will be a near value 


of a + e, or a, or a ſecond near value of *, which will 
approach much nearer to it's true value than a, it's firſt 


near value, did. And, in general, it will be found that 


the number of decimal figures in this ſecond near value 
of that are exact, or agree with the figures of it's true 
value, is nearly three times the number of the figures 
that are exact in 4, or it's firſt near value: or, to expreſs 


this matter more preciſely, it will be found that, if a, the 


firſt near value of *, agrees with it's true value in three, 
or four, or five figures, or, in general, in figures, the 


Vabe 111 — iF 


ſecond near value of *, to wit, a + 7 


will, accordingly, agree with the ſaid true value in 3 X 


3 — 1, or 9 — 1, or 8, figures, or in 4 X S. = Is : 


or 12 — 1, or 11, figures, or in 5 X 3 — 1, or 15 — 1, 
or 14, figures, or, in general, in 33 — 1 figuces, and in 


the moſt unfavourable cafes in 3” — 2 figures. This is 


certainly a great degree of exactneſs to be attained by a 


ſingle proceſs of approximation from a, the firſt near 
value of x, (obtained by conjecture, or otherwiſe,) to- 


wards it's true value; and it conſtitutes the great merit 
of this method of approximation by reſolving a quadra- 
tick equation, which Dr. Halley has recommended. 


Art. 4. But Mr. Raphſon has thought proper to rejec 
this method of approximation, notwithſtanding this ad- 
vantage, and to carry on his approximation, from «a, the 
farſt near value of it, towards a + e, or it's true value, 

en | f ON | by 
9 


Ne ES 5 
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VE 

N VVV 
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4 2 


by tefolving only a ſimple equation. . His method of pro- 
ceeding is as follows. When he has ſubſtituted a + e 


inſtead of & in the propoſed equation & + Pp + 2 
= r, and thereby transformed the ſaid equation into the 


e 


a* + 3a*e + 34 + 63 
+ pa + 2p e + pe 'S = Og 
„„ f 06. oo oo ne 


he rejects the two terms 3 ae* and pe, which involve 


the ſquare of the unknown quantity e, as well as the 
term e, or the cube of the ſaid unknown quantity, be- 
cauſe they are, all of them, much ſmaller than the terms 


28" 8 + 2pae + ge, which involve the ſimple power | 


of e; and he thereby reduces the ſaid transformed equa- 


tion from a cubick equation to a mere ſimple equation, 


to a the equation 


4 + 34% 
+ pat + 22 f 
+ 496 . 6 


ll 
2 


or * + pa* + ga + 3a* T 2pa +q\Xem=ry 
the reſolution of which is ſtill more ſimple and eaſy than 


that of a quadratick equation. For we need only ſub- 


tract a* + pa ＋ 24 from both ſides of the equation, 


by which it becomes 3 4. + 25 +gXe=r 2 
—pa* — qa; or, if (agreeably to Dr. ny s Notae 


tion,) we put / for the compound quantity 34 + 2p 4 


7 7 (Which! is the co-efficient of e,) and b for the ab- 


D 1 . 


ef k 


63 


ſolute term 1 - 2 — ga, it will Was te b; 


and conſequently e will be AY . W 


Therefore a + — vin be a near value of a + e, 


or a ſecond near value of x, which will approach much 

nearer to it's true value than à it's firſt near value 

did, but not ſo near as the former expreſſion a + 

a/abt +535 — 8 
. 


» Which was obtained, in the foregoing 


method recommended by Dr. Halley, by reſolving a qua- 
dratick equation. For the number of figures in this 


ſecond near value, 4 + — » of the unknown quantity 


x, that are exact, or agree with the figures of it's true 
value, will be not nearly triple, but only nearly double, 

of the number of figures that are exact in a, or it's firſt 
near value ; or, to expreſs this degree of approximation 
more preciſely, if the number of figures that are exact 

in a, or the firſt near value of x, is three, or four, or 
five, or, in general, u, figures, the number of figures 


that will be exact in a + =, or the ſecond near value 


pod 4 


: of x, will, accordingly, be 3 X 2—1, or 6 — 1, or 
- figures, or 4 X 2 — 1, or 8 — 1, or 7, figures, or 
5 X 2 — 1, Or 10 — 1, or 9, figures, or, in general, 
2n — 1 figures, and in the moſt unfavourable caſes 
will be 22 — 2 figures. This is a very conſiderable 
3 of exacinels to be attained by a ſingle proceſs of 

approximation, 


DE, 
2 
25 8 


9 I „ wo 


( 
85 approximation performed by the reſolution of a mere 
2; fimple equation, though it is not ſo great as the degree 
of exactneſs attained by means of the former expreſſion 


VAFFET: — 5 


8 , which is 4 from the 


+ 


more difficult operation of reſolving. a quadratick equa» 
ton, 


Art. 5. And, if the approximation to the value of x 
by Mr. Raphſon's method be carried one ſtep further, 


by putting c for the quantity a + = 3 or the ſecond 


near value of æ, and 7 for the unknown difference be- 
tween c and x, and ſubſtituting c — F (which will be 
equal to x,) inſtead of x in the propoſed equation & + 
þx* + qx = r, and reſolving the transformed equation, 
ariſing from ſuch ſubſtitution, as if it were a mere ſimple 
equation, or expunging from it the term 7, and alſo 
the two terms that will involve the ſquare of , the value 
of the reſidual quantity c / that will be thereby ob- 
tained, or the 3d near value of x, will agree with it's 
true value in nearly twice as many figures as were exact 


o 2 | . 5 2 . J N 
in the 2nd near value c, or 4 + 2218 if we put m 


for the number of figures that were exact in that ſecond 
near value, (which.was 2 — 1,) the number of figures 
that will be exact in the value of c — J, or the 3d near 


value 6f x, will be 2m — 1, (or 2 X 22 — i] —T, 
or 42 2 — 1,) or 4 — 3, which, if u is any num- 


1 | ber 


ber greater than 2, will be greater than 35 — 1, or the 
number of figures that are exact in the expreſſion a + 


(36) 


e - — or the ſecond near value of x obtained 


by Dr. Halley's method of proceeding. So that, when , 
or the number of figures in a, or the firſt near value 


of x, that are exact, or agree with the figures of it's 


true value, is greater than 2, the degree of exactneſs 
that will be attained by two ſteps, or proceſſes, of Mr. 


Raphſon's method of approximation will be greater than 
that which is attained by one ſtep, or _ of Dr. 
Halley's method. 


Art. 6. Having now deſcribed theſe two methods of 
reſolving high equations by approximation which are re- 
commended by theſe two celebrated mathematicians, and 


having ſhewn how far they co-incide with each other, 
and in what circumſtances they differ, I ſhall now pro- 
ceed to illuſtrate the ſubject further in a practical way, 
by reſolving the three equations which Dr. Halley has 
| choſen in the foregoing Tract as examples of his method 
of refolution, to wit, the cubick equation x* — 17 xx 
+ 54x = 350, and the two biquadratick equations 


* — 33* + 75x = 10,000 and 14.937 — 1998 


* 80 — a* = 5000, by both theſe methods, be. 


ginning, in each of theſe examples, with the method of 


Dr. Halley. And, to the end that the reader may be 


the better able to compare the two methods with each 


other, and form a judgement of the ſeveral advantages 


er inconveniencies that belong to each of them, I ſhall, 
in 


pl 
855 
7 


(97.1 


in reſolving each of theſe equations by both — 
begin the approximations to the ſecond near values of 
them (which have been above denoted by a + e,) from the 
ſame firſt near value a, and ſhall carry the approxima- 
tions by both methods to nearly the ſame degree of ex- 
actneſs: and I ſhall alſo ſet forth the grounds and reaſons 
of the conjectures which I ſhall make concerning the 
faid firſt near values denoted by a which has not been 
done by Dr. Halley in the foregoing Tract : and I ſhall 
ſometimes make choice of a different firſt near value a 
from that which Dr. Halley has adopted, if I ſhall find 
that I am able to obtain one that will be nearer to the 
truth than that which he has choſen, and to ſupport the 
conjeAure to which I give the preference by good and 
obvious reaſons. 


EXAMPLES OF THE RESOLUTIONS OF HIGH EQUA- | 
' TIONS BY BOTH DR. HALLEY'S AND MR. RAPH- 
SON'S METHODS OF APPROXIMATION. 


EXAMPLE 1 —A CUBICK EQUATION. 


Ari. 3. han it be required to reſolve the cubick equation 
** — 17 + 54x = 350 by Dr. Halley's method 
of approximation. 8 ; 


— 


Th 


( 38 ) 
We muſt firſt endeayour to find a tolerably near value 
of æ, which ſhall be true to at leaſt one place of figures, 
by a conjecture grounded on the obvious properties of 


this equation. Now ſuch a near value may be found in 
the manner ene 


firſt, ſuppoſe x* to be equal to 17 x x, and conſequently 
x to be = 17, Then will the compound quantity x3 — 
17 xx + 54x be = 54x = 54 X 17 = 918; which 
3s much greater than the abſolute term, 350, of the 


equation. Therefore the true value of à in this equation 


mult be leſs than 17. 


* 


We will therefore ſuppoſe, i in the ſecond place, hut = 


(which now appears to be conſiderably leſs than 17,) is 


= 14, and ſubſtitute 14 inſtead of it in the eompound 
* * — 1 1 + 54% 


Now, if we be faceted = 14, we ſhall have xx = 


196, and 33 2744, and 17 (= 17 X 196) = 


3332, and 54x (= 54 Xx 14) = 756, and conſequently 
g7 = 1788 + ]ę [5.2744 — 3332 + 756 = 
3500 — 3332) = 168; which is ſomething leſs than 
half the abſolute term 350. We will therefore make a 
third conjecture, and ſuppoſe x to be = 15, and try 
the effect of the ſubſtitution of this number inſtead of * 

in the compound quantity * — 17 xx + 54x. Now, 
if be ſuppoſed to be = 15, we ſhall have xx = 225, 


and x* = 3375, n (= 237 X 225) 3825. 


and 


In this equation 5 * + 54x = 350 let us, 


y 
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5 5 5 2 


e & 


_- 54a 4 54 * 5) = 310, and conſequently * — 
17 +'54x (=, 3375 — 3825 + 810 = 4185 — 


3825). = 360 3 which ; is a little greater than the abſo- 


Jute term 350 of the propoſed equation * — 17 x + 
54 * = 350. We may therefore now conclude with 
certainty that the true value of x in the ſaid equation 


muſt be greater than 14 and leſs than 153 ſince, while 
x increaſes from 14 to 15, the compound quantity & — 
17 * + 54x increaſes from 168 to 360. And the 


aid true value of x will evidently be much nearer to 15 


than to 14, becauſe the number 360, to which the ſaid 


compound quantity is equal when x is equal to 15, ap- 


proaches much nearer to the number 350, or the abſolute 
term of the propoſed equation, than the number 168, 
which is the value of the ſaid compound quantity when æ 
is = 14. We will therefore take the number 15 for a, 
or the firſt near value of x in the propoſed equation 


5 — 17 * P 547 = 330. 0 


Ait. 8. Having thus pitched upon the number 1 5 for 
a, or the firſt near value of , let e be put for the un- 


known exceſs of 15, or a, {which we know to be greater 


than x) above x. Then we ſhall have & = « e, and 


** (= a—q) = aa —20e + ec, and x* ( 4 —el?) 


= 3533 e + 34 — &, and 17 * (= 17 * 


aa — 2a e ya N = 17 aa — 34 4e + 17 ee, and 


54x (= 54 Xx @ — 7) = 54a — 54e. Therefore 
* — I/ Ax + 54x will be = 


* 


Ds. > 


= both ſides from 


„ 
7 4 — 3a*e + Ja” — „ . | 
— 1708 + T > s 
+ 54 4 — $54 . 


But * — 17 * + 54X is = 350. 


Therefore 
2 — 34 + Jae — 4 | 
— 1744 + 34 ae — 17 0 , 
. 5 = 


will alſo be a 350. 


But 4 — 1744 + 54 has been ſhewn to be = 


3603 and 3* is (= 3 x 15]* = 3 X 225) = 075, 
and 34 4 is (= 34 * 15) = Sio, and 39 is 12 
X 15) = 45. _ 


Therefore we ſhall have 360 — . + ci0e— 4 : 
+ 45 — 17 — £3 = 350, or 300 — 219e 285 
— e* = 350, and (adding 219e + £ to-both ſides,) 360 
+ 28-* = 350 + 219 + „, and (ſubtracting 350 
from both ſides) 10 + 28 = 219e 4 „, and (ſub- 
tracting 28e* from both ſides,) 219e — 28 * += IO, 
and (omitting e on account of it's ſmallneſs,) 219e — 28e* 
nearly = 10. Therefore (dividing all the terms by 28) 


we ſhall have — — 52 — and (hating 


"9 we | ſhall have 2 > 


+4 


SE, 219] i on \ —_ 20 210 
„ 8 219)? — 20 X 3 47,061 — 1120 
50s '- =; -+ 2.0008 


Therefore the 400 of the trinomial 


5 = 219 14%. og 
quantity. ——|.— = + ce will be = gg 


. —.— — But this trinomial quantity has 


5 „ 2 
two neee, to wit, = — e and e— = 9 In 
) 


the former of which the unknown quantity e is leſs, aud 


in the latter 2 which it is greater, than 7 , Or 3. 91555 


Now the latter of theſe values of e, being greater than 
3.910), will be greater than the value of e which we are 
ſeeking, or than the exceſs of 15 above x, becauſe x has 
been ſhewn to be greater than 14, which differs from 15 


by only 1. It follows therefore that 2 — e, or che 


former of the two ſquare- roots of the trinomial quantity 


2 „ 3 + % will be that which is to be uſed 
5 


on the preſent occaſion. We ſhall therefore have 


219 5 216. 427,817) — , and (adding e to both 


I 
| 


56 . 56 
ides,) EP 210.4278 17, &c + e, and N 


50 "BO 


—— 


tam) 
216. 420,817, & 


— from both ſides) L-CS. 
56 | | | | 
219.000,000 — 21 6 8 — 2283 = 
Yo $6 ET 5 XL 


o. 045,31 or, more nearly, o. 04 55932. Therefore 
4 — 4, or 15 — , will be = 15. oo, o — 0.045,932 
= 14.954, 068; that is, the ſecond near value of x, or 
the root of the propoſed equation x* — 17 xx + 54x 
= 350, obtained by this firſt proceſs of Dr. Halley's 
method of reſolving equations by approximation, will be 
14.954, 068. Q. E. Is | | 


Art. 9. This number 14.954,068, here found for the 
value of x in the propoſed equation r — 17 xx + 54x 

= 359, is exactly the ſame as that found by Dr. Halley 
in the foregoing Tract. And it agrees with the true 
value of æ at leaſt in the firſt ſix figures 14-9540. For, 
if we ſuppoſe x to be = 14-9540, we ſhall have xx = 
223.622, 116, 0, and x* = 3344.045,122,664,000, and 
17 xx (= 17 X 223-622,116,00) = 3821.57 5,97 2,00, 
and 54 a (= 54 X 14.9540) = 807.5160, and conſe- 
quently * — 17 xx + $4 x. = 3344-045,122,604,000 
— 2901 575,072, c + 807.5160 (= 415 1.5861, 122, 
664,000 — 3801. 575,972, oo) = 349. g85,150,064,c00; 
which is ſomewhat leis than, the abſolute term 350. 
And, if we ſuppoſe. * to be = 14.9541, we ſhall have 
* = 223.625, 106, 3 I, and ** = 3344.1 12,209, 747,42 ib 
and 17xx (= 17 X 223-025,100,81) = 3801.620,815,77, 


and 54 * (= 54 X 14-9541) = 807.5214, and conſe- 


quently x* — 17 xx + 54 * 4 3344112, 200,747,421 


: G }- 
— 3801.626,815,77 + 807.5214 = 4151.633,6c9,747, - 
421 — 3801.626,815,77) = 350.006, 793,977,421 3 
which is ſomewhat greater than the abſolute term 3 50. 
Therefore the true value of x mult be of an intermediate 
magnitude between 14.9540 and 14-9541, and conſe- 
quently the firſt ſix figures of it mult be 14.9540. 

5 + „ $a 


The exceſs of 350.000, 793,977, 421 above the abſolute 
term 350 is only 0.006,793,977,421, which is leſs than 
o. oc; but the exceſs of the abſolute term 350 above 
349.085, 50, 664, 00 is c. 914, 849, 336,000, which is 
more than double the other exceſs. It therefore ſeems 
reaſonable to ſuppoſe that the true value of x will ap- 
proach nearer to 14-9541, which produces the ſmaller 
_ exceſs, than to 4 9540, which produces the greater 
_ exceſs. And it is very probable that the next two figures 
68 of the value 14.954,068, obtained by the foregoing 
approximation, will likewiſe be exact; and Dr. Halley. 
ſeems to have thought they are ſo. And ſo they will be 
found to be in the courſe of the following reſolution of 
this equation by Mr. Raphſon's method of approximation, 


The Reſolution of the ſume Equation by Mr. Raphſuis 
| Methed. 


Art. 10. ] ſhall now proceed to reſolve the ſame cubick 
equation x* — 17 xx + 54x = 350, by Mr. Raphſon's 
method of approximation, beginning the approximation 
from the ſame ſirſt near value of x, to wit, the number 
15, which was choſen in the preceding articles for the 


| baſis of the approximation by Dr. Halley's method. 
| TY 1 11 


(46 3 


It appears from the reaſonings uſed above in art. 7, 
that the true value of x in this equation is greater than 
the number 14, and leſs than the number 15, but is 
Nearer to 15 than to 14. We will therefore take the 
number 15 for it's firſt near value a, which is to be the 
baſis of our ſurther approximation to it's true value in 
the manner preſcribed by Mr. Raphſon ; and we will 

denote the exceſs of a, or 15, above the true value of- „ 
by the letter e, as we did in the foregoing reſolution of 
the equation by Dr. Halley's method. And we ſhall 


then have x = 4 — e, and conſequently „ = a—6)* 


4 — 2% + ee, and & = a —e? = 4 — 3a'e + 


Jae? — , and 17 xx (= 17 X aa —2ae + ee) = 


1744 — 343 + 17ee, and 54* ( 54 X 2 — e) = 
54a — 54e. Therefore the compound quantity & — 
17 * ＋ 54x will be equal to the compound quantity 


| 4 — Jo's + 3aet _ * 
— 17 6 + 344 — 176 | 
55 en OE» 


But the compound quantity 2 — 12 + 54x is 
= 350. 


Therefore the compound quantity | 
| | 2 —3&e + 34% — en IJ 
| | — 17 + 344% — 17 e | | 
FP 


will alſo be = 395 
| | This 


| ( 45 ) 
This equation is accurately true, and is what Mr, 
RNaphſon, in his excellent treatiſe on this ſubject, intitled, 
Analyſis Æqudtionum Univerſalis, calls Theorema Vietæum, 
or the Theorem of the great French Algebraiſt Vieta, 
or Monkeur /:#te, who is often and juſtly ſtyled The 
Father of Algebra, though his works have of late years 
been but little read. This theorem, or transformed 
equation ariſing from the ſubſtitution of a — e, or a + e, 
inſtead of x in the terms of the original equation & — 
17 ** + 54x = 350, or other propoſed original equa- 
tion, is the grand foundation of all the methods that have 
been made uſe of for reſolving equations by approxima- : 
tion, as well as of Vieta's own method ſet forth in his 
Treatiſe intitled, De numeroſ4 poteſtatum purarum argue 
adſecturum reſolutione tractatus, which begins in page 163 
and ends in page 228 of Schooten's edition of Vieta's 
Works publiſhed in the year 1646. 
Art. 11. From this equation (which is accurately true) 
we muſt, according to Mr. Raphſon's method of ap- 
proximation, expunge the three terms + 346 — 17 
— '; and then the equation will be 


42 — 34. 3 | 
— 17 2* +. 3408  -. l nearly = 350, 
+ 54 — 548 - 1k ms. 
or 2 — 17 4 + 844 — 3ae + 344 — 54e 
(nearly) 350, or (if we ſubſtitute 15 inſtead of @ in 
the terms of this equation) 1 — 17 * 19 + 54 XN 
15 — 3X Th Xe+34X 15 * & 34e 350, or 
V 3375 


U 


3375 — 17 * 225 +54 X 15—3 X 225 K 4 34 
* 15 X 8 — 54e = 350, or 33”5 — 3825 + 810 — 
675 X + 510 X e— 548 = 350, or 4185 — 3825 
— 729 X e + 510e = 350, or 360 — 21Ge = 350. 
Therefore (adding 219e to both ſides,) we ſhall have 
360 = 350 + 219e, and (ſubtracting 350 from both 
E fides,) 10 219 e, and conſequently (dividing both ſides 
by 219) e = I = 0.0456. - Therefore a — e, or 
15 — will be = 1 5.0000 — 0.0456 = 14-9544 ; that 
is, the root x of the propoſed equation x3, — 17xx + 
54 x = 350 will be nearly equal to 14-9544 CE. 1. 


Art. 12. This value of x is exat'in the five figures 
14.054, which ſeems to be a great degree of exactneſs 
to be attained by the reſolution of ſo eaſy a ſimple equa» 
tion as the equation 219e = 10. And a repetition of 
this proceſs will give it us exact to four or tive figures 
more, or to nine or ten figures in the whole, as will be 
apparent from the following operations. | 


| = Let us ſuppoſe the firſt ſive figures 14.954 of the fore- 

| | | going value of x, to wit, 14-9544, to be exact, az we. 

1 indeed know them to be by means of the ſubſtitutions 

made in art. 9; and let us ſubſtitute this number 14.954 
inſtead of * in the compound quantity x3 — 17 xx + 
54 x, in order to diſcover whether the value of the ſaid 
compound quantity arifing from ſuch ſubſtitution will be 

greater, or leſs, than the abſolute term 350 of the pro- 

poſed equation, as if we had not already made this in- 

| ad | 


= | 6 


* 4491 — 
quiry in art. 9, and found the ſaid reſult to be leſs than 
„„ TT 


Then we fhall have + x, or 14.954}%, = 223.622,116, 
and x3, or 14.954]3, . = 3344-04 5, 122, 664, and 17 xx 
(= 17 X 223.622, 116) = 3801. 575,72, and 54* (= 
54 X 14.954) = 807.516, and conſequently x3 17 
— 54 (= 3344-045,122,604 — 3801.575,972 + 
807.516 = 4151.561,122,664 — 3801.575,972) = 
349.985, 150, 664; which is leſs than 350, or the abſolute 
term of the propoſed equation x3 — 17 xx + 54 = 3 50. 
Therefore 14.954 will be leſs than the true value of x in 
that equation. Let c be put for 14-954, and F for the 
exceſs of * above 14-954, or c. Then we ſhall have 


x 4 + 5 and * * = c + fl = ce + 2cf + fo 
and a = c4fÞ = & 3 30% + fo, and 
17 ** (= 17 X cc + 2cf + ff) = I7cc + 34% 


+ 17Fff, and S4 (= 54 X © FF) = 540 + 54f, 
and conſequently x* — 17 xx + $4x = . = 


0 en 3Of 4 3eF* +33 8 
— Ic f 17 
+ 54c + 54f- 


But x2 — 17 * K + 54x 16 = 350. 


Therefore the compound quantity 


— 


„ * 


„„ 


a ＋ 3 ＋7 + ef + DB, 
— I7c* — Jacf — RF. £ i 
+ 54c + 54f EP 


5 ein alſo be = 350. 


Now let the three terms + 34 = 197): + fo” 
(which will evidently be much ſmaller than the terms 
+ 30% = 34cFf + 54f,) be expunged from the equa- 
tion. And we ſhall then have | 


{ + he < Hef + 
bee , 


= (nearly). 350. 


But c& 17 * + 540 or 14.954)? — 17 * 14.950 
+ 54 X 14.954. has been ſhewn to be = 349.985, 50, 
643 and 3<* XfFin (= 2X 1495gY:X f 3 Xx 
223. 622,116 Xx f) = 7c. 866, 346 X ½% and 340 X f 
is (= 34 X 14-954 X ) = 508.436 X F, and conſe- 
quently 34 — 34 cf + 54f will be (= 670.866,348 x f 

2 508.436 K f X 54 X f = 724.860, 348 & 7 
508.435 x 7) = 216. 430,348 X . | 

Therefore 349:985,150,664 + 216.430,348 x f will 


be = 350, and conſequently (ſubtracting 349.985, 150, 
664 from both ſides,) 216. 430,348 & F will be = 


6.0 14,849, 336, and / will be = 0.014,349,330_ _ 


— —— — 

| | 216.430,48 
,. ooo, o68, 610, 2. | 
i | Therefore 


( 49 ), 


ai x, or c +}, or 14.954 + 4, will be = 
14-954,008, 610,2. E. I. 


Art. 13. This number, 14. 954,068, 610,2, i is debe | 
exact in all it's figures; but is certainly ſo in the firſt ten 
figures 14-954,068,61, of which the firſt eight figures, 
14.954, 68, are the ſame as thoſe of the former value 
of x, obtained by Dr. Halley's method of approxi- 
mation. So that one proceſs of Dr. Halley's method 
of approximation gives us the value of x in the cubick 
equation x* — 17xx + 54x = 350. exact to eight 
figures by the reſolution of the quadratick equation 
219e — 28e* = 10, and two proceſſes of Mr. Raph- 
ſon's method of approximation give us the value of the 
ſame quantity exact to at leaſt ten places of figures by 
the reſolution of the two ſimple equations 219 e = 10, 
and 216.430, 348 & f = 0.014,849,336. The reader 
muſt now judge for himſelf which of cheſe t two 
deſerves the preference. | | | 97 


EXAMPLE IA BIQUADRATICK EQUATION. | 
Art. 14. Let it be required to. reſolve the biquadratick 

equation x* — 3 * + 75x = 10,000 by Dr. Halley's 

method of TID | „ 


An 1 N , by Conjectures and Trials, of a, or the firft = 


near Pr alue 45 > 


- In order to and a firſt near value of x in this equation, | 


to be an baſis of a ſecond approximation to it's true 
| E value 
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1 
value in the method tecommended by Dr. Halley, we 


may proceed as follows : 


If “ alone were equal to the abſolute term. ic, oo, 
x would be exactly equal to 10. Therefore it ſeems 


reaſonable to conjecture that in the equation a* — 3 
+ 75x = 10,000, (in which the other two terms 3 * 4 


and 75 x have contrary ſigns prefixed to them, and there- 
fore have leſs effect in increaling or diminiſhing the 


magnitude of &“ than they would have if they were both 


marked with the fame ſign, and conſequently will not 
make the magnitude of the trinomial quantity & — 3 
+ 75 be very different from that of x* alone,) the 
ralue of x will not be very different from 10. We will 
therefore ſubſtitute 10 inſtead. of & in the compound 
quantity * — 3xx + 75x, in order to diſcover whe- 
ther the value of it reſulting from this ſuppoſition will 
de nearly equal to the abſolute term 10,000. Now, if; x 
de ſuppoſed to be = 10, we ſhall hare xx = ic, and 
and a* = 10,000, and '3xx = 300, and 75x = 750, 
and confequently x* = 3xx + 755 x (= 10,000 — 30s 
+ 750) = 10,4503 which is greater than the abſolute 
term 10, ooo, but not in any great degree. We will 
therefore make a fecond ſuppoſition not very different 


from the former, to wit, that x is equal to 9, and try the 


effect of this ſuppoſition. Now, if x is = 9, we ſhall 
have xx = 61, and x* = 6561, and 3x4 = 243, and 


75 * (= 75 X 9) bog 6731 and contequently ** — 3 XX 


75x (= 6561 — 243 + 675 = 7235 — 243) = 


6993. Therefore, white à increaſes from ꝙ to ic, the 


the compound quantity #* = 3zx + 7 5x will increaſg, 
from 6993 to 19,450, and therefore will, at ſome one 
. „„ point 


( 51 8 
point of time during the ſaid increaſe of x from g to 
10 be equal to 10, ogo, or the abſolute term of the pro- 
poſed equation a* — 3xx + 75% = 10,0003 or there 
will be ſome quantity greater than 9, but leſs than 10, 
which, being ſubſtituted inflead of æ in the compound 
quantity &“ — 2x + 75 x, will make the ſaid quantity 
be equal to 10,000 that is, in other words, the true 
value of x in the equation & — 3xx + 75x = 10,000 
will be greater than 9, but leſs than 10. And, as the 
value of the ſaid compound quantity ** = 3xx + 75# 
| reſulting from the ſubſtitution of 10 inſtead of in it's 
terms was 10,450, which exceeds 10,000 by only 450, 
and the value of the ſaid compound quantity reſulting 
from the ſubſtitution of 9g inſtead of & in it's terms was 
only 6993, which falls ſhort of 10,000 by the number 
Zoo, which is a much greater quantity than 4 50, it ſeems 
reaſonable to conclude that 10 will differ leſs than g from 
| the true value of + in the ſaid equation a* — 3 + 
: "75x = 10,000. And for theſe reaſons we will pitch 
upon 10 for the value of a, or the firſt near value of x 
in the propoſed equation, or for the baſis of the approxi- 
mation which we are now to make towards it's true value: 
in the manner recommended by Dr. Halley. 


4 more exact Determination of the Value of x by Dr. Holly £ 
Method of Approximation. 


* 


Art. 15. Now let e be put for the difference between 
a, or 10, and the true value of x in the propoſed equa- 
tion, - 


And we ſhall then have x = 10 — e, or a e, and 


_ conſequently xr = a 24 = aa wm 2ae + ee, and 1 


————— 
— ] — 


— 
an 


— —y„—- — — 
— _— . a een oranges Arr Ps ny vn yon gre —— — — 
. . — * —— g — — 
. — — 2 * 
9 , oy 
% 
i 


— cars 3 
— — —jUäk —— 


+ 


vt 3 Behar, 
— . 
K 
N 


* = a—elt - 44 TT beef 44 + &, 


— — 
we 2 


r Ls. En 


— ——— at 2 oy 


18 


and 3 (= 3 X aa — 249 ＋7 ee) = 3 a* — G6ae 
+ 3ee, and 75 (= 75 Xa —e) = 75a — 75. 
Therefore the whole compound quantity a* — 2x x + 
75 x e will be equal to the e quantity 


0% — 40 * . 44 T* 
— 34 + 64 e — Ze* | 
„ 


But che — quantity 7, Rn 3* * > 75 # is 
= , 10,000. 


Therefore dhe compound quantity | 


& — 40% +600 — 400 + o 
— 3a + 6e — 305 | 
+ 754 — 730% 


will alſo be 10, 00. 


This | is the full transformed equation, and is accu- 
rately true. But from this equation Dr. Halley directs 
us to expunge the two terms 4 ae? and ef, as being very 
ſmall in compariſon of the terms 6 a*e* and 35%, and, 

2 fortiori, in compariſon of the terms 44, Gae, and 

78e, which are to be retained. And by this omiſſion 
the equation is reduced to the quadratick equation | 


4 — 44e + 600 : 
— 3 a* + bae — Ze _ nearly = 10,000. 
+ 156 = 750 OP 5 
Art. 16. 


6830 


FRY 16. Now, ſince à is = 10, we ſhall have aa 
34 + 754 = 10,450, as has been ſhewn in art. 143 


and we ſhall have 44 (= 4 X 101! A & 1000) = 
4000, and 6a (= 6 x 10) = bo, and 6 42 (= 6 * 16]? 
= 6 X 100) = 609, and nn 1.8 3%; 
| — 4 ae + 6 at - 
— 1 Th, = 
+ 75 g- 75 
10,450 _ 4000e + booe* : 
E . + 60 e _— 35 | | 
N 
= 1,450 — 43015 e + 597“. 


Thereſore 10, 450 — 4018 e + 597 will be nearly 
= 10, co. And conſequently (adding 4015 e to both 16/4 
fides,) we ſhall have 10,450 + 597e* = 10,0c0 + * 
4015 e, and (ſubtracting 597 e* from both ſides,) 10, 450 | 
= 10,000 + 4015 — 597 e?, and, laſtly, (ſubtracting 
10,000 from both ſides,) 4015 e — 597 e = 450. 
This quadratick equation muſt now be reſolved ; 3 which 
_y be done as follows. 


Art. 17. . Divide all the terms by 597, the co-efficient 
of e And we fhall have 6. 725,293 Xe — & = 
0.753,769. Now let both ſides of this equation be ſub- 
tracted from the ſquare of half the number 6.725, 293, 
which is the co- efficient of e, that is, from the ſquare of 
| 3. 362,646, or from 11. 307, 388, 121,316; and we ſhall 
| E 3 > then 
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then have 3.352,46 — 6.725, 293 1 * (= 


11.30, 388, 21,316 — 0.753,769) = 10. 553,619,121, 
3106. Therefore the ſquare- root of the trinomial quan- 


tity. 3.362,40 — 6.725293 X e + e will be F- 
+/10.553619,121 310) + = 3.248, 633. 


But-chis'trinomial quantity has two ſquare-roots, to 
wit, the binomial quantity 3-362,040,,— e, and the bi- 
nomial quantity e — 3.302,64, in which latter quantity 

e is greater than 3.352,66 46. But we have ſeen above in 
art. 14, that e, or the difference between 10 and the true 


value of 4, is Icfs than 1. Therefore this latter bino- 


mial quantity - 3. 362,646 cannot be that which will 


give us the true value of e, and conſequently we muſt 
make uſe of the other ſquare-root of the ſaid trinomial 


quantity, to wit, the binomial quantity 3.362,646 — e. 
We ſhall therefore have 3.362,646 — e = 3.248,6333 
and conſequently (adding e to both ſides,) we ſhall have 


3.362, 646 = 3248, 633 + 8 3.562, 646 — 
3-248, 632) = 0. 114,013, or (neglecting the three laſt 


places of. figures as not exact,) o. 114. Therefore a — e, 


or 10 — e, will be = 10 0.114 = 9-886; that is, 


* ſecond near value of r in the propoſed equation 
— 7 + 7 = 8 8 will be 9.886. 


QF. 


Art 18. Now let 9.885 be ſubſtituted inſtead of x in 
the compound quantity * — 3xx + 75 x, in order 
ſo diſcover whethey the value of that quantity reſulting 
| from 


TH) 


from ſuch lubſtitution will be greater, or leſs, than the 


abſolute term 10,000, and conſequently whether the ſaid 


number 9.886 will be greater, or leſs, than the true value 


of x in the propoſed equation x* — 3xx + 75x = 


10, oo. This ſubſtitution may be made as follows. 


If. * is = 9.886, we ſhall have xx (= 9.886}!) = 
97-732,996, and a* (= 9.8864 = 966.188, 398,456, 
and * (= 9886) = 9551. 738, 507, 136,016, and con- 

ſequently 3 rx (= 3 X 97. 732,996) = = 293-198,988, 
and 75, x (= 75 X 9.886) =74t- .450, and the whole 
compound quantity ** — 3xx + 75# (= 9551.738, 
$97,136,016 — 263.198,988 + 741.450 = 10,293-188, 
507,136,016 — 293.198,988) = 9,999.989,519,1 36,016; 
which 1s very nearly equal to, but fomewhat leſs than, 
the abſolute term, 10,000, of the, propoſed equation 

= 3xx + 75 x. = 10,000. Therefore the number 
9.886 will be very nearly equal to, but ſomewhat leſs 
than, the true value of. in that equation. Q. E. I. 


A ſecond Proceſs of Dr. Halley's Method of Approximation. 
Art. 19. Now, in order to obtain the value of & to a 
greater degree of exactneſs by means of a ſecond proceſs 


of Dr. Halley's method of approximation, let .c be put 
for the value of » already found, to wit, 9.8 86, and 'f 


for the unknown difference by which the true value of * 
exceeds 9.886. 
Then we ſhall have x = c + +, and confequently 


FX fn c+-/ 7 =ec + 2cf + ff, and a* (= c +1) 
EA + 40f 6 + 4, + ff, and gow (= 
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(6) 
'3Xce + 2cf + ff) 1 6e + 3ff, and 
75 * (=75 XT) = 75c + 75}. Therefore the 


compound quantity & — 3 + 75x will be equal to 
the compound quantity 


| 4 40f +63f +4cf-+ 


—_—zcc— 6f —3f* 
| +15 + 21 


Therefore this laft compound 7 will be = the 
abſolute term 10,000. | | 


From this equation let the two terms 4cf* and / be 

expunged, on account of their extreme ſmallneſs in com- 

| pariſon of the terms that involve ff and /. And we 
n then have the compound quantity 


—_— ir . 
8 | | = 34 — bef — 37 9 ea, = 10,500. 
7 R 


| | But we have ſeen that & — 3c + 75 c, or 9.8800. 
— 3 X 9.886. + 75 X 9.886, is = 9,999.989,519, 
136,016; and 4c will be (= 4 * 9.886)? = 4 
g66.188,398,456) = 3864.753,593,824 and © c will be 
(= 6 X 9.886) = 59.316, and conſequently 44 — 6c 

+ 75 will be (= 3864.752,593824 — 59-316 + 75 
= 3939.7 53,593,824 — 59-316) 3880. 437, 593,824 
and 6c will be (= 6 x 9.8800 = 6 X 9.732, 996) 

= $86. 397,976, and conſequently 6 c* — 3 will be (= 

586.397.976 — 3) = 583. 397797 6. Therefore the 
compound quantity | 


(9 } 


T 4 Oo +40f 6 3 
| > 3c — Caf I. | 
„ | J 


will be = 9,999.989,519,136,016 + 3880. 437,593,824 
* f + 583-397,976 Xx ff. And conſequently this laſt 
quantity 9,999.989, 5 19, 136,016 + 3880. 437,593,824 X f 
+ $583.397,976 Xx ff will be, nearly, = 10,000, and 
therefore (ſubtracting 9,999.989,5 19,136,016 from both 
ſides,) 3880.437,593,824 X f + 583.307,00 X ff will 
be = 0.010,480,863,984; which is a quadratick equation 
now properly reduced into order, and prepared for reſo- 
lution. And by reſolving this equation we ſhall obtain 
the value of F, and conſequently of c + , or 9.886 + f, 
or the third near value of & in the propoſed equation 
** — 2xx + 75 7 = 10,000, This quadratick equa- 
tion may be reſolved as follows. - | | 


Art. 20. Since 3880. 437, 503, 824 * f + 583-397,976 
X ff is = o. o 10, 480, 863, 984, we ſhall have 
3880.43, 593,824 x f | 0.010,480,8 52,984 

583-397-976 If = 583-397-470 
6.651, 441,646 X f + ff = oecd g0 
Now let the ſquare of half the co-efficient of /, that is, 
of half the number 6.65 1,441,640, or the ſquare. of 
- 3-325,720,823, (which ſquare is = 11.060, 418,992, 

535,797, 329% be added to both ſides of this equation. 
And we ſhall have 3.325, 720, 823) + 6.651,441,646 X 
F+//(= nm. ee 329 + O. ooo, 17, 
965, 204, 569, 33) = 11.000, 436,957,740, 306, 362. 
Therefore (extractling the ſquare- roots of both ſides,) we 
ſhall have 3.325, 720,823 + f = 3.325, 723,523 and 


con- 
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conſequently F will be (= 3.325. 23,523 — 3.325, 20, | 
823) = 0.900,002,700. Therefore c + /, or 9.886 


+ /, will be (= 9.886 + 0.0092,002,700) = 9.886, 
002, 700; that is, the third near value of æ in the pro- 
poſed equation 1% — 3. ＋ 75x = 10,0009, obtained 
by Dr. Halley's method of — will be 9.880, 
002,700. Kk. 

N. B. Dr. Halley (in the foregoing tract, as it is 
printed in the Miſtellanea Curieſa,) makes this more accu- 


rate value of & to be 9.886, 200, 393, 649, 5, which, he tells 


us, ſcarce exceeds the truth by 2 in the laſt figure (ſee 
above, page 15.) But I conceive that, if this is not owing 


to ſome errors of the preſs, he muſt have made ſome ſlip 
in his calculation; becauſe the number here found for æ, 
to wit, 9. $86,002,700, (with which Dr. Halley's number 


agrees in only the firſt four figures 9.886,) will be found 
to agree in the firſt nine figures 9.886,02, 70, with the 


number that will be found for it in the following articles 


by Mr. Raphſon's method of mation. 


The Reſilutian of the feats E tin by Mr. Raphſu s 
Method of Approximation. 

Art. 21. I now proceed to reſolve the ſame biqua- 

dratick equation à — 3xx + 75x = 10,000 by Mr. 

Raphſon's method of approximation, beginning the ap- 


proximation from the ſame firſt near value of x, to wit, 


the number 10, which was choſen in the foregoing ar- 
ticles for the baſis of the approximation by Dr, Halley" $ 
method. 


Having found, by the reaſonings uſed in art. 14, that 


the value of x in the propoſed equation 2 — 3xx + 


75 = 10,000 will be nearly equal to, but ſomewhat 
| | leſs 


6 


icts than, the number 10, let a be = 10, and let e de- 
note. the unknown difference by which 10 exceeds the 
true value of x: 


Then will x be = 10 — e, or a — e; and conſe- 


quently v will be / a | 2 4. — 266 + ery 
and x* will be (= a —3Y) = 4 — 3a e + 34 — 


ef, and 24 will be (= 4 — £4) = at — 4d ＋ bates 


— 44 + 4. Therefore 3 x will be 3 & 


aa — 4. + ee) = 344 — bae + Jeez, and 75 * 
will be ( 75 X a —e) = 75 — 75e. Therefore 
the compound quantity xy* — 3xx + 75x will be = 
the een quantity 

5 . 4 ee 4 + 
— 3a* + bae 8 
N e 754 


Therefore this-laſt compound quantity will be = the 


abſolute term 10,000. - 
Now let the four terms + 64e — 3% — 442 


+ be expunged from this equation, as being much 


ſmaller than the three preceeding terms 4 «*e, Ga e, and 
75 e, which involve the ſimple power of e. And the re- 
maining compound quantity _ 
424 — 43 
— 34 + 64 
+ 75 = Jo. 


will be nearly = the. abſolute term 10,000. 


But a* — 3. + 75 has been ſhewn in art. 14 to 
be = ,10,450; and 443 is (= 4 X 1. = 4X 10003 


= 70 and oa 18 5 0 N ah = 60. 
Iherefore 
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Therefore 4 — 3 a* + 1 . 
will be (= 10, 450 — 4000 e + 608 — 75e = 10,450 
— 4875 e + Goe) = 10,450 — 4015 e; and conſe- 
quently 10, 450 — 401 5e will be, nearly, = the abſolute 
term 10,000. Therefore, (adding 4015 e to both ſides,) 
we ſhall have 10,000 + 4015 e = 10,450, and (ſub- 
tracting 10, ooo from both ſides,) 40156 = 450. There- 


fore e will be = or = 0.112. Therefore à — e, 


or 10 5 will be = 10 — 0.112 = 9.888; that is, 
the ſecond near value of x, or the root of the propoſed 
equation 14 — 3 * + 75 3 = 10,000, will be 9.888. 

| 1. 


Art. 22. Of this number, 9.888, the firſt three figures, 
9.88, are exact, or the ſame with the three firſt figures of = 
the true value of x, and the fourth figure 8 is only a little 
greater than the truth, the exact fourth figure being a 6. 
And the reſolution of the ſimple equation 40156 = 450, 
by which this value of e has been obtained, is much eaſier 
and ſhorter than the reſolution of the quadratick equation. 
4015 — 597 ee = 459, given above in art. 17, by which 
we obtained the number 9.886 for the ſecond near value 
of v, by Dr. ns s method. 0 


| Art. 23. Having thus ohaninet 9.888 for a ſecond 
near value of x in the propoſed equation a* — 3x.r + 


75 x = lo, ooo, we will try the degree of it's approxi- 
zation to the truth by ſubſtituting it inſtead of æ in the 
compound quantity a+ — 3 * + 75: | 


Now, if x is = 9.888, we ſhall have * 4 (= 9:88t)*) 


= ee ang a (= 9- 7 - "_ 774,915,072 
| -- "and 


— 


( $3 
_ „ {= 9. 88+] 9 9559. 4 70, 360, 231,926, and con- 
ſequently 34 (= 3 X 97.772,44) 293.317,32, 
and 75x (= 75 X 9.888) = 741.600, and a4 + 75x 
(= 9559, 472,300,231,935 + 741.600) = 19,301.079,_ 
362,231,936, and 14 — 3 * + 75x (= 10,301. 070, I, 1 
369,231,936 — 293.3 1,632) = 10,007.752,728,231, 


936; which is a little greater than 10,000, or the abſo- . 
Jute term of the equation &“ — 3 ＋ 75x = 10,000, | 7 
Therefore 9.898 will be a little greater than the true 1 
value of * in that equation. | | . 
A ſecond Proceſs of Mr. Rebe Method of Approximation. | 15 
Art. 24. In order to obtain a nearer value of x, let 7 l 
be put for the exceſs of 9.888 above the true value of x. = 
And we ſhall then have x = 9.888 — F, and conſe- 13 
quently xx (= 9.888 — f'* = .d sd! — 2 X 9.888 Br 
* + &c) = 97-772:544 "194070 Os . 
and a* (= 9.888 —P\4 = 9. 8884 — 4 X 9.888]? x $1 
F + &c — 9559470, 360, 231, 936 — 4 X 966.774. #21 
915,072 x f + &c) = 9559-470, 360, 231.936 — 2 Ty 
3867.099,060,288 x f + &c, and 3xx (= 3 Xx Fay 
977724544 — 19-776 X f + & = 3 X 97.772, 544 147 


2s 


— 3 * 19.776 X f) = 293-317,632 — 59.328. K f 
＋ Ke, and 75 * (= 75 X 9.888 — f = 75 X 9.888 
—XF/) = TORN 75. J. 
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Therefore the compound quantity 33 ow 3s x + 75x 
will be = the compound quantity 


9559. 


4 3 
8559. 470,362,231,936 5 3865. 00h. ce 88 x f Ke 
WM —293 317,032 „ - x f — & 
5 5 | 703-000 — 75 Xx . 5 


——— — — — — —— — — — ˖ ů·²ie . . 
1 5 q Fe N 


= 10,007 752,728 231,936 — 3832. SEP PR 288 X F&c. 


But the conn quantity * — 3 xx + 75 x is = 


Therefore we ſhall have 10, 007.7 52, 728, 231,936 — 
| 3882.771, 660, 288 loo, eco; and, 
(adding 3882.77 1,600, 288 X F to both ſides,) 10, 07. 
752, 728,231,926 nearly = 10, o + 388 2.771, 660, 
288 Xx /, and (ſubtracting 19,000 from both ſides, ) 
3882. . X -F ==. nearly, 7.752, 78, 9 


2 2 eos 2 2 855 8 
= O01 . 


Therefore 9.988 — F will be = 9.888 — 0.001,99 
= 9.886,01; that is, the third near value of x in the 
propoſed equation a“ — 3 * + * = io will be 
9.886, 14. < E. I. 


Art. 25. If v is = 9.886,01, we ſhall have 


Xx (= 5. 586, 1“) = 97.733,4193,720,1, 
and x3 (= 9.580, 01) = 966.191,33%,448, 845,801, 
and * 4 {= Y.5d0, 014) = J6 51. 7754,30, 594, of, 
| wo 144,01, 
and conſequently 3xx{(= 3 X 97. 233,193, 720,1) 
| 5 e 273.1995591, 160, 
And 7 pn 75 X 9:886,04) = 741 450,75, 


„ ane 


(05 3 


end 4% + 75.» = 1, 293.227,04, 30,594,077, 144,01, 
and & + 75 — 3xx, or * — 3 * + 754, = 
10,293-227,90447 39,59440774144,01 : 

— 293-199,591,160,3 | 

= 10,000.028, 31 3,570, 294,07, 14401; which is a little 


greater than 10, ooo, or the abſolute term of the propoſed 


equation * — 3 + 75% = 10,000. And conſe- 
quently 9.885,01 will be a little greater than the true 
value of x in that equation. 


A third Proceſs of Mr. Raphſon's Method of Approximation. 


Art. 26. In order to obtain 2 ſtill nearer value of , 


let g be put for the exceſs of 9.886, 1 above it's true 
value. And we ſhall then have . = 9. 886,01 — 8. 


and 4 (= 9.886,01 — 2 9.886,81) 
— 2 x 9.886, x g + &c) = 


; 97 +7 33»193,720,T — 19.772,02 ** 9 + &c 
and * (= 9.886,01 — g\* = 9.886,01) + oi. 
9.886, X g + &c 


= 9.536,01\4 =4 x 966. 191, 330,448, 845, 801 x 3 Ke 
= 9.886,0114 — 3364. 765,321, 795,383, 204 Ke 


= 9551-77 7.154730, 594,077, 144,01 


2 23864.765, 32 1,795,383, 204 * g + Ke, 


2 . dere gt <A 


and aw (= 3. 97.733,193,720, — 19.772,02 x f Ke 
= 3 * 97.733,19, 20, 1 3 * 19.772, 2 x g+&c) 
1 100,59 f, 160,3 — 39.316, 6 x g + &, 


and 75x (= 75 x 9880,81 — 4 = 75 X 9.886,01 — 75g) 
= 741.450,75 — 758 and conſequently * — 3x3 + 
75x = the compound quantity 


9551. 
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9557. nt e830, 8 765, 321,795.38 3,204 * g+&c 
293.199,91, 160, + 89.316, x g—&c 
Þ+ 741-450375 „ 
= 10,009.028,313, 570,294, 77,144, 01 

— 3880. 440,261, 795.383. 20 * #2 ys Kc. 


Therefore this laſt quantity 10,000.028, 313,5 70, 294, 


077, 144,01 — 3880.449,26 1,795,383, 204 X g + &c 
will be nearly = 10,000. | | 


T herefore (adding 3890.449,261,795,383,204 X g to 
both ſides,) we ſhall have 10,000.028,313,570,294,077, 
144,01 = 10,000 + 3889.449,261,795,383,204 X g, and 
(ſubtracting 10,000 from both ſides,) 3880:449,201,795, 
383, 204 * g = 0.07 8,313,570, 294, 775144501, and, 
laſtly, (dividing both ſides by 388. 349,261,795 383,204) 

0. eee 


Therefore x, or 9 886,01 — 3, will be = 9.886, 
— 0.000,007,296,467 = 9. 886,02, 703,533; that is, 
the fourth near value of x in the propoſed equation a“ — 
3xx + 75x = 10,009, obtained by this third proceſs 
of Mr. Raphion's method of approximation, will be 


15 886,002, 703,533 2 E:. I. 


— — II EY 
—— 4 — — — ne 


Art. 27. Of this number 9. 886, co2, 703, 533, the firſt 
nine figures, 9. 886, 02, 0, are the ſame with the firſt 
nine figures of the laſt value of & found above in art. 20 
by Dr. Halley's method of approximation, to wit, 9.886, 
002,700. And therefore we may be conſident that theſe 
nine figures, 9.886,00, 70 are exact, or the ſame with 

the firſt nine _ of the true e value of x in the pro- 
. 


( 65 ) 


poſed equation mY — 342 + 164 = 10,060. And b 
I believe that the firſt eleven figures, to wit, 9. 886, oo, 


703, 5, of the value obtained in the foregoing article, to 
wit, 9.886, 002, 703, 5 33, are exact. | 


Dr. Halley makes the more accurate value of » in this 
equation, which he has obtained by the ſecond proceſs of 
his method of approximation, to be 9.886,260, 292,049, 5, 
| (fee above, page 15.) which, he tells us, ſcarce exceeds 
the truth by 2 in the laſt figure. Bur from the agreement 
of the two values of æ found in the preceeding articles by 
the application of both his and Mr. Raphſon's methods 
of approximation, in the firſt nine figures 9.886, o02, 70, 
we may ſafely conclude that theſe nine figures are exaQ, 

and conſequently that the value of & aſſigned by Dr. 
i Halley is erroneous in all the figures 260,393, 649,5 1 
come after the four firſt figures 9.886. 


I now proceed to conſider Dr. Halley's third and laſt 


example. 


EXAMPLE II.—A BIQUADRATICK EQUATION. 


Art. 23. Let it be required to reſolve the biquadratick 


equation — x* + 80 * — 1998 * + 14,937 x = 


5000, or 14,937 4 — 1998 *» + 802% — * = 5000, 
by Dr. Halley" s method of approximation. 


An W by Conjectures ad Trials, of a, or the fir/# 


near Value of x. - 


In order to Bad a firſt near value of « one of the eas | 


of this biquadratick equation (for it has four real and 
affirmative roots,) to be made the baſis of a ſecond ap- 
proximation to it's true value in the manner recom- 
mended by Dr. Halley, we may proceed as follows: 
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( 66 ) 

Let us ſubſtitute two or three very eaſy numbers, con- 
fiting of two figures each, inſtead of x, in the compound 
quantity 14,937 x — 19908 + 80x? — 4, which 
ſorms the left-hand fide of the propoſed equation, in 
order to ſee whether either of the values reſulting from 
ſuch ſubſtitutions will be nearly equal to 5000, or the 
abſolute term of the faid equation. And, firſt, let ws. 
ſuppoſe æ to be equal to 10. 

Then will the compound quantity 14,937 * — 1998 * 
+ 80 * — * be = 14,937 X 10 — 1998 X 100 + 
80 X 1oco — 10,000 ( =. 149,370 — 199,800 + 
80,000 — locoo = 229,370 — 209, 800) = 19,570; 
which is conſequently greater than the abſolute term 
gooo. We will, therefore, in the ſecond place, ſuppoſe 
.. 


Then we ſhall have 14,937 K — 1998 +* + 0 * — 
** = 14,937 X 12 — 1998 & 144 + do X 1728 — 
20,736 (= 179,244 — 287,712 + 138,240 — 20,736 
= 317,484 — 308,448) = 9,030; which is leſs than 
the former reſult, 19,570, but yet is greater than the 
abſolute term 5000. REN 

Wewill therefore, in the third place, ſuppoſe to be = 12. 
And then we ſhall have 14,937 x — 1968 * + 80.x7 
— * = 14,937 X 13 — 1998 * 169 ＋ 80 X 2197 
— 28,561 (= 104,181 — 337,662 + 175,760 — 
28,561 = 369,941 — 366, 223) = 3,718; which is 
lefs than the abſolute term Scod. 


Therefore, if we ſuppoſe x to increaſe from 12 to 13, 
the compound quantity 14,927 # — 1998 * ＋ 80 K 
— * will have decreaſed at the ſame time from 9,030 
to 3,710, and Uterefore muſt, at ſome. inſtant of time 
| during 


„ 
during the ſaid decreaſe, have been equal to the inter- ; 
mediate quantity 5000; or, in other words, there will be 

a quantity greater than 12, but leſs than 13, that will be 


a root of the propoſed equation 149937 x — 1998 * + 
| 80x? — 4 = 5000. 


Further, "I 6 reſult of the ſubſtitution of 12 in- 
ſtead of » in the compound quantity 14,937 x — 1998 ** 
+ 80 * — * is 9,036, and the reſult of the ſubſtitution 
of 13 inſtead of x in the ſame quantity is 3,718, which 
differs leſs than the former reſult, or 9,036, from the 
abſolute term 5000, it ſeems reaſonable. to ſuppoſe that 
the true value of x in the equation 14,937 * — 1998 x x 
+ 80 — K = 5000 will approach nearer to 13 than 
to 123 and it alſo ſeems reaſonable to ſuppoſe that the 
difference of the two extreme numbers 12 and 13, cor- 
reſponding to the reſults 9036 and 3718, will be to the 
difference of 12 and x in nearly the ſame proportion as 
the difference of the ſaid reſults 9036 and 3718 to the 
difference of the former reſult 90 36, (which correſponds 
to 12) and the abſolute term 5000, or that 13 — 12 will 
de to * — 12 in nearly the ſame proportion as 9036 — 
3718 is to 9036 — 5000, or that 1 will be to x — 12 in 
nearly the ſame proportion as 5318 is to OO” and conſe- 

X 4036 
—_ 


quently that y — 12 will be nearly equal to ak 


or to 0.7, or that x will be nearly equal to 12 + 0.7, 
or 12.7. And therefore we will take 12.7 for our firſt 
near value of x, which we denote by the letter a, and 
will make it the baſis of our further approximation to the 
true value of x in the propoſed equation in the method 
recommended by Dr, Halley. — 
©. A mere 


| ( 68 ) 
A mere - exac? Determination of the Value of x by Dr. Hattey' * 
|  Meth:id of Approximation. 


Art. 29. As we do not yet know whether 12.7 is 
greater, or lefs, than x, let 12.7 be ſubſtituted inſtead of 


& in the compound quantity 14,937 4 — 1998 * + 802 


— *, in order to diſcover whether the reſult will be 
greater, or leſs, than the abſolute term Sooo, and from 
that circumſtance to determine whether 12.7 1s greater 
or leſs than & in the propoſed: equation 14,937 * — 
1998 * + 80 K* — 2 = ooo. 5 | 
Now, if + is == 12.7, we ſhall have * (= 12.7?) = 

161-29, and x* (= 12.7Þ) = = 2048.383; and & (= 12.7) 
= 26,014-4041, and conſequently 14,937 x (= 14,937 
X 12.7) = 189,f99.9, and 1998 * (= 1998 X 161.20 
322,26 7%, and 804 (= $0 X 2048.38 3) 
163,870. 640, and the whole quadrinomial quantity 
14,937 x — 1998 + 8043 — 4 (= 189,699.9 — 
322,257.42 + 163, 870.640 — 20, 14.4641 = 353,70. 
5400 — 348, 271.8841) = 5208.65 59; which is ſome- 
what greater than 5 , or tlie abſolute term. of the 
equation 14,937 K — 1908 * + 804% — K = 5000. 
Therefore, while x increales from 12 to 12.7, the com- 
pound quantity 144937 a — 1998 x* + 8045 — 2+ will 
have decreaſed only from 9036 to 5298.65 59. But we 
have ſeen that, when * is = 13, the ſaid compound 
quantity will be = 3718. Therefore, while æ increaſes 
from 12.7 to 13, the ſaid compound quantity will de- 


ereaſe from 5298.6559 to 3718, and conſequently will, 


at ſome inſtant of time during it's ſaid decreaſe, be equal 


to the intermediate quantity $000, or the abſolute term 


of the aten 145937 * — 1998 * + 80 * — 4 = 
5coo 3 


—— 


= 


3500 z and therefore there will be ſome value of & greater 
than 12.7, but leſs than 13, that, being ſubſtituted in- 
ſtead of * in the compound quantity 14,937 — 
+ 80 — a4, will make the ſaid compound quantity be 
equal to 500-2; or, in other words, there will be a root 


of the equation 14,937 x — 1998 * + 8042 — * 


= 5000 that will be greater than 12.7, but leſs than 13. 


Art. 20. Having thus diſcovered that the true value 
of that root of the propoſed equation 14,937 v-— 1998 x* 


+ 80x3-— x4 = 5000 which we are now ſeeking, is 


greater than 12.7, let e be put for it's unknown excels 
above 12.7, ſo that ſhall be = 12.7 ＋ e, or 4 e. 
Then we ſhall have . 
_er(l=a+elf) = aa + 2 e Tee, 
and x3 (S +eÞ) = 45 + 34% + 3a e + &, 


avid a* (= + els) = 44 + 4ae * 6²e + 4 ae? -T 4 


and conſequently 
14, 37% (= 14937 X a +e) = 149374 + 14,937 e, 
and 1995 * (= 1998 X aa + 24 +ee) = 
| 1998 aa + 3996 ae + 1998 ee, 
ind 80 45 R & X e Jae 
8043 + 240 a*e + 240 4e + 800%; 


and conſequently the whole quadrinomial quantity 14,937 
— 1998 * + 80 — a* will be * to the following 
compound quantity, to wit, 


14,937 lin, 
— 1998 44 — 39964 — 1998 ee 
+ 8043 + 240 . 240 + L023 


6 — 439 — 6423 —- 44 = 4, 
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( 
But the quadrinomial quantity 14,937 x — 1998 K 


80 x? — * is = 5000. 


Therefore the laſt-mentioned compound 3 in- 
volving the unknown quantity e inſtead of x, will alſo be 


— 5 00. 


Now let the three laſt terms of this laſt compound 


quantity, to wit, the terms + 80 — 42 — „ 


expunged from it, on account of their ſmallneſs in com- 
pariſon of the terms in the ſecond and third vertical 
columns of the ſaid compound quantity, which involve 
in them the ſquare and the ſimple power of the unknown 


quantity e. And we ſhall then have the remaining com- 


0 


pound quantity, to wit, the quantity 
(1437 + %% 3 
— 1998 42 — 39964 — 1998 62 | | 


| 1 - boa? + 240a%e +- 2a40ac* 
N „ Tm De 0 f 


newly = Sooo. 


"BW the firſt vertical * of terms in this equa- 
tion, to wit, 14937 a — 1998 a* + 804? — 4%, has 
already been ſhewn (in art. 29,) to be = 5 298.6559 
and 3999 Xx a is (= 3996 X 12.7) = 50, 49.2; and 
240 a* is (= 240 X 12.) = 240 X 161.29) 
38,709. 60; and 4a* is (= 4 X 12.7 = 4 X 


2048. 383) = 8193.532; and 240 f is (= 240 X 12.7) 


3048.0; and 6 4 is (2 6 X 12.7] = 6 X 161.29) 
= 957.74. 1 


-Therefore we ſhall 1 ne compound quantity = 
6 | 5298. 


5299. 6559 + 14,937 ce 
50,49% 6 1998 Y > 
+ 38,709.60 *. £ + 3048 X:® 
— 8,193. 9.39 x = 997.74 X 6 
MA in : 5000, « or the compound n 
1 75 93.6559 = $3,046.60 * * 296.74 K 2 } 
of — 5$,942.732 K + TOONS... X 6 c } 


' 


= $000, or the compound quantity 


5298.6550 — 5296.132 X e + 82.26 X e*.= 5000. 
Therefore (adding 5296.132 X e to both fides,) we 


ſhail have 5 298.65 59 + 82.26 Ke = 50Cco + 5296.132 
xe; and (ſubtracting 82.26 X e* from both ſides,) we 
ſhall have 5298.6559 = 5000 + 5299.132 & e — 82.26 
X e*; and, laſtly „(ſubtracting 5000 from both ſides,) we 
hall have 5296.1 52 X e — 82.26 Xx e* = 298.6559z 
which is a quadratick equation properly prepared for 
reſolution, and which we will therefore now proceed to 
reſolve, in order to obtain the value of e, or of the exceſs 


of the true value of :x in the propoſed equation 14,937 ͤ« 
= Foco above a, Of: 3877 


— 1998 * + 80 K 
it's frlt near value. 


Art. 31. Let all the terms of this equation 5 296.132 


Xx e 82.26 Xx = 298.0559 be divided by 82.26, 
the co-efficient of e And we ſhall then have 64.382, 
83470 Xx e — e 3.630, 633, 357,646, 48. Now let 


both ſides of this equation be ſubtracted from the ſquare 


of half the co- eſſicient of e, that is, from the. ſquare of 
half of 64.382, 834, 9, or the ſquare of 32.191,4 174, or 


from 1036. 287, 3545221, 022, 0. And we ſhall have 


32.197474 * = 64.382,834 X e + e (= 1036.287, 
F 4 | + 3543 
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. 
354221, 022,6 — 3.630, 633, 357,646, 48) = 1032.56, 
720,863, 376, 28. Therefore the ſquare - root of the tri- 
nomial quantity 32. 191,417, 41? ＋ 64.382, 834, h Xx e 
+ £#* will be equal to the ſquare-root of ng 
803,376,28, that i is, to 32.1 345976, 5. | 


But the trinomial quantity 32-191,417,4)* — 64.382, 
834, X e + e* has two ſquare-roots, to wit, the 
binomial quantity 32.191,417,4 — e and the binomial 
quantity e — 32.19!1,417,4 We muſt therefore now 
- Inquire which of theſe two ſquare-roots will enable us 

to find the value of e required on the preſent occaſion, 
or that value of it which is equal to the exceſs of the root 
of the propoſed equation 14,937 x — 1998 * + 80 3 
— * = 5000 above 12.79. Now we know that this 
excels is leſs than 0.3, becauſe & is leſs than 13. There- 
fore the latter ſquare-root of the ſaid trinomial quantity, 
to wit, the binomial quantity e — 32.191, 414, (in 
which e is greater than 32.191,41 4,) cannot be that 
which is ſuited to our preſent purpoſe; and conſequently 
we muſt make uſe of the other ſquare- root of the ſaid 
trinomial quantity, to wit, the binomial quantity 32.191, 
417.4 — e. We ſhall therefore have 32.191,417,4 - 
32.134, 976,5 and conſequently (adding e to both ſides,) 
32.191,41, 4 will be = 32. 134.976, 5 + « and e will 
be (= 32.191,417,4 — 32-1344976,5) = 0.956,440,9: 
Therefore a + e, or 12.7 +e, will be (= 12.7 + 

©.056,449,9) = 12.756,440,9; that is, the ſecond near 
value of x, or the root of the propoſed equation 14,937 
— 1998 * + 8043 — * = 5000, obtained by this 
firſt proceſs of Dr. Halle) s method of approximation, 

hy 12. 756,440,9- , E. I. 
| 5 | 2 This 


1 


This value of & is exact in the firſt ſeven figures 
12.756,44, it's more accurate value, as computed by both 
Dr. Halley and Dr. Wallis, . 12. ky 56,441, 94480, 


744,02. 


Correction of the foregoing or ſecond, near V. alue of x 


Juggefted by Dr. Halley. 


Art. 32. Dr. Halley on this occaſion points out a cor- 
rection to be made to the value of x juſt now obtained, 
to wit, the number 12.750, 440, 9, without entering upon 
a compleat ſecond proceſs of his method of approxima- 
tion, and tells us that we may, by this correclion, find 


the value of x to be = 12.50, 4494,48, or to thir- 


teen figures, all exact. This correction, if I underſtand 
it, may be explained as follows. 

The compleat transformed equation obtains] in art. 30 
by ſubſtituting @ + e inſtead of æ in the terms of the 
; original equation 14,937 * — 1998 a* N 80 x3 — 4 
= > at, is 


14.9372 + 1449376 1 

— 1998 a* — 39964 — 1998 e* 

+ 80 43 + 240 4e + 240 ae? + 80 62 

. 42 — 4 a3e - 6 4 ( — 4e — 4 
And by ſubſtituting | 12.7, or the value of a, inſtead 


of à in all the terms of this equation, except 8022 - 


44e% — (4, this equation will be converted into the 
following equation, to wit, 5298.6559. — 5296.132 X 
8 + 82.26 Xx ef + 80 — 42 — 4 = poco. 

Add 5296. 132 Xx # to both ſides: and we ſhall have 
5 298.6550 + 82.26 X e + 806 — 44² — & = 
@ 5299 + 5296.132 X e. 2 
. | Subtract 
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* + .354,972, 03 9725 * — 


34 ) 


* Subtract 82. 26 X @ from both ſides: and we ſhall 
have 5298.6559 + 808) — 44 — & = S0 4+ 


$296.132 & e — 82.20 of: 


Laſtly, ſubtraQt $000 from both Gides.: and we ſhall 
have 5 296.132 X e — 82.26 X e* = 298.6559 + 80e* 


— 44e — , or 5296.132 & e — 82.26 X e = 


298.6559 + 808 — 4 X 12.7 & — 4, or 5296.132 
{a $2.26 * * = 298.6559 + 802 — 50.8 X es 
— , or 5296.132 X e — 82.26 X e* = 298.6559 
+ 29.2 X e3 — „. Therefore (dividing all the terms 


by 82.26, (the co-efficient of e*,) we ſhall have 64.382, 
834,913,683 X e — ef = 3.630, 633, 357,646, 486, 749, 


* 
8 


Now let the value of e that we have already found, to 


Vit, 0.05644, be inſerted inſtead of e in the two terms 


. | 
9:354,972,039,873 X- and 1 and for this pur- 


poſe let e, or 0.05644, be raiſed to it's third 2 fourth 


powers. 


Then we ſhall have e* = 0.003,1 85,47 3,0, and 2 = 
©.000,179,788,129,934, and 44 = 0.000,010,147,242, 


 ©56,296,96. Thereſore 0.354,972,039,873 X & will be 


( = 0.354,972,039,873 X o. oo, 179,788, 129,984) = 
. De, 

0.000,063,819,7 594245, 372, 550 85 2, 32; and GS 
: 5 „055, 296 

will 1 — — 2,20 — 


= . O0 


1231. 


$08 3 


123,35 5 126,432,097,780 3 3 and conſequently 0.3 54,972, 


82.20 
245,372, 554,852,032 — o. ooo, ooo, 123.358,26, 432, 
| 027,780) = o. ooo, 053, 696, 403, 518,940, 547,072,032 3 
. 3.630,33, 357 4b, 486,749, 331,388 + 0.35497 23 


4: 
039.8 2 will be 630, 633,357, 


039.873 X e es 08 will be. (= 000,96 3,8 19, 50 


646,486, 49,331, 388 + o. ooo, o63,96, 403, 5 18,940,547, 


072,032) = 3.630, 69), 054, o50, oog, 689, 878, 466,0 32. 
Therefore 64.38 2,8 34,913,688 X e — e* will be = 
3-639,697,05 1,050,905, 689, 878,460,032 ; which n, 
dratick equation we mult now reſolve. _ 


Art. 33. The half of 64. 382,8 3491 3,688 (the eo- ef- 
cient of e) is 32.191,417,456,844, the ſquare of which 
is 1036.287,357, 880, 800,614,002, 440, 336. From this 
number let both ſides of the equation 64.382, 8 34,913, 
688 X e — e* 3.630, 97, of, o5 0, oo 5, 689, 8 78, 460, o3a 
be ſubtracted. And we ſhall have the trinomial quantity 


32. 191,417450, 844 — 64.332, 834,913,088 X e + e® 
(= 1036.28, 357,880, 800, 614,602, 440, 330 — 3.630, 
697,0 54, o50, oo 5, 689, 878, 460,032) = 1032. 656, 660, 
826,750, 608, 912, 561,87 5,68. Therefore {extracting 
the ſquare- roots of both ſides,) we ſhall have 32.195417, 
456,844 —e = 32.134,97 55002,457 3 and confequently 


(adding e to both ſides,) we fhall have 32. 191, 41,456 


844 = 232. 134,975, 662,457 + e, and (ſubtracting 
32. 134,07 5,662, 59 ſrom both ſides) e = . 0565441, 
794,387. Therefore à -+ e, or 12. 7 + e, will be (= 12. 7 
. + 0.056,441,794387) = 12. 759,441,794» 38) that is, 
the value of in the ! equation 14,937 K — 
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1 | | 
2998 x* + 80 * — x9 = $000 will be 12.756, 441, 


| 794.387. . 


A Remark on the foregoing Correction of the ſecond near 
Value of x, ſuggefied by Dr. Halley. 5 
Art. 34. This number 12.756, 44,794,387 is exact in 


the firſt eleven figures 12.756, 441,794, whereas the 


former number, obtained in art. 31, to wit, 12.756, 440,0, 
was exact in only the firſt ſeven figures 12.7 5, 44; ſo 
that this correction has given us four new figures of the 
value of x exact. And Dr. Halley makes the number 
obtained by means of the correction exact to two figures 
more, it beibe according to his calculation 12.7 56,441, 
794,48, which conſiſts of thirteen figures, which are all 
exact. But even this additional number of exact figures 
ſeems to be hardly worth the trouble of going through 
the calculations that are neceſſary to obtain them. If 


more figures of the value of * are required than are af- 


forded by the firſt proceſs of Dr. Halley's method of 
approximation, I ſhould rather be inclined to enter upon 
a compleat ſecond proceſs of it, grounded upon the value 
found by the firſt procels, than to have recourſe to this- 
correction of the firſt proceſs ; partly becauſe I believe 
the labour of calculation in performing a compleat ſecond 
proceſs will hardly be greater than that of applying the 
foregoing correction to the firſt proceſs, and partly, and 
chiefly, becauſe I think the reaſonings employed in a ſe- 


- cond proceſs are clearer and more ſatisfactory than thoſe 


employed in making the correction of the firſt proceſs, 


| and leſs likely to lead the calculator into a miltake, ſuch 


as that of adding a quantity where it ſhould be ſubtracted, 
or the contrary, or of omitting ſome neceſſary diviſion of 
| the 


{7 1 


the new quantities taken into the calculation, or not 
carrying the diviſion far enough. But the comparative 
merits of a compleat ſecond proceſs of Dr. Halley's 
method of approximation to the root of an equation, 
and of the foregoing correction of the firſt proceſs of it, 
will be better underſtood by exhibiting a compleat ſecond 
proceſs of it in the caſe of the foregoing equation 
14,937 x — 1998 * + 80x* — x4 = 5000, grounded 
on the value of x obtained by the firſt proceſs, which was 


12.756,440,9, or rather on 12.756,44, the firſt. ſeven 


figures of that value, becauſe thoſe figures will be ſuf- 
ficient to enable us to find the next value of x. exact to 
about 21 places of figures; and therefore I thall now 
proceed to exhibit the ſaid ſecond proceſs in the ſame 
full manner as the former proceſs. - | 


An Invęſeigalion of a bird near Value of x by a fecord 
Preceſs 4 Dr. Halles Method of Approvimation. 


Art. 35. We will therefore, in the firſt place, ſubſtitute 
the number 12.756,44 inftead of x in the compound 
quantity 14,937 — 1998 * + 80 * — at, in order to 


diſcover whether the value of that quantity reſulting 


from ſuch ſubſtitution will be greater, or leſs, than 5000, 
or the abſolute term of the propoſed equation 14,937 * 
— 1998 x* + 80 * — 41 = 5000, and from that cir- 
| cumſtance to determine whether the number 12. 756,44 is 
prone, or dels, than the true value of æ in _ equation. 


Now, if x is = 12.756,44, we ſhall 13 


x x (= 12.750,44) 162. 725, 61,473.63 : 
and a (= 12.756,44)*) = 2075: 8147169, 32,289. 984 ; 
| and 


RR 


» 


fs WE A 
I Daten 


* 9 


Fr 


4 ) 
and 14 (= 12. =756ad ) = 26,479. 998, 890,685,909, 243, 
496,96 


and conſequently 14937 + (= 14,937 & 12. 156,44) 
= 190,542. 944320 3 


5 1998 x x (= 1998 X 162 726,761, 473, 6) 


. = 325,128.069, 424, 252,8 
and 80 * (= 80 X 207 5.8 14, 169, 132, 28,984) 
* WV»˖Z 750. 


| Therefore the whole 3 quantity 14,937 * — 
1998 * + 80a — ill be (= 8 


190, 542.944,28 — 325, 128.069.424, 25 2,8 
+ 166,065. 13375 30, 883 198,720 125 20, 79 998, 899, 585, 


9999243:49 9,90 
= 356,008,077 810,583,198, 720 - | 
I =351,608.068,323,938,709,243,495,96 


= 5000.009,486,644,499,476,503,04 3 which 1s a very 
little greater than gon, or the abfolute term of the 
paved equation 14,937 — 1998 4 + 804 — 4+ 
=" 50060. Therefore, ſor the reaſons given above in 
art. 29, we may conclude that the number 12.75644 is 


leſs than the true value of x in that equation. 


Art. 36. Haring thus difcovered that the number 
12.75644 is leſs than the true value of .r in the equation 


14,937 x — 1998 K + $015 — :4 = 5000, Jet us 


put c for the number 12.75944, and F for the unknown 
exceſs of x above it, fo that x will be equal to c + J. 
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| Then we ſhall have r* (= c + F ff? = * g + 1 + 5 
and * 42 C + f\* ) =2 Ci — 360 f 36 + 7 and 
E N =& +40f +6f Ae e 
and 14, 937 x ( 14,937 X © +f c + f). = 14,937 6 4 
143937 /; and 1998 * (= 1998 X cc + 2cf + ff}.= ; 
1998 cc + 3996cf + 1998}, and 80 * (= 80 X 
5 + 3f + 3ef*+f*) = 80 + 240 fo 240% 
+ 80f*. And conſequently the whole compound quan- 
tity 14,937 x — 1998 K + 80 — * will be equal 
to the . quantity 
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| 14,937 © + 14,937 f 
— 1998 C] — 3996 cf — 19987f 
+ $053 + 240 + 240 off + So f 3 
„ % — TIE fn = 2 


But the compound quantity 141937 * — = 1998 ** + 
Ox} — * is = 5000, 


Therefore the other compound quantity, which involves 
in it's terms the unknown quantity 428 inſtead of x, will 
alſo be equal to Sooo. 


Now let the three laſt terms, + 80% = 4 cf5 — , 
be expunged from the ſaid compound quantity, on account 
of their extream ſmallneſs in compariſon to the preceed- 
ing terms which involye the ſquare and the ſimple power 
of J. And the remaining compound quantity, to wit, 


14,937 


yp 


( 8) 


14,9376 + 14937 

= 1998 — 3996 — 19987 
WE 8003 + 240ff + 240 cf* 
-_ „% „ A 6f* 


will be, nearly, = 5000. 


But it has been ſhewn in art. 35 that the firſt vertical 


column of terms in this equation, to wit, 14,937 c — 


[ 1998 cc + Soc — & is = 5000. 009,486,644,489, 
476,503, 4; and 3996c is (= 3996 X 12.75044) =. 
30, 974.7 34,243 


and 240 c is (= 240 X 162. 726,61, 473,6) 
S 309, 054. 422,753, 664, é ]5 
and 4c is (= 4 X 2075. 814,169,132, 289, 984) 
| = 8303.256,676,529,159,936 3 
and 240 c is (= 240 X 12.756,44) = 3061.545,60; 
and 6c is (= 6 X 162. 726,701,473,6 ) | 
= 976.360, 568,841, 6. 


Therefore we ſhall have the compound quantity 


5000. 206 644499,476,50304 

VV ; 
— 50, 974.734, 24 * f * 
+ 39,054.422, 753, 54, x f | 
= 8,303-256,676,529,1 59,936 x f_ 

— 1998 x 72 0 

+ 3061. 545, 6 x AF 

5 976. 360, 568,841, x 72 


nearly = 5090, or the compound quantity 


{ 
| 
j 
; 
F 
| 


(a) 
5000,009,486,644,439,476,503,04 
| + 53,99 1.422,73 3,564, 0 X 7 
e 50,27.990, 916, 529,159,936 x f 
| * = 2974.360,568,341,6 x 72 
+: 3061.545,60 X f 


nearly = 5000, or the compound quantity 


5 O00. oo, 486, 544, 489, 470, 503, 
— 5 286.568, 162,865, 150,936 K f 
+ 37.184, 431, 158,4 X f*, nearly, = 5000; 


and conſequently (adding 5,286.568,162,865,159,936 X f 


to both ſides,) 5000. 09, 486, 644, 489, 470, 503,04 + 
87. 184,431, 158,4 X f* = 50co + 5286.568,162,80g, 
159,936 X /, and (ſubtracting 87.184,431,158,4 X f* 
from both ſides, ) 5000. 009,486,644, 489, 476, 503,04 = 
5000 + 5286.568,162,865,159,939 K f — 87.184, 


431,158,4 Xx /, and, laſtly, (ſubtracting 5000 from 


both ſides,) 5286. 568, 162,865, 159,936 X f — 87.184, 
431, 158,4 x f* o. o, 486, 644, 489, 476, 503, og; which 
is a quadratick equation properly prepared for reſolution, 
and which we will therefore now proceed to reſolve in 
order to obtain the value of ½5 or of the exceſs of the 


true value of x in the propoſed equation 14, 937 * — EX 


19987 + 8043 — * = 5000 above £ or 12.75644z 
it” $ ſecond near value. 


. Let all the terms of this equation 5286. 568, 
162,865, 159,936 Xx f — 87.184, 431, 158,4 X f* = 


0.009,486, 644,480,47 6, 503, og be divided by 87. 184,431, 


158,4, which is the co-ellicient of /*. And we ſhall 


then have 60.636,607,851, 008, 642,2 70,8 X fn 7. 


* . l 
- * — 


os ov 
3 a 


„ 

'= . ooo, 108, 811,221,951, 323,000,352, £97,689, 
: $29,824, 386,0, &c. Now let both ſides of this 
equation be ſubtracted from the ſquare of half the 
co: efficient of f, that is, from the ſquare of- half of 
60.636,607,851,008,642,270,08, or from the ſquare of 
30-318,303 9255045321, 135 4, or from 919.199, 552, 
919,250, 728, 521, 141, 713,871, 248, 033, 91 5,80 1,6. And 
we fhall have 30. 318, 303,925, 504, 321,135, 41 — 
00.6 36, 60, 85 1, 008,642, 270, 8 & 7 7 2 919.199, 
4447108, 028, 773, 5 58, 204, 091, 415,6. Therefore (ex- 
tracting the ſquare- roots of both ſides,) we ſhall have 
30. 318, 303, 925, 504, 321, 135,0 4 — f = 30.318, 302, 
131,023,577, 112, 44, and conſequently (adding F to both 
&des,) 30.318, 303, 92555045321, 135,04 = 30. 318, 302, 
| e + f, nd, 


l 305. 318,303 925,504,327, 135, e 
— 30.318, 302, 131,023, 7771 12,44 | 


= o. Oc, 00 1,794,480, 744,022, 60. 


Therefore * f, or 12.756,44 + ½ will be ( = 
12.756,44 + 0.cco,001,794,480,744,022,60) = 
12.756,441,794,480,744,022,60 3 that is, the third 
near value of x, or the root of the propoſed equa- 
tion 14,937 x — 1998 * + 80 * — & = g00o, 
obtained by this ſecond proceſs of Dr. Halley's method 
of approximation, will be 12. en 
0225 60. 5 E. 


This Aber agrees with 5 value of x found by Dr. 
Halley and Dr. Wallis, to wit, the number 12.756,441, 
794,480,744,02, in all it's figures. Therefore the ſaid 
” | number 


Tm 


vader 12. 156,441,794,490,74402, (which conſiſts of 


nineteen hgures,) may ſafely be concluded to be exact in 


all it's figures. This is certainly a very great degree of 


exactneſs: but the calculations by which it has been 
attained have been excecding tedious and laborious. I 
will now proceed to inveſtigate the value of the ſame 
quantity x in the propoſed equation 14,937 x — 1998 K 
+ 803% — 4 = 5000 to the ſame, or nearly the ſame, 

degree of exactneſs by Mr. Raphſon's method of appro- 
ximation, or by reſolving the ſeveral transformed equa- 
tions (derived from the ſaid original equation, ) as if they 
were merely ſimple equations, or by expunging from 
them the terms that involve the ſquares of the unknown 
quantities as well as thoſe that involve their cubes and 


fourth powers, This TN oi may be made as follows. 


The Reſolution of the ſame R by Mr. Raphſon's 
Method of Arproximation. 


Art. 38. Having found, by the reaſonings uſed 7% 


art. 28 and 29, that the value of & in the propoſed 
equation 14,937 « — 1998 * + 80 * — 4 = 5000 
is nearly equal to, but ſomewhat greater than, 12.7, let 
a be put = 12.7, and let e denote the unknown differ- 


ence by which the true value of x exceeds a, or: 12:9, 10 


that * ſhall be = a + e>- 


Then will æ be (= ae.) = aa + 2ae + ee, 


and a3 will be (SA +eÞ) = 4 + 34% + 2ae* + es, 
and a will be (= a +el*) = d + 44% + 64%? + aae- + e 
and conſequently 14, 937 will be (= 14,937 & a+e) 


2814937 ＋ 1439376 
.G 2 x and 


n 
308 


4 


and i 1998. + will be 4 1998 X aa + 2ac 7 boy” 
= 1998 aa + 3996bae + 1998 ee, 
and 80 x will be (= 80 * a + Za*e + 34e + Oo) 
£2 = 80a* + 2404%e + 240ae* + 80e, 
and conſequently the whole compound quantity 14,937 
— 1998 * + 80 * — 44 will be __ to the compound 
quantity 


14,9374 + 14,937 | 
— 1998 4 — 39964 — 1998 e> 
+ 8043 + 240a%e + 24040? + 80e 
— 44 — 4433 _ ae HEE a... 
Bur the Grace comgiphad quantity 14,937 * - — 19984 
+ 80 x — * is = 5000. 


Therefore the latter compound quantity will alſo be 
= - 5000s 


Now let all the fix terms of the ſaid latter compound 
quantity which involve in them the ſquare, cube, and 
fourth power, of the unknown quantity e, to wit, the 
terms — 1998 * + 240 % — ba*e* + 80 e& 44e 
— &, be expunged from the ſaid compound quantity on 
account of their ſmallneſs in compariſon of the terms 
+ 14,937 e — 3096 + 240 — 4 ae, which 


involve only the ſimple power of e: and it is evident that 


the remaining compound quantity, to wit, the compound 
quantity 14,937 a — 19984 + 804 — & +. 
8 3996 a* + 240 a* e — 4e, will be, 
nearly, 5000. 


But 


C3 _ 
But it has been ſhewn in art. 29 that, if a be equal to 
12.7, (as it is here ſuppoſed to be,) the quadrinomial 
quantity 14,9374 — ea + 80 a! — 4 will be 
0 2 88 6559. 


Therefore the compound quantity 5298.65 59 + 


14,937e — 3996 + 240 4 — 4 e will be 
nearly equal to 50. 


Further, ne 42 is = 12, 7, we ſhall have a = 
161.29, and a = 2048.383, as is ſhewn in art. 29. 
Therefore 3996 ae will be (= 3996 X 12.7 Xe) = 

| 50,749-2 X e, and 240 a*e will be (= 240 X 161.29 
Xe) = 38,709.60 X e, and 4a, X e will be (= 4 ** 
| 2048. 52 Xe) = $193.532 Xe. 


| Therefore the compound quantity 5298.65 59 + 
14,937 e — 50, 749, Xx e + 38,709. 60 X e — 
8193.532 X e will be nearly = 5000, or the com- 


pound quantity 5298.6559 + $53,646.60 X e — _ 


58, 942.732 X e will be nearly = 50co, or the com- 


pound quantity 5298.6559 — 5296.132 & e will be 


nearly = Soo. Therefore (adding 5296. 132 Xe to 
both ſides,) we ſhall have 5298.6559 = 5000 + 


5296.132 X e, and (CubtraQiing 5000 from both ſides,) 
we ſhall have 5296.132 X e = 298.6559; which is a 


5 ſimple equation properly prepared for reſolution. | 


This ſimple equation 5 296.132 Xe = 298. 6559 is 
relolyed by the . operation of ET both ſides of 
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the equation by the number 5296.132, which is the co- 
efficient of the unknown quantity e. And by this di- 


298.0559, _ | 
3296.132 ) 0-050, 39. 


Therefore à Te, or 12.7 + e will be (= 12.7 4 
o. o 56, 30) = 12.7 56, 39; that is, the ſecond near value 
of æ in the propoſed: equation 14,937 x — 1998 * + 
80 x3 — * = 5009, obtained by this firſt proceſs of 
Mr. Raphſon's method of approximation, will be 


12.756,39. > K. I, 


viſion we ſhall find e to be (= 


Art. 39. Now let 12.7 5639 be ſubſtituted inſtead of x 
in the compound quantity 14,937 * = 1998 K + 80K 
*— 2+, in order to diſcover whether the reſult of ſuch 
ſubſtitution will be greater, or leſs, than 5000, or the 
. . abſolute term of the propoſed equation 14,937 x — 
1998-x* + 80 * — «„ = $5000, and from that cir- 
cumſtance to determine whether the true value of x will 
be greater or leſs than 12.75639- This ſubſtitution will 
be as follows. | 


If x 1 = 12.756,39, we ſhall have 

* * ( 12.75639) = 162.725,485,832,1, 
and +* fm 12.75639)*) = 2075. 789,760,213,742,119, 
and a+ (= 12-75639'4) = 26, 479.583, 7249, 292,977, 
| | 829,390, 41. | 
Na 14,937 * will be (= 14,937 X 12.7 56, 30) — 

N | 100, 542.197,43, 
and 1998 * will be (= 1998 X 162.725,485,832,1) : 

= 325,125. 52046925358, , 


and 


E 


, and 80 a* will be (= 80 Xx 2075. 789,760, 213,742, 1 19) | 


= 166,063.180,817,099, 369,520, 


and conſequently the whole compound quantity 14,937 x 


— 1998 x* + 80 x3 — x+ will be (= 190, 542.197,43 


— 325,125. 5 20, 692,5 35,8 + 166, 063.180, 8 17, ogg, 369, 
520 — 26,479. 583, 749,292, 9778295390, 41 = 350, 
605.378, 247, 99, 369, 520 — 351,605. 104, 441,828, 777, 


829, 390, 1) 5 5000. 273, 805, 270, 591, 690, 609, 593 


which is ſomewhat greater than 5000, or the abſolute 
term of the propoſed equation. Therefore, while x in- 
creaſes from 12.7 to 12.756,39, the compound quantity 
14,937 x — 1998 ** + 80 A — 3 will have decreaſed 
from 5298.6559 to 5000. 273,805, 270, 591, 690, 609, 59; 
and, while x increaſes farther from 12.7 5639 to 13, the 
ſaid compound quantity will have decreaſed farther from 
5000. 273, 805, 270,591,690, 609,50, to 3718. Therefore 


there will be ſome value of x greater than 12. 75639, 


but leſs than 13, that will make the ſaid compound 


quantity be equal to the intermediate quantity 5000 , 


or, in other words, the true value of x in the propoſed 


equation 14, 937 x — 1998 x* + 80 & — * = 5 o 


will be greater than 12.7 56, 39, but leſs than 13. 
: „ 


4 { ſecond Proceſs of Ar. Rophſen s Method of Approxi- 
| mation. ( 
. 40. Now let c be put = 12.7 56, 39, and f for 


the unknown quantity by which the true value of x in 


the propoſed equation 14,937 x — 1998 * + 80 * — 


x4 = $oco exceeds c, or 12.756,39; ſo that x ſhall be 
= c + V or 12.756,39 +. . 
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(8 ) 
Then we ſhall ho xa (= IF") = ee + 207 + FF, | 
and & (= c EA) = C + 30 + 30% + , and 

a*(=c +19) = +4f f + 44 +, 

and conſequently 

14,937 (= 14937 K 7 +7) = 14,937 X © 14937 X/, 

and ne (= 1998 * ce + 2cf + ff) 1998cc + 

3996 + 1998, 

_ and 80 X (Ss * @ F 3ef*+F) = Boo 

=. | 7 240 f + 2400 + bof's 
: | and * whale compound quantity. 14,937 x — 1998 x xx_ 
* 80 ** — * = che compound quantity | 


4 14.937 + 14937 

| — 1998 cc = 3996 cf — 1998, ũ — 

NJ + 8085 + 240 + 240 Cf + 80. 
* „ . 


But the compound quantity 14,937 x — 1998 * + 


8o * — * is = 5000. 
Therefore the compound quantity 
8 i > 


14,937 c + 14.9377 
— 1998 cc — 3996cf — 1998/f 
| + - 8003 ＋ 2400f + 240% + 80P3 
7) 1 
will alſo be = 5000. | 5 5 
5 = 0 


8 


8 


(ur 


Now let all the terms in this equation that involve 


either ff, f, or /, be expunged from it. And we 
ſhall then have the compound quantity | 


T9376 + 14,9377 
— 1998 cc — 3996 
+ $800 + 240% 
— — 4 
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ä nearly = 5000. 


But it has been ſhewn in the laſt article that 14,937 c 
— 1998 C + 80 — 4, or 14,937 X 12.756,30 — 
0 15 * 12. 756,39)? + 80 Xx 12.756,39\* — 12.756, 30, 
= $000.27 3,805,270,591,690,609,59; and 3996 C is 
(= 3996 X 12.756,39) = $0,974-534-44 3 and 
240 is (= 240 X 162.725, 485,8 32,1) 
= 39,0541 16,5 99,704, o; 5 
and 4c is (= 4 X 2075.7 89,760, 213,742, f 19) 
= 2230S 15 9,049,854,968,4 1 


Therefore the compound WY 


+ 14,9377 
50, 974.534,44 K 5 
+ 39,054. 116, 599, 704, X f 
= 3303. 159, o40, 854, 968, 476 *. 


ooo. 273,805,570,591,690,609,59 | 1 


will be, nearly, = | $000, Or the compound quantity | 
5000.273,805,270,591,690,609, 59 + 53,991-116,599, 
- 704,0 Xx — $59,277-693,480,854,908,476 Xx f will 
be nearly = $©O0O, or r the n quantity 5000. 273, 
| 805, 


— 
D 


„„ 
„ 1. 690, 609, 59 — 5, 286. 576,881 150, 968, 
476 Xx will FO — ye. 


Therefore adding 5,286. 576,881,1 50,968,476 = © to 
both ſides, ) we ſhall have 5000.273,805, 270, 591 690, 
609,59 = 5000 + $5286.576,881,150,968, 476 X , 
and (ſubtracting 5000 from both ſides,) 5,286.5 76, 88 f, 
150,968,476 x f = . 253, 805, 270, 591,600, 609, 59; 


which is a ſimple equation properly prepared for reſo- 
lution. 


This equation is to be reſolved by the ſingle operation 
of dividing both ſides of it by 5, 286.576, 88 1,1 50, 968, 476, 
the co- efficient of the unknown quantity /; by which we 


1 _- 
halt find / to be (>= Du 


5286.570,881,150,968,476 
0.000,051,792. Therefore c + , or 12.756,39 ＋ , 
will be (= 12.756,39 + 0.000,051,792) = 12.756, 
441,792; that is, the 3d near value of in the propoſed 


equation 14,937 x — 1998 a* + 80 43. = a+ = $000, . 


which is obtained by this ſecond proceſs of Mr. Raph- 


ſon's method of approximation, will be 12.756,44 1,792. 


* 


Of this bes 12. 3 792, the firſt ten Pu 
12 756, 441,79, are exact; it's more accurate value 
being 12. 756,441,794, 48,44, 02, as has been ſeen in 
art. 37. But this degree of exactneſs may be attained 


by carrying this approximation by Mr. Raphſon's method 
one ſtep further; which may be done as follows. 


Art. 41. 


( ol ) 


Art. 41. Let the über 12.7 1 obtained 
by the foregoing proceſs, be ſubſtituted inſtead of x in 
the compound quantity 14,937 — 1998 K + 80 x3 
 — x4, in order to diſcover whether the reſult of ſuch 
ſubſtitution will be greater, or leſs, than Zc0o, or the 
abſolute term of the propoſed equation 14,937 x — 
1998 » + 80 x3 — x* = 5000, and, from that cir- 

cumſtance, to determine whether the true value of x in | 
that equation will be greater, or leſs, than the ſaid 


number. 


Now, if x is = 12.7 56,441,925 we ſhall have 
r ( 14.7 56,441,792)") 162.7 26, 807, 192,684, 17 1,264, 


and 4 (= 12-750,441,792)*) = 2675. 815,043,951, 482, 
5 58,908,97 5,065,088, 
and a+ Ca I 12. 75544 1,792*) = 26,480. 013,779, 125, 
008, 93 5, 590,937,951, 694,483, 35 7696. 
Therefore 14,937 x will be (= 14,937 X 12. 756,441,792) 
= 199,542.97 1,047,104, 
and 1998 x* will be (= 1998 X 162. 726, 807,192,684, 
| 171,264) = 325,128.160,770,982,974,185,472, 
and 80 & will be (= 80 Xx 2075.815,043,951482,558, 
968, 97 5,005,088) = 166,065. 203516 118 2004, 
717,518,c05,207,040 3 


and conſequently 14,937 x + 80 x* will be (= 190,542. 

971,047, 104 + 166,065.203,516,118,604,717,518,005, 

207,040) = 356,608.174,563,222,604,717,518,005,207, 

040, and 1998 x* + x4 will be (=2 325,128.160,770, i 

982, 974,185,472 + 26, 480.013, 779, 1255008, 935,590 
| : 937» 

5 | 


(- 98 3 | - 
93795 1,694, 483,357,696) = 351,608.174,550,107,983, 


121, 62,937,951, 694, 483,357,696; and 14,937 x T ow” 
 — 1988 * — 2+ will be (= 


5 356, FTF 
1 * 5 351, 80 1745 50, 10), 983, 121,062, 937,95 I ,694, 
453,357,096 


== 5$000.000,0131 nals 1,596,455,007,255,345,510,64 2, 
304 z that is, the compound quantity 14,937 — 1998 
+ 8045 — * will be = 5000,000,013,114,621,596, 

455,06), 25 5, 34555 16, 642, 304; which is a little greater 
than 5000, or the abſolute term of the propoſed equation 
14,937 x — 1998 x? + 80 r* — a* = 5000, And 
therefore, for the reaſons given in art. 29, we may con- 
clude that the true value of x in that equation will be 
mer than 12. 2-7 5674. 


4 bird Preceſi of Mr. * s Method / Approximation. 


| Art. 42. Having now determined that the number 
12.7 56, 441,792, which was the near value of * obtained 

by the ſecond proceſs of Mr. Raphſon's method of ap- 

proximation, is leſs than it's true value, let the ſaid near 

value 12.756,441,792 be denoted by the letter d, and 

the ſmall quantiry by which the true value of x exceeds 
it be denoted by the letter g. 


Then © we ſhall have x = 4 + g, and 1 | 
xXx (= T3") = dd + 2dg + gg, and rf (= 


d+8)) = + 34 g + 3dg* + 4, and a+ ( = 


4 + g.) = a + 4d g + 6 d* g* + 4 d g3 + +. 


Therefore 


CS. 

Therefore 14.937 = will be (* 14,937 X d + A) 
= 14,9374 + 14,937 X gz and 1998 x* will 
be (= 1998 Xx dd + 2dg + gg) = 1998dd + 
3996 dg + 1998gg; and 804x* will be (= 80 x 
4 + 3d4*g + 3dg* Tg) = 804 + 240 dg + 
240dg* + 80g?., And conſequently the whole com- 


pound quantity 14,937 x — 2998 * + 80 * — 4 
will be equal to the compound quantity 


14,937 4 + %%% 8 | | 

— 19984 — 3996dg — 199837” 1 
do d + 2404*g + 240d g* + 80g3 | 
— d. — 1 — $a | 


But the former compound quantity 142937 X — 
1998 * + 80 x3 — a+ is equal to 5000. 


Therefore the latter compound quantity 


149374 + 1449378 
— 19984? — 3995 dg — 1998g* 
+ : 80 d + 240 dig + 240 4g + 80g 
= d. 4h = 6Þg* — A 


will alfo be equal to 5000. 


Nov let the fix terms — 1998 g* + 240dg* — 64*g* 
+ 80g* — 4dg* — g+ (which involve in them the 
ſquare, cube, and fourth power of the unknown quan- 
tity g,) be expunged out of this equation, on account 
of their ſmallneſs in compariſon of the four terms 

e * 


P Her Oper . ob rar 20D WAI * - ——— — ——— 


4 


+ 14,937 2 — 3996 dg + 240d g = _ ets which 
involve the ſimple power of g. And we ſhall then have 
the remaining compound quantity ; . 


14,9374 + 14,9374 
— 19984 — 3996 49 
+ $8045 + 24042 
„„. 


nearly = 5000. 


But we have ſeen, in the laſt article, that, if d is equal 


to 12.7 56,441,792, the quadrinomial quantity 14, 937 4 


— 1998 d* + do d' — 4 will be equal to Fooo. ooo, 
013, 114.621, 5 96, 4555007,2553452516 642, 304. 


Therefore the compound quantity 5000. 6001,64 
621,596,455, 067,255,345, 516, 642, 304 + 14,9372 — 


3996 dg + 240d üg — 44d g will be nearly = 5000. 


But, fince d is = 12. 756,441,792, we ſhall have 


d' (= 12. 756,441,792 J = 162.7 -26, 80751925 684,171, 
264, and d {= 12. 750,441,792 ') = 2075-815,043z 
951,482,558,9658,975,005,088, and 3996 d (= 3996 X 


12-750,441,792) = 50,974.74, 400, 832, and 240d* 
( = 240 X 162.7 20, 807, 192 684, 171, 264) = 39,054. 
433, 26, 244, 201, 103, 360, and 4d (= 4 X 2075-815, 
043,951,482, 558,968,975,065,088) = 8303. 260,175, 
805,930,235, 375,00, 260, 35 2 


Therefore the compound quantity Sooo. oco, O13, 114, 


621, 596, 455,067, 255,345, 516,642,394 + 14,9373 — 


3996 dg + 240 d* x — ui de 5$000.000, 
| „„ 


C% 


013, 114, 621, 596, 455,067, 255, 345,516, 642, 304 + 
14,9378 — 50, 974.741, 400, 832 & g + 39, 054. 433, 
7265244, 201, 103, 360 Xx g — 8303. 260, 175, 805, 930, 
235.875, 900, 260, 352 X g = 5000. »0004QL36 LL s 
| $96,455:967,255,3455516, 042,304. 


+ 53,991 433,726,2443201,103,360 * 

= 59,278. 001, 676,63 7,930, 235,8 75,900, 260, 352 * 4 

= Fooo. ooo, O13, 114, 62 1, 596, 45 5,067, 255,34 575 16, 642, 304 
5286. 567, 850, 393, 729, 132,5 15, 900, 260,352 X g. 


Therefore this laſt quantity 5000.000, 013, 114,621, 
598,4554067,255,3454516,042,304 — 5286.567,850,393» 
729,132,515,900,260,352 X g will be nearly = 500 
and conſequently (adding 5286.567,850,393,729,132,515, 

900,260,352 x g to both ſides,) $000.000,013,1 14,021, 
596,455,067,255, 345,516,642,304 will be = 5000 + 


5286. 567,8 50, 393,7 29,132,515,900,260,352. X g, and, 


laſtly, (ſubtracting 5000 from both ſides,) 5, 286.567, 


350, 303, 729, 132, 5 15, 900, 200, 352 K g will be 


O. oo, 13, 114, 621, 596,455,067, 255,345 5 16, 642, 304 3 
which is a ſimple equation properly prepared for reſo- 
lution. | 


Therefore g will be = 


0,000,013, 114,62 u, 506,45 5.067, 266, 345,5 16, 642, 34 
5286.67, 850, 393,729, 132,5 15,900, 260, 352 


Y. ooo, ooo, oa, 480, 744, 22,88; and conſequently d + g. | 
Or 12. 750,441,792 + g, will be (= 12.756, 441,792 + 5 
o. ooo, oo 1002,480, 744,022,808} = 12.756,441,794,480, 


744» 


* x 
- LY 
3 
3 

1 


* 


. 
744.022,88; that is, the fourth near value of x in the 
propoſed equation 14,937 » — 1998 x* + 80.45 — x* 


|= 5000, obtained by this third proceſs of Mr. Raph- 
ſon's method of approximation, will be = 12.7 56,441, 


7942480, 744,022, 88. „„ Ol | 


Y Art. 43. This number, 1 2.7 56,441,794, 480, 744, 022,88, 
agrees with the number found by Dr. Wallis and Dr. 
| | _ Halley, for the value of x, to wit, the number 12.7 56, 
441,794,480,7 44,02, in all it's nineteen figures ; and it 
agrees with the number found above in art. 37 by Dr. 
|  Halley's method of approximation, to wit, the number 
1 12.756, 441, 794.480, 744, 022, 60, in the firſt twenty fi- 
cures 12.7 56,441,794, 480, 744,022: and therefore thoſe 
twenty figures are probably exact, and the true value of x 
is greater than 12.756,441,794,480,744,022, but leſs 
than 12.756, 441, 794, 490, 744,023. But this cannot be 
proved with certainty without ſubſtituting thoſe numbers 5 
g inſtead of x in the compound quantity 14,937 x — 
Ei. 1998 * + 80 * — 44; which would be a work of 
| 5 great labour, and is not neceſſary to the object of this 
= diſcourſe, which is to make a, compariſon between Dr. 
Halley's and Mr. Raphſon's methods of reſolving high 
. | Algebraick equations by approximation, and to enable 
the reader to form a judgement concerning their reſpec- 
tive merits, and determine for himſelf to which of the 
two he will give the preference: : and this Forget, T hope, 
is now attained. | | 
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Concerning another Method of approximating to the Roots of 
High Equations, that my be called The Dil 
Method. 


n 


8 
9 2 


Art. 44. Having now gone through the reſolution of 
the biquadratick equation 14, 937 x — 1998 x x + 80 * 
— x* = 5000 by both Dr. Halley's and Mr. Raphſon's 
methods of approximation, and obtained the value of 
one of it's roots to a great degree of exactneſs, I will 
here ſtate to the reader another method that might have 
been taken to inveſtigate the ſame root to the ſame de- 
gree of exactneſs, that is totally different from both the 
foregoing methods. This method (which, I think, may 
be properly diſtinguiſhed by the appellation of the Dif- 
ferential method of approximating to the roots of high 

equations, ) occurred to me as a natural and convenient 
artifice for obtaining the number 12.7, conſiſting of 
three figures, as the value of a, or the firſt near value 
of » in the aforeſaid equation 14,937 x — 1998 x x + 
80x? — 2* = coco, which we were afterwards to 
make uſe of as the baſis, or ground-work, of the further 
approaches which were intended to be made to the true 
value of æ in that equation by Dr, Halley' s and Mr. 
Raphſon's methods of approximation. Fot the ſteps we 
took in art, 27 to find the ſaid number a, or 12.7, for a 
firſt near value of x, and the baſis of the ſubſequent ap- 
Jroximntiotis, were as follows : : 
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Art. 45. In the firſt place we made a 8 gueſs 
that the number 10 (which is a number very eaſily ma- 
naged in calculation,) might not be very different from 
the value of x in the propoſed equation 14,937 x — 
1998 xx + $0x* — * = 5000; and then, in order 
to try the juſtneſs of this conjecture, we ſubſtituted 10 
inſtead of x in the compound quantity 14,937 x — 
1998 * + 80x? — 2+; and we found that the value 
of the ſaid quantity reſulting from this ſubſtitution was 
19, 570; which is conſiderably greater than 5000, or the 
abſolute term of the propoſed equation. We therefore 
concluded that the true value of æ in that equation muſt 
be greater, or leſs, than 10 by more than a ſingle unit, 
and we conjectured, in the ſecond 358 that i it 1 22 
r equal to 12. 


We then tried this ſecond 8 by ſubſtituting 
12 inftead of æ in the compound quantity 14,937 x — 
1998 xx + 30 * — 24, and we found the value of 
the ſaid quantity reſulting from this ſubſtitution to be 
95036; which is leſs than half the former reſult 19,570, 

| but yet is conſiderably greater than the abſolute term 

$000. 
We therefore made a third conjecture that x might 
be nearly equal to 13, and we ſubſtituted 13 inſtead of 
x in the compound quantity 14,937 4+ — 1998 xx + 
380 * — *. And the value of the ſaid quantity reſult- 
ing from this ſubſtitution was found ro be 3718 z whick 
is leſs than the abſolute derm 5000. | 


| "We then obſerved that, ſince, when * was equal to 
12, Ge e quantity 14,937 * — 1998 x x + 
7. | 80 x? 


(9) 


80 * — 2% was equal to 94036, and, when * was equal 


to 13, the ſame compound quantity was equal to 3,18, 


it followed that, while æ increaſed from 12 to 13, the 
ſaid compound quantity muſt have decreaſed from 
9,936 to 3,718, and conſequently muſt, at ſome point 


of time during the ſaid decreaſe, have been equal to the 
intermediate magnitude 50co, or the abſolute term of 
the propoſed equation 14,937 x — 1998 * + 80 * 


— * = 5009. And therefore we concluded that there 


muſt be ſome value of x greater than 12, but leſs than 


13, which would' make the ſaid compound quantity 
14,937 x — 1998 + 80x*% — 2+ be exactly equal 
to the intermediate magnitude 5000; or, in other 
words, that the true value of x in the equation 14,037 * 
— 1998 xx + 80 * — 24 = 5000 muſt be greater 
than 12, but leſs than 1 3: | 

An. 46. Having thus found that x muſt be greater 
than 12, but leſs than 13, we might have taken either of 
thoſe numbers for the baſis of a further approximation 
to the true value of & by either of the two methods of 
Dr. Halley and Mr. Raphſon. But, as I was deſirous of 
approaching a little nearer to the true value of x before 
I began the application of either of thoſe methods, I 
made uſe of the following conjectural and probable ſup- 
poſition, (which is ſimilar to that by which the logatithm 
of a number that is of an intermediate maghitude be- 


tween two numbers that are very nearly equal to each 


other, and of which the logarithms are known, is derived 


from the logarithms of the ſaid two extreme numbers,) 


to wh; that, fince the number 12, the number x, (or the 
An 2 true 


2 2 * 
3 - 


proportion more attentively, and continuing the diviſion 
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true value of the root of the propoſed equation 14,937 
— 1998 xx + 80 * — x* = 5000,) and the number 13 


were three numbers that did not much differ from each 


other, and the reſults of the ſubſtitutions of thoſe three 
numbers inſtead of * in the compound quantity 14,937 x 


5 1998 x x + 80 * — * were 9030, 5000, and 3718, 
the difference of the firſt number 12 and the third num=- 


ber 13 would be to the difference of the firſt number 12 


and the ſecond number x in nearly the ſame proportion 


as the difference of the firſt reſult 9036, (correſponding 
-to the firſt number 12) and the third reſult 3,718, (cor- 
1 to the third number 13) to the difference of 

the firſt reſult 9036, (correſponding to the firſt num- 
ber 12,) and the ſecond reſult 5000, (correſponding to 
the ſecond number æ,) that is, that 13 — 12 would be 


to x — 12 in nearly the ſame proportion as 9,036 — 


3,718 to 9036 — Sooo, or that 1 would be r — 12 in 


nearly the ſame proportion as $5318 to 4036; whence it 


1 * 4026 
3318 95 


316 = 7. = therefore that x would be nearly 
(=0.7 + 12) =-12.7 3 which are the three firſt figures 


followed that * — 12 would be nearly (= 


of the true value of x, (the ſaid true value having been 
found to be 12.756,441,794,4$0,744,022,) and therefore 

| ſeemed to be ſufficiently near the ſaid true value to be 
taken for the baſis of the further approximations in- 


tended to be made afterwards to the ſaid true value by 
the methods of Dr. Halley and Mr. Raphſon. : 


Art. 47. But 1 afterwards found, on examining this 


of 


„ 
of 4036 by 5318 to three figures in the quotient, that, 
if I had wiſhed to obtain the value of » to a greater 
degree of exactneſs, before I had begun the further ap- 
proximations to it's true value by Dr. Halley's and Mr. 
Raphſon's methods, the ſame proportion would have 
given me 0.758 for the value of x — 12, and conſe- 
quently 12.758 for the firſt near value of x; of which 
number the four firſt figures 12.75 are exact, or agree 
with the four firſt figures of the true value of x, to wit, 
12.756,441,794,480,744,022, and the fifth figure 3 is 
greater than the truth by only 2, or the 4th part of the 
ſaid fifth figure, or the 6378th part of the ſaid true value 
of x. This would have been a very great degree. of 
exactneſs to have been attained at once by this proportion 
which I had conjectured to have ſubſiſted in ſome degree 
between the differences of the ſaid three numbers 12, -, 
and 13, and the differences of the correſponding reſults 
of the ſubſtitution of the ſaid numbers in the compound 
quantity 14,937 x» — 1998 xx + 80 * — K“: and 
therefore it appears that this conjecture is a very happy 
one, and approaches very nearly to the truth. 
Art. 48. This degree of exactneſs in the near value of x, 
obtained by means of this proportion, was, I confeſs, much 
greater than I had expected, the ſaid conjecture having 
been made with the hope of finding only one figure in 
| the ſaid quotient to have been exact. But when I had 
obſerved that the two firſt figures of the ſaid quotient, 
to wit, the figures 0.75, were exact, and that the third 
figure 8 was not very much greater than the correſpond- 
ing figure 6 of the true value of x — 12, I began to 
— e VVV 


16 
think that, if x and the two numbers that were nearly 
equal to it were to be taken much nearer to an equality 
with each other than the three numbers 12, x, and 13, 
| (of which the greateſt exceeded the leaſt by 1, or the 
I2th part of the leuſt,) the aforeſaid ſuppoſed propor- 
tionality of the differences of the three contiguous num 
bers to the differences of the reſults of their ſubſtitution 
in the compound quantity 14,937 x — 1998 xx + 
80 * — * would approach {till nearer to the truth, 
and conſequently that the number of figures that would 
be exact in the value of z obtained by means of ſuch 
ſuppoſed proportionality would be greater than it was in 
the former caſe. I therefore reſolved to try the effect of 
a ſecond conjecture founded on this ſuppoſed propor- 
tionality between the differences of and two numbers 
very nearly equal to it and the differences of the three 
correſponding reſults of the ſubſtitution of x and the 
faid contiguous numbers in the ſaid compound quantity 
14937 * — 1998 xx + 80x3 — . And with this 
view I took the near value of x obtained by the former 
proportion, to wit, the number 12.758, for the greater 
of the two contiguous numbers to x, and the number 
12.7 56 for the leſſer of the ſaid two contiguous numbers, 
and I ſubſtituted, 1ſt, the number 12.758, and, 2ndly, 
the number 12.756, inſtead of & in the ſaid compound 
quantity 14,937 x — 1998xx + 804% — *. The 
value of this compound quantity reſulting from the ſub- 
ſtitution of 12.758 was 4,991-762,652,593,904 z and the 
value of it reſulting from the ſubſtitution of 12.756 was 
5002. 335, 593. 512,704. Therefore, while æ increaſes 
from 12.756 to 12.758, the compound quantity 14,937 * 


—— 
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— 1998 r x + 80 x? — 4% will decreaſe from 5002. 335, 
593,5 12, 04 to 4991-762,652,593,994, and conſequently 
will, at ſome one inſtant of time during the ſaid decreaſe, 
be equal to the intermediate magnitude 5000; or, in 
other words, the true value of x in the propoſed equa- 
tion 14,937 x — 1998 x* + 80 * - x* = 5ooo will 

be greater than 12.756, but leſs than 12.758. 


Here therefore we have three contiguous numbers, to 
wit, 12.756, x, and 12.758, the greateſt of which ex- 
ceeds the leaſt by only 0.002, or the 6378th part of the 
leaſt number 12.750; and we have the three corre- 
ſponding quantities 5002.335,593,512,704, 5000, and 
4991.762,652,593,904, which reſult from the ſubſtitution 
of the faid three contiguous numbers in the ſaid com- 
pound quantity 14,937 x — 1998 xx + 804% — . 
We may therefore ſuppoſe that the difference of the firſt 

and third of the ſaid three numbers 12.756, x, and 
12.7 58, will be to the difference of the firſt and ſecond 
of the ſaid three numbers, to wit, 12.756 and æ, in 
nearly the ſame proportion as the difference of the firſt 
and third of the ſaid reſults (correſponding to the ſaid 
three numbers,) is to the difference of the firſt and ſe- 
cond of the ſaid reſults, or that 12.758 — 12.756 will 
be to x» — 12.756 in nearly the ſame proportion as 
5002. 335,593,512, 04 — 4991. 762,65 2, 593, 904 is to 
5002. 335, 593,5 12,704 — 5000, or that 0.002 will be 
to x — 12.756 in nearly the ſame proportion as 
10.572, 940,918, 800 is to 2. 335,893,512, 04; whence 
it will follow that x — 12.756 will be nearly | 

_ 0.002 X 2.335,593,512,704 _ 0.004671,187,02 5,408 
(® 10.572,940,918,800 © 10.57 8, 8c ) 

.5$72,940,918,800 10.5 72,940, 918, 80 


£ 104 3 


= 0. 040 0 5, and therefore that x 2 be (= 
o. oo, 441, 805 + 12. 756) = 12. 756,441,805 ; of which 


value of x the firſt eight figures 12.756,441 are exact, 


and the ninth figure 8 is greater than the correſponding 
figure 7 in the true value of x, (which is 12.756,441, 
794,480,744,022) by only : an unit in the ſaid ninth fi- 
gure, or oO. ooo, ooo, 1. 


Ari. 49. The ſubſtitutions of 12. 50 9 12. 756 f in- | 
ſtead of * in the corapound quantity 145937 x — 
__ — 80 * — *“ will be as follows: 


If i 8 we ſhall how Xx 55 12.758|*) 
= 162.766, 564, and x* (= 12.7581) = 2076.575, 
823,512, and 4 (= 12.7580.) 26, 492.954, 356, 


. 366,096, and conſequently 14,937 x (= 14, 937 X 12.758) 


= 190,566. 246, and 1998xx (= 1998 X 162.766,564) 


= 325,207.594,872, and 80x* (= 80 X 2076.575, 
ens) = _ 166,026.065,880,960. Therefore the 


whole compound quantity 14,937 x — 1 + 
80 * — a* will, _ this ſuppoſition, be | 


(= 190,566.246 326,20. 394,87/ : 
+ 166, 126.065, 880, 960 ak 26,492-954-356,366,096 
= 356,692.31 1,880,960 — 351,700. 549, 228, 366, 96) 
= 4991.62, 652, 503, 904; which is ſome what leſs than 


5000, or the abſolute term cf the equation 14,937 x — 
1998 * + e 5000, 


_ 


(og 
And, if x is = 12.756, we ſhall have xx (= 
12.756)*) = 162.715,536, and & ( = 12.7561?) = 


2075. 500,377, 16, and & ( 12.750 = 26, 476.345 


655,767,296, and conſequently 14,937 x (= 14,937 X 
12.756) = 190,530.372, and 1998 x* ( = 1998 X 
162.715,536) = 325,105.640,928, and 80 * (= 8 X 


2075-599,377,216) = 166,047.950,177,280. There- 


fore the whole compound quantity 14,937 x — 1998 * 
+ 80.x* — 2+ will, upon this ſuppoſition, be 


(= 199,536 372 | IG 325,105.640,928 
+ 166,047.950,177,280 — 26, 476.345,65 5,767, 296 
= 3 $6,584.322, 177,900 — 351,581.986,583,767,295) 


= 5002. 33 388998 ; which is a little greater chan 
5ooo, or the abſolute term of the equation 145937 * © — 
3 + 80 * — 4 = $000. 


Art. 50. Since the. Gen near value of x, to wit, 
12.758, (which was obtained by means of the ſubſtitu- 
tions of the ſmall numbers 12 and 13 inſtead of x in the 
compound quantity 14,937 + — 1998 K + 80 * — xt, 
and of the proportion derived from thoſe ſubſtitutions,) 
was exact in the four firſt figures 12.75, and the laſt 


near value of æ, to wit, 12.756,441,805, (which has 


been obtained by means of the ſubſtitutions of the num- 
bers 12.758 and 12.756 inſtead of x in the ſaid com- 
pound quantity, and of the proportion derived from 
thoſe ſubſtitutions,) is exact in the eight firſt figures 
12.756,441, and but a little too great in the ninth figure 8, 
we may conclude that every new proceſs of this dif- 


| terential method of . equations will double the 


number 


& 

7 o 
145 

8 
6 

My 
3 
15 
.. * 
1 
4 
1 
72 
"2 \ 
2 L 
. 
8 
— 
+ 
n f 
3... 
* - 
45 
5 
is : 
2 
2 
— . 
2 
r 
87 
„ 

* 

Wt 
1 
E . 
* OY 
7 tf 2 

5 

2 
1 , my 
1 = * 

2 wry 
3} 

4 1 

2 7 o 
1 LO 

* * 

7 o * 

8 
3 - 
4 by 
4 7 4 8. 
2 +1 
5.2 
3 

3 
1 
1 
* 9 
4 
„ 40 
+ 
- 
EPR: 
5 
Wt - - 

2 . 

1 
＋ 5 35 

0 S 
f $ 

"EP 
_ Th 
Nr 
1 
4 * - 

9 
1 
i 
4 iT 
© 
1 
4 75 4 

©. I 

3 

3 
5 Bo, 
\ $6.57," Y 
5 
i 

7, - 

bs <- 
8 3 
A i 3 
; "IP; 82 
2 565 „ 
12 Shs 
4 
* 2 
59 
WH: 7 
> 
E 
5 
3 
* 2 
* by ay 
Ivy a 

- [9 
"21 * 
-_ - 

* e 
3 
577 3 
 *: wi 

WA. 
„ 
3 
3 
OT 
3 
1 
* BY 
Li. 
1 

oy 
EY 
1 

: 

{ « 
1 
3 

„ > 

7 12 14 

N 2 

eb BÞ 

1 if 

£58 

1 

Ic 7 

* 25 
77 
e 

1 XI 

* 25 

1 

0 
2 7 
* 
1 
22 

Agel 

x RY 
* 

» 832 

E RE 
"TBS 

FEARS A 
2 
F 
** 

4 A 
"ES 
* * 

222 & iy 
n 

S 
5 „ 

oO 

3-26 hs 
"7 128 = 
0. 2 

* 9 
3 HA 

* 77 = 
: 2 TEN 

1 

E 
. 

r 
LE 

"Huw 

2 * — 

þ SS: 

* X = 
4 

; 

Ft. 

* W 
1 1 
— 4 = 
: 

: Þ 3s 

FAY 

* I. 

y 15 

2 
Fo . 
5 28 5 
. 

WEL bs 

K 7 
"= whe 5 
3 4. 5 

4 on 

« 4 

„ 
+ E 
n 

$7 i 


Ds OR PLATE» 
2 

4 n 
5 = l 


( 166 ) 
number of figures in the value of x, or the root ſought, 
that are already known; and therefore, in point of ex- 
actneſs, this method will be nearly upon a level with 
Mr. Raphſon's method of approximation, by which the 
figures of the root that are already known are doubled 
by every new proceſs. Nor is there much difference in 
the labour of performing the neceſſary calculations in 
this differential method of approximating to the roots of 
equations and in that of Mr. Raphſon, which conſiſts in 
ſubſtituting the binomial quantity 4 ＋ e or 3 — e, in- 
ſtead of x in the propoſed equation, and then reſolving 
the transformed equation, ariſing from ſuch ſubſtitution, 
as if it were a mere ſimple equation, or neglecting all the 
terms of it that involve in them any other power of the 
new unknown quantity e than it's ſimple power, or e 
\ Ufelf. For in both methods it is neceſſary to ſubſtitute | 
the former near value of x, to wit, the number 12.758, 
. inſtead of x in the terms of the compound quantity 
14,937 x — 1998 x* + 804x* — 47; and in this dif- 
ferential method we are alſo obliged to ſubſtitute another 
near value of æ, differing from the former near value 
12.758 in the fifth, or laſt, figure, to wit, the number 


22.756, inſtead of x in the terms of the ſaid compound 


quantity; the labour of making which ſecond ſubſtitution 
ſeems to be about equal to, or, perhaps, a little greater 


than, that of computing the compound co-cſlicient of e 
in the transformed n 


143 1437. 
2 1998 a* + 3996 4 — &c | | 
+ 8043 — 2404*% + & rat 
4 + 4. 4. 


Fhich 
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which would have ariſen, in Mr. Raphſon' s method of 
proceeding, from the ſubſtitution of 12.758 — e, or 
@ — e, inſtead of » in the propoſed equation 14,937 x 
— 1998 K + 80 — 4 = 5000, to wit, the co- ef- 
ficient — 14,937 + 3996@ — 2400a* + 4a?, or 


— 14,937 + 3996 X 12.758 — 240 X 12.758 + 


4 X 12.758, or — 14,937 + 3996 X 12.758 — 


240 X 162.766,504 + 4 X 206.57 5,823,512. But 
Mr. Raphſon's method ſeems to be more perſpicuous and 


ſcientifick than the other, as well as, in ſome degree, 
leſs laborious : and therefore, upon the whole, I think it 
| preferable to this differential method of approximation, 


as well as to that of Dr. Halley, excepting in the begin- 


ning of the reſolution of an equation, or when we are 
endeavouring to find the quantity a, or the firſt near 
value of x, which is afterwards to be made the baſis, or 
ground-work, of a further approach to the true value 
of x by either Dr. Halley's or Mr. Raphſon's method of 


approximation: for to this purpoſe I think the ſaid dif- 


ferential method of approximation ſeems to be remarks 
ably well adapted. 


Art. 51. And in this uſe of the ſaid differential method 


for the diſcovery of a, or the firſt near value of æ, which 
is to be made the baſis of a further approach to it's true 

value by Dr. Halley's or Mr. Raphfon's methods of ap- 
proximation, I ſhould think it would be adviſeable to uſe 
as many figures of the value of x, obtained by it, as we 
have reaſon to think are exact, or nearly exact. Thus, 
for example, in reſolving the foregoing equation 14,93% 
— N + 80 — * = 5000, I think it would 


have | 
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have been better to make 4 equal to the number 12.7 58, 
conſiſting of five figures, obtained by the firſt eaſy pro- 
portion of 1 to * — 12 as 5318 to 4036, than to make 
it equal to the number 12.7, conſiſting of only three 


figures, which was obtained from the ſame proportion | 


by taking only the firft figure 0.7 of the quotient of the 
diviſion of 4036 by 5318. For, if we had taken a equal 
to all the ſaid five figures 12.758, we might, by the 
application of only one proceſs of Mr. Raphſon's method 
of approximation, have obtained a ſecond near value of x 
that would have been exact to at leaſt eight figures. 
And by this union of this differential method of appro- 
ximating to the roots of high equations with Mr. Raph- 
| ſon's method of reſolving them, by employing the former 
method in the firſt {tage of the reſolution to obtain to as 
great a degree of exactneſs as one proceſs of the ſaid 
differential method will enable us to find it, the value 
of a, or the firit near value of the root ſought, and then 
proceeding to make uſe of a, or the near value of the 
root x ſo obtained, as a baſis for a further approximation 
to the true value of the ſaid root by Mr. Raphſon's me- 
thod, the calculator will, as I conceive, obtain the value 
of the root ſought to any propoſed degree of exactneſs 
with the leaſt trouble and the leaſt perplexity poſſible. 
Art. 52. I will obſerve, however, that the learned 
Dr. Hutton, of Woolwich Academy (in his late compen- 
dious collection of tracts on the different branches of the 
Mathematicks in two volumes, octavo, drawn- up for the 
uſe of the Cadets in the Military Academy at Woolwich,) 
recommends this differential method 'of reſolving high 
. equations 


( 109 ) 


equations by approximation (which he calls The Method 
of Trial and Error, or The Double Rule of Falſe Pefition,) 
for the compleat reſolution of ſuch equations, indepen- 
dently of, and in preference to, all other methods of 
reſolving them whatſoever. 

End f the Scholium begun in Ann. 445 Page 97: 


Art. 53. The ta biquadratick equation 14,937 
— 1998 * + 80x* — 4 = 5000 has three other 
roots, or, in the language of modern Algebriiſts, three 
other real and affirmative roots, of which the leaſt is leſs 
than 1, and is equal to 0.350,987,04, &c, and the other 
two are greater than 30, being equal to 32.060,290, &c, 
and 34.8 32, 280, &c, as I have found upon an inveſtiga- | 
tion of them by Mr. Raphſon's method of approxima- 
tion, if no miſtakes have been made in the calculations 
that were neceſſary for that purpoſe. The inveſtigation 
of the leaſt of theſe three roots, to wit, o. 350, 987, 04 
&c, is given in the 3d volume of the n. Logarith- 
mici, pages 722; 723, mz 
* ad | 
Mr. Raphſon's Obſervations on Monſieur de Lagny's and 
Dr. Halley's claims to the merit of having invented their 
Methods of reſolving Equations by Approximation. 


Art. 54. Before I conclude this diſcourſe I will inſert | 
two paſſages from Mr. Raphſon's appendix to the ſecond 
edition of his ingenious and uſeful treatiſe on the. reſo- 
lution of equations of all orders by approximation, in- 
titled Analyſes Aiquationum Univerſalis, in which he puts- in 
his claim to o the merit of having invented this method of 

| _ reſolving 


{ t 


: reſolving equaticns, and declares that he had had the fame 
thought which Monſieur de Lagny and Dr. Halley after- 


wards purſued, of making uſe of the terms that involve 
the ſquare and other -higher powers of the unknown 
quantity contained in the transformed equation, in order 
to obtain the value of the faid unknown quantity, and 
conſequently the value of x, or the root of the original 
equation, to a greater degree of exactneſs; but that, 
upon mature conſideration, he had laid it aſide, as tending 
to introduce new difficulties into the inveſtigation, and to 
diminiſh it's perſpicuity and ſimplicity. His words are as 
follows: An Dominus de Lagny hbrum meum unquam 
viderat, nec ne, prorius neſcio. Qiibus- cr madis non ſolim 
ſua | ejus} methodus, ſed et etiam aliæ quem plurimæ, eodem 
| prorius proceſſu, et perpetu inde derivatd4 gruduum ſcald, 
inveniri paſſint, hujus-ce 2 WT 3 idque quam 
Paſſimus breviſſims. | 
Ipſe equidem de gradatꝰm inferendic, quas privy rejeceram | 
in T heoremate Vietzo, patęſtutibus, olim cogitavi : fed tamen 
non proſecutus ſui; utpore qui methodum meam, barum 
omnium fundamentalem, veluti facillimam ſemper exiſtimavi. 
Subſeguenti proceſſu earum omnium invent ionem indagare 
cuilibet liceat, See Mr. Raphſon's Analyſis Aiquationum 
_ Univerſalis, edition 2nd, A. D. 1697, page 49. And 
again, in page 55, he concludes his appendix with theſe 
words: Innumeras etitm alias methodos et abbreviations, 
novarum quidem methodorum nomine inſigniendas, adin- 
venire liceat ; que tamen omnia fundamentali huic ſuperiorum 
. poteſtatum, imprimis, rejectionis methotlo, peſteaque gradatim 
retinendarum, innitantur. No ram tamen * 0. nam 
| fore et 5 cuzvis Bara, 5 
OF 


( my), 


er THE EXTRACTION OF THE SQUARE-ROOT OF 
A GIVEN NUMBER BY APPROXIMATION. 


Art. 55. I navR now accompliſhed the object I had 


principally in view in drawing-up this Appendix to the 


foregoing Tract of Dr. Halley ; which was to make a 


compariſon between his method of reſolving cubick and 


other higher affected equations by approximation, which 


procceds by the reſolution of quadratick equations, and 


Mr. Raphſon's method of reſolving them, which proceeds 
by the reſolution of only ſimple ' equations. And my 
readers will now, I hope, be able to determine for them- 


felves * to which of the two methods they ought to give 


the preference: or, if the preference ought in ſome 
Caſes to be given to Dr. Halley's method, and in others 
to Mr. Raphſon's, to determine “ in what caſes Dr. 
Halley's method, and in what caſes Mr. Raphſon's me- 


thod, deſerves to be preferred.” For my own part, 1 


am decidedly of opinion (as I have declared above in 
page 27,) that in moſt caſes Mr. Raphſon's method of 
approximation will be found more convenient than Dr. 
| Halley's, though there may, perhaps, be ſome few occa- 
fions on which it may be expedient to have recourſe to 


Dr. Halley's method. Now, whenever it ſhall be judged 


convenient to proceed by Dr. Halley's method, it will 
_ evidently be neceſſary, in every ſeparate proceſs of the 
approximation, to cara the quare· root of a given 

number z 4 
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| her; and in the fant and other following pro- 


ceſſes of ſuch approximations by Dr. Halley's method, 
it is obvious that the given numbers of which the ſquare- 
roots mult be extracted, will be very long numbers, con- 
fiſting often of 12 or 14, or 16 or more, decimal figures. 
In. theſe caſes therefore it may ſeem proper to inquire, 


| whether the labour of extracting theſe ſquare- roots may 


not be leſſened by applying the method of approximation 


even to that well-known, and not very difficult, operation, 


inſtead of performing it in the common way : becauſe in 
extracting the ſquare-root of a number in the common 


way we obtain only one new figure of the ſquare-root 


ſought at every new diviſion of the laſt remainder by the 
new diviſor formed by doubling the root already found 


© whereas it may be ſuppoſed that, by ſome of the methods 


of approximation, we might obtain ſeveral new figures of 
the root ſought at every new operation, and thereby avoid | 


much unneceſſary labour. Now, in anſwer to this in- 


quiry, I believe, it may ſafely be affirmed, that, in ge- 


neral, it will be found moſt convenient to extract the 


ſquare-root of a given number in the common way, 


without having recourſe to any of the methods of ap- 
proximation; and more eſpecially, when it is propoſed 


to extract it to only ſix, or ſeven, or even eight, figures: 


and further, that, if ever it ſhould be judged expedient, 


| when the ſquare-root has already been found, either in 
the common way, or by means of a table of logarithms, 


exact to ſeven, or eight, places of figures, to carry the 


extraction of it to ſeven or eight figures more, or to 


4 


fifteen or ſixteen figures in all, it will be much better to 
make uſe of the expreſſion a + 2 7 which is afforded 


0 


A 
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us for this purpoſe by Mr. Raphſon's method of approxi- 
mation, and is derived from the reſolution of a ſimple 
equation, than to have recourſe to the expreſſion. 
2 + : Which is given us above by Dr. 

2 4 4 + =. EY | 


Halley in the foregoing tract, page 9, and 1s derived 
from the contemplation and imperfect reſolution of a 
quadratick equation. "Theſe things will become evident 


b 
from the inveſtigation: of the two expreſſions a + 1 


and 4 4 — "nk 7 ind lhe application of them to 


A 
2 


the extraction of the ſquare- root of a particular num- 
ber; in order to which it will be neceſſary to give a 
ſolution of the following Problem. | 


A PR OBLEM. 


fot. 56. To extract che n of a given number 
by approximation. 


$OLUTION. 


Let the given number, of which the ſquare-root is to 
be extracted, and which we will ſuppoſe to be greater 
than 1, be called N; and let it s unknown ene 


be called Ns 
1 | Then 


1 
Then will xx bt = N. 


Let aa be any ſquare number leſs than N, of which 
the ſquare-root à is known; and let the exceſs of N 
| above a a be called . 


Then wil N be = 42 + 5; and conſequently XX, 
which is = N, will allo be = = aa + bz and, therefore, 
* will be = = 4 + b | 


Now, ſince ae + b is greater than aa, it follows 
that the ſquare-root of aa + 5 will be greater than the 


ſquare- root of aa; that is, /aa + 6 will be greater 
than a. Therefore x will be greater than 4. 


a fins Xx is greater has a, let it's exceſs above 
a be called: 2. 


Then will x» be = a + 2, and conſequently a XX will 
5 aa ＋ 242 + 22. 


Therefore 4 4 + 222 + 2 2 will alſo be = aa + 23 
and conſequently (ſubtracting @ 4 8 both ſides,) 
242 + 22 will be = 6. 


But 2 is much leſs than a, and, 2 fortieri, than 2 4. 
Therefore zz will be much leſs than 2a z, and conſe- 
_ quently 2 4 2 alone will be nearly equal to 242 + 22, 


or to 5. And conſequently Z will be nearly = 2 5 


{ns ) 


and @ + = will be nearly = a + ; or @ 27 


24 


will be a near value of a + 2, or x, or Vaa + 6, 


or „F. | . E. I. 


This expreſſion a + 5 is Mr. Raphſon's approxi- 
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mation to the value of Vau + 6, or N, or the 
ſquare-root of the given number N. It is evidently 
ſomewhat greater than the truth; becauſe 242 + zz 
is = 6b, and conſequently 2 3 2 is accurately = b = zz, 


BY 


r 
N 469 
FN Len 
— 1 


b * J b 22 L - f s 
and Z is accurately - — —» which is leſs 


5 


* 


— —— 2 


IEG 


than — But it will uſually give us as many new fi- 


i * + 


gures of a + 2, or the value of aa + b, or y/ N, or, 
at leaſt, as many new ſigures of the ſaid root, wanting 
one, exactly, as there are figures in a, the part of the 
root that is already known. 
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| The Inveſtigation of Dr. Halley s Expreſſion for the ſame 
Purpoſe. 1 

Art. 57. The approximation to the value of Va + b, 

or AN, given us by Monſieur de Lagny and Dr. Halley, 


—— 5 and may be found as follows: 


Es © Since 


( 286 } | 
| | a : 8 
Since 242 + zzis = b, and 2az ＋ 22 is = 2 * 


24 + z, we ſhall have 2 X 24 T2 = b, and conſe- 
quently = = 2 


3 3 | 3 
But z is nearly equal to 27 as we have ſeen in the 
laſt article. 
5 will be nearly equal to 


24 + — 
3 24 


Therefore . 
2 4 


by 


V | 42323 


y Therefore 2 
2 4.4 — Dc 


(which is equal to 5 — ,) will be nearly equal to 


24 ＋ 2 
5 5 n c- 
c » or to g Or to 1 
8 | AE MI. 8 = 
conſequently a + 2, or Vaa + b, or „NF, will be 
: OE. EY. 
nearly equal to a + or to 4 + — 
24 + — 2284+ =— 
24 2 
OS - 


(which is Dr. Halley's expreſhon,) or to 4 + = 
| : . Be bo 

Ari. 58. This near value of aa *+.6 is aways leſs 

than the truth ; becauſe — (which forms the ſecond 


term 


4 147-3 


term of the binomial denominator of the fraction 


„) is greater than 2, (or the ſecond term of 


242 + — © 
55 | | | 
the binomial denominator of the fraction T : 5 
and conſequently the fraction ; muſt be leſs 
| 2 a 8 = 
than the fraction „ and a + mult 
i | 2 4 + 2 ; 
24:4 
| 20 | 
be leſs than a + | „or than a + 2, or 
26 +6: SD. a 
Laer, or IN. | Q. E. D.. 
Art. 59. This expreſſion a + „ or a + 
5 26 + 
24 
ZW „ or 4 4 3 will approach much 
244 + —_— | 85 My 


nearer than the former expreſſion a + — to the true 

326 85 

value of V + 6. But it will be much more difficult 

b : 

to compute than the expreſſion a + — , on account of 

2a 

5 the much greater number of figures i in the denominator, 
b 6 

or divifor 2a + — or 24a + — 444 + b, 

3 | 


than in the denominator, or diviſor, 2 4. And this diffi- 
culty i is ſo great when @ is a number conſiſting of ſeyen, or 


ES i * 


N 118 k 
eight, Sl that J conſider this expreſhon a 4. 


b „ | 
1 : + =, 
27 r | * 5 


as of very little uſe in theſe caſes. 


4 Third Expreſſion for the ſame Purpoſe 


Art. 60. But the ſolution of the foregoing problem 
will furniſh us with another expreſſion for the value of - 


*, or Vaa + 6, that will approach almoſt as PE. to 


7 . 


it's true value as the foregoing Os a + 3 
: \ 2a + => 
5 | EE 
or a + — or a + "6 given us by 
| 2 aa + — | 4 


Monſieur de Lagny and Dr. Halley, and will be ſome- 
what leſs difficult to compute than that expreſſion of 
Dr. Halley, though much more ſo than Mr. Raphſon's 


| b | | 
expreſhon a + 2 and indeed too much ſo to make it 
— | 1 ; , 3 | 


| worth our while on moſt occaſions to have recourſe to it. 


b bb = 
r 


This expreſſion is a + — — , 
a 24 __ 
55 | 24 
— | = 1 bb : I 
— — 7  — — - and may be 
424 X 4% . 
found as follows : 
Since 242 + zz is = b, we ſhall have 232 
| | 5 a2 | 
3 — 22, and conſequently 2 = 3 There- 
8 . 24 


a for e, 


4 


f 119 * 


fore, if we ſubſtitute + (which 1 is nearly awd to, but | 


fomewhat greater than z) inſtead of z in the term 


* 2 


| „ b bb 
greater than, — — „or — — —— 
a %ͤßV 24 24 X 444 


. 


8 2 . Therefore a + 2 will be nearly 


equal to, but ſomewhat greater than, a + 2 3 


» 


or a . or a + 
44a 24 2a K 444 24 


bb 

8 a3 | 

equal to, but ſomewhat greater — the trinomial * 
3 b bb 


3 % — 28 2a X 4aa 


; that is, x, or Vaa + b, will be very nearly 


or a nnn ̃ ... . . 1 
78 24 8 a3 | 2 8 


Note. The three terms of this laſt expretiiin a + 
3 
2a 8343 


of che infinite ſeries for expreſſing the value of /aa-+6, 


are the fo * the three firſt terms 


. or aa + N. :» derived from Sir Iſaac Newton's binomial | 


theorem, Eo . 


„ we mall have 2 nearly equal to, but ſomewhat 
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( 120 ) | 
Art. 61. We will now apply theſe different ex- 
preſſions to the inveſtigation of the ſquare-root of the 
number 32, or 25 + 7, (in which 25 anſwers to aa, 
and 7 to l, in the foregoing general expreſſion aa + 6,) 
in order to try how far they will contribute to facilitate 
the extraction of that ſquare-root. And that the ad- 
vantage ariſing from the uſe of them above the common 
method of extracting the ſquare-root (if there is any 
ſuch advantage,) may appear the more clearly, I will 
firſt exhibit the operation of extracting this ſquare-root 


to thirteen places of figures by the common method, 
Now this extraction will be as s follows: : | 


1 he 


( 


The Extraftion of the Square- Root of the Nome 32 by 
the Common Method. 
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The Extraction of the Square-Root of the Number 32 by 


8 


Approximation FI means of the Expreſſion a * 


2 4 


given us for that purpoſe by Mr. Raphſau. 


— 


"be: 62. Let it now be required to find a near value 
of the ſquare-root of the number 32, or 25 + 75 by 


5 
means of the expreſſion a + — — found above, in art. 56, 


7 by Mr. OI” 8 method of eee 


| Here in the 1ft place we ſhall Mw 25, and 
b 5 73 and therefore a will be — E and = will be 


(=> = L) = 0.7. Therefore « + 2 will 


be (= 5 + 0.7) = 5.7; or the fquare-root of aa +5, 
or 25 + 7, or 32, will be nearly equal to, but nn. 
jeſs *. 5. 7- E. I, | 


3 fince 32 is leſs than 5.7, let us ſuppoſe it 
to be nearly equal to 5.6, and let us raiſe 5.6 to it's 
ſquare, in order to diſcover whether the ſaid ſquare will 
be greater, or leſs, than 32, and conſequently whether 


5. 6 is greater, or leſs, than 32. 


"RE the fquare of 5.6 is 31.36; which is leſs than 
32. Therefore 5.6 muſt be leſs than the n | 


of 32. Es 
We 


( my } | 
We will therefore now take a = 5.6. And we ſhall 


then have aa = 31.30, and conſequently 3 (= 32.09 


| 3 6 ::* ea 


0.057, and a 3 5 . + 0.057) = 5657. 


T herefore 5.657 eil be a third near value of the ſquare- 


root of (aa + , or 31.36 + 0.64, or ) the propoſed 


number 32. Q E. I. f 


Na let 5.657 be raiſed to it's ſquare in order to diſ- 
cover whether the ſaid ſquare will be greater, or leſs, 


than 32, and conſequently whether 5.657 itſelf will be 


greater, or leſs, than the true value of yz. 


Now 5:65" ]Þ* is = 32. 001,649 ; which is a little 
greater than 32. Therefore 5 657 is a little greater 


than the true value of (32. We will therefore ſupe 


poſe (32 to be between 5.657 and 5.656, and will 
raiſe 5.656 to it's ſquare, in order to diſcover whether 


the ſaid ſquare will be greater, or leſs, than 32, and 
conſequently whether 5.656 will be n or leſs, 


than / 32. 


Now the ſquare of 5. 656 is = 31.990, 336; which is 
leſs than 323 and ene dee 5.656 muſt be oy 
than (32. 


* 


We will 3 now, in ks 3d place, make a = 


5 656; and we ſhall then have a@ = 31.990, 336, * | 
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. 
3 (= 32.000,000 = aa = 32. 000, oo — 31. 990, 336) 


= 0.c09,664. han LM will be (= et 
O. o, 664 . 


BTR = 0.000,8 54, and ry a + 


1 will be (= 5. 656 + 0.000,854) = 4908 854. 


e 5.556,854 will be 0 ſourth near value of the 
. of 32. Q. E. I. 


- This fourth near value of the ſquare- root of 32 is | 
very nearly cqual to, but ſomewhat leſs than, it's true 

Þ value. For the ſquare of 5.656,854 is = 31. 999,997» 

= 177,316, which is leſs than 32 by the very (mall number 

| 0.000,002,822,684. 


| j | Note. If we had carried the divifion. of 4 by 29, or 
4 ol o. oo, 664 by 11.312, to two figures more in the 
| 1 | - quotient, the ſaid quotient would have been o. co, 8 54,31, 


and conſequently a + 75 would have been (= 5.656, 


+ . ooo, 854,31) = 3.656, 854,31, which would have 

j ll N been greater than the true value of the ſquare-root of 325 
| j or aa + b, agreeably to what is ſhewn above in art. 56. 
'|þ | But by carrying the diviſion to only the three ſignificant 


. = 2 - | X b 3 
figures o. oO, 8 54, of the quotient, the value of a + _— 


_ ; is kept under the true value of % 32. 


= V 5 656,3 54 is leſs than the true vide of He, 

= we will, in order to obtain a nearer value of the ſaid 
| ſquare- 
| 


< my) 


have 4% = 31-999,997,177,316, and 5 (= 32 — ad 


= 32.000,000,000,000 — 31.999,997,177,316) = 


o. oo, o, 822, 684. Therefore = will be ( a. 


0.000.002.822,684 . o. ooo. oo, 822,684 
e, 11. 313,708 


249,492, and a + 9 I be ( = .5.656,854 + 


o. ooo, ooo, 249, 492) 5.65 6,854,249, 4923 that is, the 
fifth near value of the ſquare-root of the number 32, 
obtained by this fourth proceſs of Mr. Raphſon's method 


of approximation, will be 5 656, 854, 249,492. Q. E. 1. 


All the figures of this number 5.656,8 54,249,492 are 


exact, and agree with the ſigures of the ſquare- root of 32 


as obtained above in art. 61. by the common method of 


extracting it. But it appears to me that, from the ne- 
ceſſity of ſquaring the feveral ſucceſſive values of a, in 


order to obtain the value of 2, or 32 — aa, and more 


eſpecially that of ſquaring the fourth value 5. 656,854, 
(which conſiſts of ſeven figures, ) and from the number 
of diviſions to be gone through in order to obtain the 


WT, 5 : a — > 
ſucceſſive values of pon and likewiſe from the variety of 
N *. | 2 ; ; g | 


new ſuppoſitions made in this method, and the reaſonings 


conſequent upon them, there is more time and trouble 
employed in obtaining theſe thirteen figures 5. 656,85 4, 


240, 492 of the ſquare- root of the propoſed number 32 


by this method of approximation than there is in ob- 


taining them by the common method of extracting the 


k 
1quare-root in the manner exhibited above in art. 61. 
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I will now proceed to extract the ſquare- root of this 
fame number 32 by means of the expreſſion a + 


a 5 243 
„or 4 + 


„ or a + 


"YL 
20 + — 208+ — deer? 


given us by Monſieur de Lagny and Dr. Halley for the 
near value of the ſquare- root of a a + & 


N 
% , f - 4 
. . 


The Extraction of the Square-Root of the Number 32 y) 
Approximation, by means of the Expreſſion given us for 

that purpoſe by Monſieur de Lagny and Dr. Halley, and 
inveſtigated above in Art. 57. 


Art. 63. Of the three equivalent expreſſions a + 


b | "3 | 2 ab 
„ = 


2a — 2655 TT 
+ 24 2 


found above i in art. 57, for a near value wy [aa + b, 
take the firſt expreſhon, à + to be the fit - 2 


2a + — 
24 


teſt for calculation; becauſe it does not require our 
multiplying 6 into a, in order to obtain the quantity a 6, 
which occurs in the numerators of the fractions 
ab 246 
and ————; 


3 4aa 5 


244 + — 
2 


in the two other expreſſions. 


"I ſhall therefore: bai compute the near Hes of the 
| Iquare- 


1 
ſquare- root of 32, or 2 5 + 7, or aa +, by means of 
ws | 


the laid firſt expreſſion @ + 
| | 24 + — 
24 

Now, ſince a a is = 25. and bis = 7, we ſhall have 


a = 5, and op (= — = —) = 0.7, and 2a + 


3 5 
— * 2X5 e 10 K 0%) = 10.7, and con- 


ſequently - 


— = ac; Therefore 
2 a + —— ; | 
24 


& * 


＋ will be (= 5 + 0.65) = 5.65 3 that 


32 oo 
24 


is, the ſecond near volue of the ſquare-root of 32, (ob- 


„ aſter 


tained by means of the expreſſion a + 


2a — 
+ 24 


e it's firſt near 1 to be a, or 5,) will be 5. 653 
of which all the figures are exact. Q. E. 1. 


This value we know to be leſs than the truth. There 
fore, to obtain a third near value of / (32, we will make uſe 


3 
of the ſame expreſſion as before, to wit, a + - F 2 
22 + — 
„ e 24 
only making a (which before ſtood for 5, or the firſt 
near value of /3a,) now ſtand for 5.65, or the ſecond. 
near value /\ 32, that has been juſt now obtained. 


Pg 


Now, 


A———ñ—— For Sa rags * 
> - 


0.0 
11.3 


| < 128 5 
| Now, if a is = 5.65, we ſhall have aa = (5-65\*) 
= 31.9225, and þ (= 32 — aa = 32.0000 — 31.9225) 
5 0.0775 


_ . Ta N will be ( 2 * 5+ 65 


22775) = 0.006,858, and 2a + 25 will be (= 11.30 


| + 0.006 2350) = It, ION 858, and 4 will be 


2 a + 20 
dean, 2 9 | | = 
(= 3 ) — 4 Therefore a + 

un be (= 5-65 + 0.006,854,24) = 
2a + 3 N . 1 


5.656, 854, 24; that is, the third near value of the ſquare- 


root of the number 32, which has been obtained by 


means of the expreſſion a * , will be 


OO. 
24 


5. 6 5 854424 3 ; Which is exact i in all it's nine figures. 
"A | | 2 Eo I. 


We might now proceed to compute a fourth near 
value of this ſquare- root by means of a third application 


b 


of the expreſſion a + , by putting 2 = 


24 + — 
24 


. . and ſquaring the ſaid number in order to 


obtain the value of @ a, and then ſubtracting the ſaid 
ſquare from 32, in order to obtain the value of N - aa, 


or 32 — 4 4, or b; and by, then, dividing b by 2 4, or 
| * 5. 656, 854, 24, Or 11.313. 708,85 and rr 


the 


( 1g ) 


the quotient, (continued to eight, or nine, figures, ) to 
2 a, or 11.313, 708, 48, and dividing & by the ſum thence 


ariſing, and adding the quotient of this laſt diviſion to a, 
or 5.656,85 4.24. And, if we were to do ſo, the near 


value of (32 thereby obtained would be exact to 27z 


or 26, figures. But the labour of the calculation would 


be very great; partly on account- of the ſquaring of the 
long number 8.5 50,854. and partly on account of 


the diviſion of b by 24 + XR „ Which, it is obvious, 


would be a moſt tedious 3 becauſe that diviſor 
would be a very long number, conſiſting of 17 or 18 fi⸗ 


gures. And therefore I conſider the further approxi- 


mation to the value of the ye of 32 by means 


of this expreſſion a + 


2 4 + — 
inexpedient, and, in a manner, imprafticable. 


&; 


Art. 64. It ö remains that we ſhould inveſtigate the 
ſquare: root of the ſame number 32 by means of the 


| b bb 
chürd expreſſion a + 2a — To 3 


with the three firſt terms of the infinite ſeries for ex- 


a which co-incides 


preſſing the value of 44 + b, or aa + ALY derived” | 


from Sir Iſaac Newton's binomial theorem. Now this 
may be done as follows : 
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The Extraftich 1 the Square- Root of the Number 32 ty 
Approximation by means of... the T rinemial Expre off ton 


5 
F 


If à is at firſt taken equal to 5, (as before,) and con- 


ſequently aa = 25, and þ (= 32 — aa = 32 — $7 


— 7 8 py — 
4 7. N 6 _ 
WD 8 — 

8% 125 8 obs 10 —D =; + 7 


o. oa = 5. 700 — o. ogg) = 5.651; that is, 5. 651, 


or (dropping the laſt figure 1, 5.65, will be the ſecond 
near value of /aa + 6, or as + 7, or (32, that is 


| obtained by this firſt application of the trinomial ex- 


ſſion * = 85 E. 1 
preſſion a + — — g Q 18 


Now let & be put = $5.65. And we ſhall then have 
aa (= 5.65|*) = 31-9225, and b ( = 32.0000 


—_ 31-9225) = 9077S: : Therefore 8 will as (= 


0.0775  _ G0775 
— "Wha 3 ) = 0.006 858, 4, = a + 


LY will be (= 5.65 + 0.006,8x8.40) = n 


b 


EM oo "ie 
_ Jas will be om e * 24 — eee 


( 3 3 
= APO BI anc 


( 
% 


Ws © : 0.000,047,03 CE: 
24 x 444 1 $1430 


 &cz and conſequently E 2 — thy will be (= 


5: 656,858,40 — 0. 000,004.16 c) = * 656, 854,43 
that is, the third near value of the ſquare - root of 32, 


which i is obtained by this ſecond application of the tri- 


lenses 
mal Expreſſion a + * Fox vi be 5.656, 


854,24 z of which number all the nine figures are 


—  . GK 


| If we were to carry this approximation one ſtep fur- 
ther, by taking @ = 5656, 8 54, 24, and computing a 4 
and 32 — aa, or 6, and the trinomial _ expreſſion 
- 1 0 2 oP. ve ths. > 24 _ | | 


24 

| | 22 

| ſhould obtain hh ls of 8 ſquare-root. of 32 exact 

to 26, or 27, figures. But the labour of computing 
535 


the ſecond and third terms 125 and —, of this 


444 
expreſſion to that number of Go would be very great, 
e I W not quite ſo great as that of com- 


75 (or the ſecond. term of __ ex- 
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„ 
Dr. Halley for the ſame purpoſe,) to the ſame number 
of figures. I ſhould therefore conſider both theſe ex- 
Fee in this caſe as unfit for practice, and ſhould 
think it would be much more adviſcable, if the ſquare- 
root of 32 Was required to be found exactly to more 
| than the nine figures 3. 656, 854,24 already diſcovered, 
to find the next nine figures of it's value either by com- 
| Pating Mr. nee $ much 6mpler and eaſier expreſſion 


— 


3 | 
$.F> 2502 iff by continuing the extration of it, by t the 7 


* to trat e 10 


Art. bs. And, indeed, from all theſe trials of theſe 
different expreſſions for approximating to the value of 
the ſquare- root of 2 given number N, or aa + 6, 1 am 
inclined to conclude that, in performing the extractions of 
the ſquare- roots of given numbers which are neceſſary i in 
Dr. Halley's method of reſolving high affected equations, 
it will almoſt always be found eaſier and more conve- 
nient to proceed by the common method of extracting 
them than to have recourſe to either of the three ex- 
preſſions above mentioned, not excepting even Mr. 


2 
Raphſour's 8 fiwple expreſſion « OT 
to: 59 10 354; | 
End of the Obſervations. on the Eatraction of the Square- 
Reet of a given Number by the Methods 
hs = RE | | 


A ME- 


(6133) 


A METHOD OF DISCOVERING WHETHER THE: 


THREE EQUATIONS THAT HAVE BEEN .RE- 


SOLVED IN THE FOREGOING ARTICLES HAVE 


ANY OTHER ROOTS BESIDES THOSE ABOVE 
amn 


9 82 : 


* * * ow * 2 


— 


Of the Number 5 Roots in the Cobick Equation * — 17 K 255 


+ $4x = 350. — 2 
Art. 66. Tur firſt of the three equations that have 
been reſolved in the foregoing articles is the cubick 
equation ax — 17 x* + 54 = 350, of which we 


have found one root to be = 14.954,;058,61. ' Now, 


as there are two changes of the figns and — prefixed 


to the terms that form the left-hand fide of this equation, 
it may be ſuſpected that there may be either one or two 
more roots to it, or values of x that, being ſubſtituted 


inſtead of x in the trinomial quantity x* — 17 + 54x, 
will make the ſaid quantity be equal to 350, or the ab- 
ſolute term of the ſaid equation. This therefore is a 


matter which ought to be inquired-into and determined, 


before the reſolution of the equation can be gene, 
as 17 8 compleat. | 


art. 67. Now, if this equation pas RE ws root, that 
root muſt be either greater or leſs, than 14. 954,068, 61, 
or (omitting all the figures of this root except the three : 
firſt, 14.9, in order to leſſen the labour of the following 
calculations,) leſs than 14.9. Let it firſt be ſuppoſed to 


be greater than 14. -9, and to be called c; and let Ul be 


ut = 14-9. 
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Then we ſhall have 5˙ — 175 + 546. = 350, 
and alſo c — 17 65 + 54c = 350; and conſequently 
* — 17 + 54c will be = 3 — 1784 + $46. 
Therefore (adding 17 c* to both ſides) we ſhall have 
EG + 54 = Þ + 197 — 17 52 + 54 b, and (ſub- ; 
tracting 5 + * from both ſides) c — 3 + 546 
3 17 rere 5 * 


— 3 

* 17 . Therefore — — + 54 
Le: v2 — : 
l will be = 17 X ON 


+ 54 will be = 17 X ; + + = I7c + 17 5. 
i Therefore - (ſubſtituting 14.9 inſtead of 4,) c* + 14.9 
= „ c + 14.9]1* + 54 will be = 17e + 17 X 14.9, 
= F that is, c* + 14.9 X c + 222.01 + 54 will be = 17c 
4 + 253.3. Therefore (ſubtracting 222.01 from both 
ſides,) we ſhall have * + 14.9 X c + 54 = 17 + 
| 31.29, and (ſubtracting 31.29 from both fides) * + 
= I4.9 & c + 22.71 = 17c, and (ſubtracting 14.9c 
| | # from both ſides, ) * + 22.71' = 2.1 X c; that is, the 
= ſum of c* and 22.71 is equal to 2.1 X c. Therefore c 
: alone muſt be leſs than 2.1 X c, and conſequently (di- 
viding both ſides by c.) c muſt be leſs than 2.1. But c 
was ſuppoſed to be greater than 6, or 14. 9, which is 
much greater than 2.1. Therefore c or the ſuppoſed. 
ſecond value of « in the equation * — 17 x — 
= 350. will be. both greater and leſs than 2.1; which is 
| impoſſible. And this impoſſible concluſion followed 
from the ſuppoſition that the equation * — 17x* + 


54x = 350 had another root c that was greater than b, 
cr 


( 135 ) 
or 14.9. Therefore that ſuppoſition was a falſe ſuppoſi- 
tion, and the ſaid CY cannot have 810 other root 
owl is oe than 14. 9. 


Art. 68. It remains that we inquire whether the faid | 


equation cannot have another root in b, or 14. % 
that ſhall be leſs than 14.9. | | 


Kow, if this be poſſible, let the ſaid roots that i is leſs 


than 6, or 14.9, be called a, 
Then we ſhall have 5 — 17 6* + 9 == 350, and 


45 = 17 a* + 544 = 350, and conſequently 31 = 176? | 


+ 545 = a* — 174 + 544. Therefore, (adding 
17 b to both ſides,) we ſhall have 3 + 545 = = 4 + 


17 þ* — 17a* + 544, and (ſubtracting a? + 54 8 
from both ſides,) 6% = a* + * — 544 = _ 


us | „% ae OM 
Therefore + 54% N will be = 17 X 


Moe FED is, „ be.+ 86 + 54 will be = 17 
* Fa= 175 7 73 or (fabftituring 14-9 9 inſtead of b 
in ute equation) 14.c|* + 14.9 X @ + 44 + 54 will be 


= 17 X 14:9 ＋ 174, or 222.01 + 14.9 X a + 44 
+'54 will be = 253.30 + 17 a. Therefore (ſubtracting 


222.01 from both ſides,) we ſhall have 149 Xa + ag 
+_ 54 = 31-29 ＋ 172, and (ſubtracting 31.29 from 
both fides,) 14.9 & 4 + 44 + 22.71 = 17a, and 
— (ſubtraQting- 1T49'X 4 from both ſides,) a a +" 22.71 
= 2.1 Xa” and, laſtly, (fubtraQing aa from' both 


ſides,) T4 I Jas 2a = 22,51, or 2. 1-4 * 4 = 
K4 1 
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22.713 that is, the product of che multiplication of 
2.1 — a: into @ will be equal to 22.71. But the greateſt 


- poſſible product of the multiplication of 2.1 — 4 into 4 
is the ſquare of half 2.1, or the ſquare of 1.05, which 


is 1. 1025. Therefore it is impoſſible that the binomial 


quantity 2.12 — 44 ſhould be equal to 22.71. And 


this impoſſible concluſion has been regularly deduced 
from the ſuppoſition that the equation x* — 17 * + 


54 = 350 had another root belides 14.9, that was leſs 
than 14.9. Therefore that ſuppoſition was a falſe ſup- 
poſition, and the ſaid equation * — 17 * ＋ 54 . 
= 350 cannot have any root beſides 14.9, that is leſs | 


than, 14-9, 


But it was ſhewn before, that the ſaid equation cannot 


have any root beſides 14. 9 that is ber than 14.9. 


2 the . equation cannot have any other 


root whatſoever beſides 14.9, or 14.954, 068,61; and 
therefore this number will be it's only root. . k. 1. 


Another Method of proving that the FE quation x — 17 * 
+. 54 = 359 has no other Root but the Noot 
14-9 54,068, br, that has been already found. 


Art. 69. In the two foregoing articles it has Sogn 
ſhewn that the equation * — 17 x? + 54x = - 350 


cannot have any other root beſides 14.954, 068, 61, or 


14,9, by proving that, if it were ſuppoſed: to have any 


other root, either greater or leſs than 14.9, an im- 


poſſible concluſioui would follow from ſuch ſuppoſition. 


This indirect way of proving, a propoſition is not quite 
fo eee or, at leaſt, ſo plealiog to the mind, as a 


direct 
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dire&t proof. I will therefore now endeavour to prove 
the ſame thing in a direct manner, by ſhewing, iſt, that, 


if we ſuppoſe æ to increaſe from 14.9, or b, to any 


greater quantity c, which exceeds 14. 97 or b, by the dif- 


ference d, the ſum of the increments received by the 
trinomial quantity ** — 17 * + 54 x, or. 55 — 17 b* 
| + 546, during the increaſe of x from b to c, or 3 + 4, 


will be greater than the ſum of the decrements which it 
will ſuffer, or the ſum of the quantities that will be ſub- 


tracted from it, and conſequently that the ſaid trinomial 
quantity à — 17 x? + 54x (which will then be equal 


to - 17 +54 or b+dV — 1) & 5 K 4 + 
54 X b + d) will, upon the whole, be greater than it 


was before, or than the abſolute term 350, and conſe- 
quently that c, or 5 + d, will not be a root of the equa- 


tion x3 — 17 + 54x = 350; and by ſhewing, 
zndly, that, if we ſuppoſe x to decreaſe from 14.9, 
or 6, to any leſſer quantity a, which falls ſhort of þ by 
the difference d, the ſum of the increments received by 
the trinomial quantity x73 — 17 * + 54x, or 3 — 


176* + 54 0, during the decreaſe of x from b to a, 


or 5 — d, will be leſs than the ſum of the decrements 
it will ſuffer, or the ſum of the quantities that will be 
ſubtracted from it, and conſequently that the. ſaid tri- 
nomial quantity - 2 N 17.27 + 54% (which will. then 


be equal to 4 — 17 45 + 544, or - d — 17 * 
b —d + 17 * ,) will, upon the whole, be de 


leſs than it was before, or than the abſolute term 350, 


and conſequently. that 45 or *. 4, will not be a root 
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of the equation a* — 17x* + 54x = 350. Theſe 
things may be proved in the manner following: | 


Art. 70. If x is ſuppoſed to increaſe from 5, or 14.9, ; 


to c, or 5 + d, the trinomial quantity x3 — 17 K* 


+ 54 x, will be changed from Þ — 17Þ* + 54% to 


s — 17 + 546 or b + dj? _ 7. +? = 
54 x T+T or Þ + 30d +364 ＋ 4 — 17 x 


NZA + 54 X 5+ 4, or 65 ＋ 35d +. 


35 d + d — 7 — 3454 — 17% + mw 


| ©. 546 or 


—176b' j 346d — 17 45 


„% OY ny = 
IT which 
+. $4924. 566 


contains the trinomial quantity * — 17 + 54 5 
| (which is equal to 350) together with the four quantities 
306*d, 3bd?, d', and 54 d, which are marked with the 
ſign +, or are added to 6 — 17 b* + 54d, and conſe- 
quently tend to increaſe it, and the two quantities 34 % d 
and 17 d*, which are marked with the ſign —, or are 
ſubtracted from b3 — 17 þb* + 546, and conſequently 
tend to diminiſh it. We muſt therefore demonſtrate that 


the ſum of the four quantities 3 5 d, 3 bh de, d, and 


54 will be greater than the ſum os the two quantities 
34 4 4 and 17 df. | 


Art. 71. Now the quadtinomial quantity 7 354 + 
ph + ff + Kunst 3877 917 X d +3 * 
149 


", YAY | ot oe, BE CREE WY, ok LA 


— 


e 


E 
14.0 & d* + d* + 54d = 3X, 222.01 X d + 
44-7 X d* + di + 54d = 666.03 * d + 44-7 X 
d + 7 . 544) 720.03 & d + 44-7 Xx 
+ d*; and the binomial quantity 346d + 17d* is 
(> 34 * 14-9 * d + 170 = 8 Xx d + 17407 £ 


- "Die 720. 03 * d is greater than a 6 X d, and 
44. X d' is greater than 17 d“. Therefore the bi- 
nomial quantity 720.03 X d + 44.7 * d* will be 
greater than the binomial quantity 506.6 Xx d + 17 d*. 
Therefore, 2 fortiori, the trinomial quantity 720.03 X 
4d + 447 * d* + d* will be greater than the binomial 
quantity 506.6 x d + 17d. Therefore the quadri- 
nomial quantity 36*d + 35 d˙ + ds + 544 (Which 
is equal to the trinomial quantity 720.03 X d ＋ 44.7 
X d + 43,) will be greater than the binomial quan- 
tity $06.6 x d + 17d, and conſequently than it's 
equal, the binomial quantity 34 6 4 + 174”. There- 


; ſore the trinomial quantity b + 4 — 17 5 TA 
+ 54 Xx b d will be greater than the. trinomial 
quantity 63 8 17 5² + 54 b, or the abſolute term 350; : 
and conſequently c, or b + d, cannot be a root of the a2 
propoſed RT * — af Sac + * | 
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Art. 72. denen if * is 8 to 4 from b, 
or 14.9, to a, or 5 — d, the trinomial quantity 1 
17 * * 54x will be changed from 5* — 17 * + 546 


to a — 17 + 54 4, or b = EOS 17 X b=2* + 


84 * 74 or B=3Þd + Shift — 17 „ 
9% 
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: FITS d* + 54 X 7— 7 or þ3 —"36*d q+ 
35 — 4s — 17 6* + 4 5 _ ny + 546 


— 54 d, Or 
0 — 3 He — nd 5 5 which 
Ke 5 

contains the trinomial quantity 23 — 176? + 546 


(which is equal to 350,) together with the four quan- 
tities 36*d, d', 17 d, and 54d, which are marked 


with the fign —, or ſubtracted from the quantity 
55 — 176* + 546, and conſequently tend to diminiſh 
it, and the two quantities 365 d* and 34 bd, which are 
marked with the ſign +, or are added to the quantity 
5 — 17 + 546, and conſequently tend to increaſe 


it. We muſt therefore demonſtrate that the ſum of the 


four quantities 36*d, d, 17d*, and 54d, which are 

marked with the ſign —, is greater than the ſum of the 

two quantities 3%,“ and 346 Lo which are marged with 
the wen +. 


Art. 13. Now the quadrinomial 8 3 my + d* 


+ 274* + 54d is (= 3 * 14.9 X d + d + 


17 d + 54d = 3 X 22201 X d + d' + 19d* + 
544 = 666.03x d d + 17d* + 54d) = 720.03 
Xx d + 174d* d; and the binomial quantity 354d“ 


+ 34 is = 3X 149 & d. 34 X 149 & d) = 


44.7 X d* + 506.6 X d. Therefore, if we can ow: 
that the rrinomial quantity 120.03 X d + 174 + ah 
i K grexter than the hinomial quantity 44. X d* + 

| | 506. 4 


( 141 ) 


506.6 X d, or 506. 6 * d + 44.7 X dz, it will follow 
that the quadrinomial quantity 345*d + d + 174 
+ 54 will be greater than the binomial quantity 35 4? 
+ 344d, and conſequently. that the trinomial quantity 


a 17% + 54 a, or H= d — 17 XK VA + 


54 X 5 — 7, will be leſs than the trinomial quantity 
6 -—176* + 546, or than the abſolute term 350 of 
the propoſed equation x3 — 17 * +'54 x = 350,' and 


—_ equation. N : + > 71 4 eee 
Art. 74. Now that the trinomial quantity 720.03'X d 
+ 17 d* + d* muſt always be greater than the binomial 
quantity 506.6 * d + 44. 7 X d* may be mme 
as follows: 


The trinomial quantity 720. 03 '*X 1 + 17 4. is 42 
will be greater than the binomial quantity 506.6 X d + 
44-7 Xx d* if the quotient of the diviſion of the former 
quantity by d is greater than the quotient of the diviſion 
of the latter quantity by d, that is, if the trinomial 
quantity 720.03 + 17d + d* is greater than the bino- 
mial quantity 506.6 + 44.7 X d. We muſt therefore 
demonſtrate that the trinomial quantity 720.03 ＋ 17 4 
＋ dd is greater than the nen 1 bs 
> cs „ HS 1 


N the inothtel quantity 72003 + 174 + dd 


will be greater than the binomial quantity 506 6 + 


44-7 X d, if 740.63 « — 0b. 50 + 17d ko 190 Is Y 
of ch khan 


conſequently that a, or 5 — d, cannot be a root of the 
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dan 44 - X d, or if 720. 04-2 306 60 + dd is 8 
than 44.7 X d — 17 % or if 213.43 + dd is greater | 


than. 27:7 X d, or if 213.43 is greater than. 27.7 X d 


| — 44, or than 25.7 — 4 Xx d. But the greateſt poſſible 


3 of 27.7 — A] ed is the ſquare of half 27.7, 


or the ſquare of 13.85, which is. leſs than the ſquare of 
14, or than 196. Therefore 213.43 (which i is greater 


than 196, ) muſt be greater than 27-7 4x d, or than 


25. X d — dd; and conſequently the trinomial quan- 


tity 720.03 + 17d + dd will be greater than the bmo- 


mial quantity 506.6 + 44-7 X d, and the trinomial 
quantity 720.0 Xx 4 + 17 4* + d“ will be greater than 


* binomial TY PER X d + 44-7 + dd. 
8 e 8 


It appears therefore that neither þ + d, nor 6 — d, 
| that i is, that no quantity either greater or leſs than b, or 
14.9, or 14. 954,068, G1, can be a root of the propoſed 


equation à — 17 * m 54 * = 350. 


ate” 


07 the Numler of R. cots in the Biguadratc Equation 
* — 3xx + 75 * = 10,000. 


Art. 75- We will next examine the ſecond equation 


-abore-reſolved, to wit, the biquadratick equation x* — 


3x* + 75x = 19,000, of which we have. found one root 
to be = 9.886,002,70, and will proceed to inquire 
whether the ſaid equation has, or has not,. any other 


root, or whether there is any other quantity beſides 


9-886,002,70, which, being ſubſtituted inſtead of * in 


the trinomial quantity x* — 3x* + 75 x, will make that 
guantity be equal to the abſolute term 10, co. 


Now 


Now this inquiry may be made with reſpe& to this 


equation with eaſe nad brevity in the ni | 


manner : 


If » is ſuppoſed to increaſe from o ad infinitum, it is 
evident that, while x is lefs than 4/3, and xx is conſe- 
quently leſs than 3, * will be leſs than LEED and conſe- 
quently the whole trinomial quantity & — 3x x + 75 * 
muſt be leſs than 75 x. But, while is leſs than ts 
75 x will be leſs than 55 * 3, or 75 * 1. 732, &, 

or 129.9. Therefore, while æ is leſs than , the whole 
trinomial quantity, (which is leſs than 75 4, will, 2 for- 

_ fiort, be leſs than 129.9, and therefore will be much leſs 


: 521 10,000, or the abſolute term of the equation 


— 3vx + 75x = 10,000, Therefore it is 
3 that no quantity leſs than 1.732, or /g, can 

be a root of this equation. And, when „ is greater 
| than /3, and x is greater than 3, it is evident that 
„ muſt be greater than 3xx, and that, while xx 


increaſes from 3 ad infinitum, the compound quantity | 
* — 3 (which i is = xx X xx — 3) will increaſe 


- continually at the ſame time from o ad infinitum, and the 
third term 75 x will likewiſe increaſe continually from | 


75 X 4/3 ad infinitum.. Therefore the ſum of theſe 
two quantities * — 3 x x and 75 æ, that is, the'trinomial 
quantity ** = 2 xx + 75 x, will likewiſe increaſe from 
(O + 75 Xx , or from) 75 X 4/3 ad infinitum without 
ever decreaſing, and therefore will once, and but once, 
become equal to any propoſed quantity whatſoever that 


is greater than 75 X 4/3, and conſequently will once, : 


and but once, become * to 10,000, or the abſolute 
? term 
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tetm of the equation a*,— 3 4.2: + 754 = 10,000 3 


or, in other words, that equation will have e, and but 


one, root. . E. I. 


This eaſy method of proving that this equation can 
have 6nly one root was ſuggeſted to me by the ingenious 


Mr. William Frend, Fellow of Jeſus College, Cambridge, 
and author of . valuable Treatiſe on Algebra in one 


volume, oQtavo, intitled Principles of Algebra, in which 
he has explained, the ſubject ; in a yery clear and ſcientifick 
manner, and without any mention of the; obſcure and 


uſeleſs doctrine of negative quantities, or quantities leſs 
than nothing, or quantities, obtained by ſubtracting a 


greater 9 . a r : 


Of the 8 of Roots in the Equation. 14,937 * — 
| 1998 * + 80 * — x* = 5000. 


Art. 76. We will laſtly examine the third equation 
above · reſolved, to wit, the equation 14,937 x = 1998 * 


| + 80x3 — * = 5000, and inquire, whether, or not, 


it has any other roots beſides the root above ound, to 
wit, 12. üer. 


Now let 5 be put ſor che root 12. 756, &c that is 


| already found, or, rather, for the whole number 13 

(which is nearly equal to it,) in order to facilitate the 
calculations which we ſhall have occaſion ro make in the 
courſe of our inquiry. And let us then ſuppoſe x to 
| increaſe from 13, or 6, to ſome greater quantity which 
we will call c, and which ſhall exceed the on root 


13, or 6, by the difference d. 
Then 


— 7 


4k % , Aa 223 
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Then it is evident that; when x is increaſed from 1 3s 
or 5, to c, or b + d, the quadrinomial quantity 14,937 5 
— 1998 5˙ + $04* — 3+ (which is equal to the abſolute 
term $000) will be changed into 14,937 c — 19986 + 
form c*, or into 14, 937 X 5 + 4 — 1998 * * +4 
＋ do Xx d — 3 + 214; that i is, into 14,937 & 
6 + 4d — 1998 X 7 ＋ 2 17+ 4 + 80 Xx 
2 ＋ , 330d + e — 
4 ＋ 464 + d * + 45 or into the com- 
3 e,, oe SY ern 


* 
= 


, { 8449379 + 14037 
— 199832 — 399654 — 19984 1 
+ $0683 + 2402 d + 240 b d + 80d | 
— 2 — 8 — 63² d. EN 7 45 1 


. 5 


which contains ; the eic quandry 143939 ho — 
1998 b* + 80 55 — 3, (which is equal to 5000 to- 
gether with the four quantities 14,937 d, 240 5, 
240 b d., and 80 ds, which are marked with the ſign +, 
or are added to the quadrinomial quantity 14,9375 =— 


1998 þ* + 8065 — , and confequently tend to in- 


creaſe it, and the ſix quantities 3996 bd, 1998 d, 
4634, 6d 4b d*, and de, which are marked with - 
the ſign —, or are ſubtracted from the ſaid quadrino- 
mial quantity, and therefore tend to diminiſh it. We 
muſt therefore compare the ſum of the four quantities 
14,037 d, 240 b*d, 2405 47, and 80 d' with the ſum of 
the ſix quant 3996 bd, 1998 d*, 45d, 68* 43, 
L 45455 


( 1466 ) 
4 bd, and di, and inquire whether the former ſum can 
ever be exactly equal to the latter ſum (in which cafe 
b + d would be another root of the equation 14,937 x 


— 1998 xx + 80 * — 4 = Soco,) or whether it 
mult not be always either greater or leſs than the aid 


latter ſum, in which caſe it will be impoſſible for , or | 


| & + a4, or any quantity greater ow 1 or 1 35 to be 4 
root of the ſaid equation. | | 


Art. 77. Now, ſince 6 is — 13, we ſhall have þ* 
(= 13") = 169, and 5* (= 13) = 2197, and con- 


| ſequently 240 b*d (= 240 X 169 X d) = 40,560 d, 


and 240bd* ( = 240 X 13 Xx d.) = 31204", and 
3996 6d (= 3996 X 13 Xd) = $1,9484, and 46% 
(= 4X 2197 Xd) = 875884, and 6d (= 6 * 
169 X 4*) = 1014 d“, and 45% (= 4 X 13 Xx 45) 
= 52 d. Therefore the four quantities 14,937 4 + 
240 b*d + 240b4d* + 804 will be (= 14,9374 + 
40, 560 + 31204 + god?) = 557497 d + 3120 
+ 80 45; and the ſix quantities 3996 64 + 1998 4 


+ 46d + 654d* + 4bd* + 4+ will be (= 


51,048 4 + 19984* + 87884 + 10144 + 524 


＋ 4.) = 60,736d + 3012 4˙ + 524* + d. We 


. muſt therefore compare the trinomial quantity 55,497 4 
=_. 3120 d + 804* with the quadrinomial quantity 
60, 736 4 + 30i24d* + 524 + 4“, in order to diſ- 
cover whether it is poſſible that they ſhould be equal to 
each —_— 


SE the trinomial quantity $5,497 4 + 3120 d 5 


+ 90 d will be equal to the quadrinomial quantity 
| 0” 


ye ee = 4 Mk. -- 


— 


| | (Cn } 
60,736d + 3012 4* + 5243 + 4“ if the binomial 
quantity 3120 4* + 80 d, is = to 60,736d — 55,4974 
+ 3012 4 + 5245 + d, or to 5239d + 301245 
+ 52d* + d4*, or if the quantity 3120d4* — 
3012 d* + $0437, or the binomial quantity 108 * 
+ 80 d' is = to the trinomial quantity 5239 4 + 
5243 + 4“, or if the quantity 108 4 + 8043 — 52d“, 
or the binomial quantity 108 4* + 2843, is = the bi- 
nomial quantity 52394 + d., or (dividing all the 
terms by 4) if the binomial quantity 108 4 + 28 d d is 
equal to the binomial quantity 5239 + 4, or if the 
trinomial quantity 108 d + 28 dd — 4* is equal to the 
ſingle quantity 5239. 


But the trinomial quantity th + 28dd — 4 
will, in the courſe of the increaſe' of x from 5, or 13, 
ad infinitum, or of the increaſe of 4 (or the exceſs of c, 
or þ + d, above b,) from o ad infinitum become equal 


to 5239; as will appear from the following conſide- 
rations: 


Art. 78. While d is increaſing from o to 1, 43 will be 
leſs than 4; but when 4 is greater than 1, 4? will be 
greater than d; and, while d increaſes from 1 ad inſi- 


nitum, d* will become equal, firſt, to 108 d, and then to | 


108 d + 28 dd, and afterwards will be greater than 
108d + 28dd, and will ſo continue, to whatever 
greater magnitude it may be ſuppoſed to increaſe. Now, 
when d? is become equal to 108 4 + 28 dd, the trino- 
mial quantity 108d + 28 4d — ds will be = o. There- 
fore, while d increaſes from © to the value which it has 
* d is equal to 108d + 28 4d, the trinomial quan- 
L * | | tity 


( 148 ) 
tity 108 d + 23 dd == a will, firſt, increaſe from o to 


a certain magnitude, and then decreaſe from that magni- 


tude to o. And confequently, if that greateſt magnitude 


of the trinomial quantity 108 4 + 28 dd — ds, during = 


the ſaid increaſe of d from o to the value which it has 
when ds is equal to 108 d + 28 dd, is greater than 
5239, the ſaid trinomial quantity ro8Bd + 28 dd — d. 
will, at two different inſtants of time, the one before it 
attains it's greateſt magnitude, and the other after it has 
attained it, and is decreaſing to o, be equal to 5239; 
and conſequently there will be two values of d which, 


being added to 4, will make the compound quantity 


14937 & 7 + — 1998 & b +4* +80 X T 


— + + e be equal to 14,937 — 1998 5* + 804 


e #8, or to the abſolute term 5000 of the propoſe] = 


equation 14,937 x — 1998 * + 89x? — x4 = 5000, 
or there will be two values of 5 + d, or two quantities 


greater than b, or 13, that will be roots of that equation. 


Now it will be found upon examination that the greateſt 


magnitude which the ſaid trinomial quantity 108 d + 
28dd — ds will attain during the ſaid increaſe of d 
from © to the value which it has when 48 is equal to 
108 d + 28 dd, will be greater than 5239, and therefore 


there will be two values of „ + d, or two quantitics 

greater than 5, or 1 3s that will be roots of the propoſed 
equation 144937 — 1998 K + 80 * — 4 = 8000. 

Theſe things may be ſhewn in the manner following: 


Art. 79. In the firſt place we will inquire into the 


magnitude of d when 43 is equal to 108d + 28 dd. 
. Now 


( 149 ). 


| Now this value of d may be determined by reſolving A 
quadratick equation. For when ds is = 108d + 28 44, 
we ſhall (by dividing all the terms by 4) have d d = 
108 + 28 d, and conſequently dd — 28d = 108. 


Therefore dd — 28 d + 141? will be (108 + 14\* = 


108 + 196) = 304, and d — 14 will be (= 4/304) = 


17.4, and d will be (= 17.4 + 14) = 31.4, or 31:4 
will be the GaN of d when 4* is equal to 70 1 
+ 28 dd. | . 


Therefore, while d increaſes from o to 31.4, the tri- 
nomial quantity 108 d + 28 dd — d. will, firſt, increaſe 
from © to a certain magnitude, and then will decreaſe 
from that magnitude and become equal to o again. 


We will next inquire what that magnitude is, to which : 


the og. + 108d + 28dd — d* will 
have Increaſed, and from which it will afterwards have 


decreaſed to o, during the ſaid increaſe of d from o to 


31.4, in order to diſcover whether that magnitude is 
greater, or leſs, than 5239. For, if it is greater than 
5239, it is evident that the trinomial quantity 108 d + 
284d — ds will, at two different inſtants of time during 
the increaſe of d from o to 31.4, namely, once before the 
ſaid trinomial quantity has attained it's greateſt magni- 
tude, and a ſecond time after it has attained it's greateſt 
magnitude, and while it is — from that magnitude 
to o, BECOME equal to 5239. 


Now let us ſuppoſe d, or the letter d with a point 
placed over it, to denote ſome extremely ſmall pfirt of 


1 3 31.45 
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21.4, (or of the vile of d when the trinomial quantity 
108d + 28 4d — ds is become a ſecond time equal to o,) 


as, for example, the 10,020,000,000th, or ten-thouſand _ 


millionth, part of it. Then it is evident that while d, in 
it's increaſe from © to 31. 4, receives one of theſe ſmall 


increments denoted by d, the ſquare of d will receive the 
ſmall increment 24d, and ds, or the cube of d, will re- 
ceive the ſmall increment 34%, and the quantities 


108 d and 28 dd will receive the ſmall increments 
108 X d and 28 X 24d, or 56 dd. Therefore the 
increment of the binomial quantity 108 d + 28 * 4 will | 


be 108d + 56 dd. 


ol 


7 "Now this increment 108d + 56dd will at firſt be 


greater than 3d d, the contemporary increment of 43; 
becauſe 108 + 56 d will at firſt be much greater than 


34 d. But, as d increaſes, the ratio of 108 + 56 d to | 


3dd (which at firſt is a very great ratio of majority,) 
will for ſome time continually grow leſs and leſs and 


approach to a ratio of equality, and will then become a 


ratio of equality, and afterwards will become a ratio of 


minority. And when this ratio is a ratio of equality, or 
108 56 4 


108 + 56d is = 34d, we ſhall have 77 5 


= dd, or 36 + 18.66 x 4 = dd, and conſequently 


dd — 18.66 XK d = 36, and dd — 18.66 Xx d + 


9-331? (= 36 + 9.33} = 36 + 87.0489) = 123.0489, 


and d — 9.33 5 123.0489) = 11.09, and d (= 
3509 + 9.33) = 20. 42. Now, fo long as the incre- 
ment, 


— oY On Wy * 


( 

ment, 108 44 56d d, of the binomial quantity» 108 d 
+ 28 4d is greater than 3 4 d, the contemporary in- 
crement of 43, it is evident that the trinomial quantity 
108d + 28 dd - 43, or the exceſs of the binomial 
| quantity 1084 + 28 dd above d?, will increaſe; but, 
when the increment of 43 becomes greater than the in- 
crement of 108d + 28dd, the ſaid trinomial quantity 
will decreaſe. And conſequently the greateſt magnitude 
of the ſaid trinomial quantity 108 d + 28 dd = ds will 
be that which it has when the ſaid iacrements are equal 
to each other, or when d is = 20.42. Es 


But, when 4 is = 20.42, we ſhall have 108 d (= 108 
X 20.42) = 2205.36, and 28 d d. (= 28 X 20.42 = 
28 X 416.9764) = 11,675. 3392, and d (= dd x d = 
416.9764 X 20.42) = 8514.658,088, and conſequently 
the trinomial quantity 108 d + 28dd d& will be (= 
2205.36 + 11,675.3392 — 8514-658,088 = 13,880. 
.6992 — 8514.658,088) = 5366.041,112. And conſe- 
quently this quantity 5366.041,112 will be the greateſt 
magnitude of the ſaid trinomial quantity. 


Now this quantity 5 366.041, 112, or (dropping the 
fractional part of it, as inconſiderable) 5 366, is a little 
greater than 5239. Therefore, while d increaſes from © 
to 31.4, the trinomial quantity 108d + 284d — ds will, 
at two different times, become equal to the quantity 5239, 
namely, once a little before ir attains it's greateſt magni- 
tude 5366, and a ſecond time a little after it has attained 
it's faid greateſt magnitude, and is decreaſing. . And 
therefore there will be two values of dh the one a little 


hs "on 


. . 


leſs than 20.42, and the other a little greater . 25.42, 
that will make the quantities 3 + 4 be roots of the pro- 
poſed equation 14,937 „ — 1998 ͤ + 8043 — 4 


= 5000. So that this equation will have two roots that 
will be greater than 13, of which the one will be ſome- 
what leſs than 5 + 20.42, or 13 + 20.42, or 33-42, 
and the other will be TIAL _ than 33.42. 


k. I, 


An Inquiry, whether the Equation 14,937 . 1998 xv + 


80 * — x* = 5000 may not have a fourth Root leſs than 


the Root 12.7 56, 441, Sc. already found. 


Ari. 80. We will now inquire whether the ſaid equa- 
tion 14,937 * — 1968 * + 8043 — K = 5000 may 


not have a fourth root that ſhall be leſs than the root 
12.7 56, 44 1, 794,480, 744, 22, which has been already 


inveſtigated, as well as the two roots that are greater 
than that root, and not very different from the number 


33.42. 


We will therefore ſuppoſe æ to decreaſe from 12.7 56, 


&c, or 13, or b, to ſome leſſer quantity which we will 
call a, and which ſhall fall ſhort of &, or 1 3, * a differ- 
ence called d. 


Then it is evident that, WE © as decreaſed from , 
or 13, to a, or b — d, the quadrinomial quantity 14,937 x 


-— 1998 x* + 80 x* — , will be changed into the qua- 


drinomial quantity 14,937 a — 1998 a* + 80 45 — 44, 
or into the quadrinomial quantity 14,937 & b —d — 


1998 X b — dz + 80 XK 7 — d\3 aol, or into 
the quadrinomial quantity 14, 937 * X 2 — 4 Es — 1998 8 - 


2 


S 


'Y 153. ) 


FITTED + 80 X 5 —3b4 + 3d Ea 
1 — 464 + 65*d* 4 643 — 4%, or into the . | 


tinomial quantity 


14.937 5 — 14,937 T 

._ = 199843 + 39965 — 1998 45 = 
+ 80 55 — 240 52 d + 240 5 da — 80 43 * 
— 2 + 46d — 652d + 4b dt; 


which contains the quadrinomial quantity 14,9375 — 
1998 b* + 80 55 — 4%, (which is equal to 5000,) together 
with the fix quantities 14,937 4, 1998 4*, 240 b*d, 80 ds, 
6 * d, and d, which are marked with the ſign —, or 
are ſubtracted from the quantity 14,937 6 = 1998 b* + 
8043 — , and conſequently tend to diminiſh it, and 
the four quantities 3996 bd, 240 6 , 463d, and 4bd3, 
which are marked with the ſign +, or are added to he 
quantity 14,937 .5 — 1998 5 + 80 2 — 0, and conſe- 
quently tend to increaſe it. We muſt therefore compare 
the ſum of the ſix quantities 14,937 d, 1998 45, 240 5 a, 
80 43, 6 U 4?, and d“ with the ſum of the four quantities 
| 3996 6 4, 240 bd, 4634, and 45s, and i inquire, whe- 
ther the former fond can ever be exactly equal to the 
latter ſum, (in which caſe þ — 4 would be another root 
of the equation 14,937 x — 1998 ＋ 8043 — a* 

= Sooo,) or whether it muſt not be always either greater 
or leſs than the ſaid: latter ſum, in which caſe it will be 
impoſſible for a, or b — 4d, or any quantity leſs than 6, 
or 13, to he a root of the ſaid equation. 


Art. 81. 


C861 


Art. 81. Now, ſince 3 is = 13, we ſhall have 5˙ = 
169, and 33 = 2197, and 240b*d = 49,5604, and 

240bd* = 312047, and 3996 bd = 51,948 d, and 40? 4 
_ = 87884, and 65*d* = 1014 45 and 4 4 = -__ | 
Therefore the fix quantities 14,937 4 + 1998 4 
240 b*d + 8043 + 66b*d* + d“ will be (= 144937 17 - 
1998 d* + 40, 560 d + 80d + 1014d* + db) = 
55,497 4 + 30124* + 8043 + 4+; and the four quan- | 
tities 3996 5 4 + 240 U ＋ 463d + 4643 will be (= 
51,948 d + 31204* + 8788 J + 52 de) = 60,736d + 
31204* + 524*, We muſt therefore compare the 
quadrinomial quantity 55,4974 + 3012 4 + 804? + 4. 
with the trinomial quantity 60,736 4 + 3120 d* + 52 43, 
and inquire, whether it is poſſible for the former quantity 
to be equal to the latter. 


Now the quadrinomial quantity 55,497 4 + 3012 d* 
+ 8043 + 4+ will be equal to the trinomial quantity | 
66,7364 + 3120d* + 5247 if the trinomial quantity 
30124* + 8043 + d* is equal (to the quantity 60,736 4 
— 55,4974 + 3120d* + 5243, or) to the trinomial 
quantity 52394 + 31204* + 5243, or if the binomial 
quantity 8043 + d* is equal (to the quantity 5239 d + 
3120 4. — 3012 4* + 52 45, or) to the trinomial quan- 
tity 5239 d 108 4? + 52 45, or if (the quantity 80 47 
— 52 45 + 4% or) the binomial quantity 28 4 + 4. is 
equal to the binomial quantity 52394 + 108 4}, or if 
the binomial quantity 28 4d + ds is equal to the bino- 
mia] quantity 5239 + 108 4. We muſt therefore in- 
quire whether it is poſſible = the binomial quantity 

Wd 


("38 7 
28 dd + i to be equal to the binomial n_—_ 5239 * 
108 d. 


Art. 82. Now d muſt in this caſe be leſs than 5, be» 
cauſe it is to be ſubtracted from it. We may therefore 
ſuppoſe d to increaſe from o to 5, or 12.7 56, or 13, but 


ma further. 


Now, when d is = 5, or 1 3, we ſhall have 108 d (= 
108 X 13) = 1404, and dd (= bb = 13]*) = 169, 
and di (= 43 = 14]) = 2197, and 28 4d (= 28 X 

169) = 4732. Therefore in this caſe the binomial 
quantity 28 4d + ds will be (= 4738 + 2197) = 0929, 
and the binomial . quantity 5239 + 108d will be 1 
5239 + 1404) = 6643; whych is leſs. than 6929. 
Therefore, while 4 increaſes from © to 13, or 6 — 4 
decreaſes from 5 — o, or 6, to þ — 6, or o, the binomial 


quantity 28 dd + 45 will increaſe (from 28 x d + a, 
or) from o to 6929, and the binomial quantity 5239 + 
108 d will increaſe from (5239 + 108 X o, or 5239 + o, 
or) 5239 to (5239 + 1404, or) 6643, which is leſs than 
6929, or the greateſt value of 28 4d + du. And conſe- 
quently there will be an inſtant of time during the in- 
creaſe of the binomial quantity 28 4d + ds from © to 5 
6929 at which, after having been much leſs than the other 
binomial quantity 5239 ++ 1084, it will become equal to 
it: and therefore there will be ſome value of d during it's 
| increaſe from © to ö, or 13, which will make the quantity 
5 — 4, or a, be a root of the. propoſed equation 14,937 x 
— 1998 + 80 43 — 2 = 5000, or, in other words, 
the ſaid equation will have a fourth root that will be leſs 
than &, or 13, or 12.7 56,441,794, 480, 744, 22. & E. I. 


* 


Ain Invrfligation of a firſt near Value of a, or the fourth, cr 
leaſt, Root of the Equation 14,937 * _ 3 > 00.43 


— 2 * 


Art. 83. And, becauſe 1 e the bino- 
mala quantity 5 239 + 108 4 when dis = 13, is but little 
leſs than 6929, or the value of the binomial quantity 
284d + 4d* at the ſame time, it is evident that 4 
will be but little leſs than +, or 12, when the binomial 
quantity 28 4d + ds is exactly equal to the bino- 
mial quantity 5239 + 108d; and conſequently we may 
conclude that 6 — &, or a, will be but little greater than 
5 — b, or o; that is, the fourth root of the propoſed 
equation 14937 x — 1998 x* +'80x3 — x* = 5000 

will be but little greater than o, or will be only a oy 
ſmall quantity. 


Art. 84. And as a further proof that this fourth, or 
leaſt, value of » will be only a ſmall quantity and leſs 
than 1, we nced only ſuppoſe r to be = 1, and ſubſtitute 
1 inſtead of it in the terms of the compound quantity 
14,037 x — 1998 * + 8043 — «. For, if this be 
done, we ſhall find the ſaid compound quantity to be (=. 
14,937 X 1 — 1998 XIX1+80X1X1I XX 1— 
NN RX 1 * 14,937 — 1998 + 80 — I = 
15,017 — 1999) = 13,018, which is almoſt triple of 
5 ooo, or the abſolute term of the equation 14,937 x — 
1998 x? + oa — a“ = 5000, or of the true value of 
the compound quantity 14,937 x — 1998 * + 8043 
— *in that equation; and conſequently 1 muſt be 
much greater than the ſaid true value of x, or the leaſt 
a chis equation. Qs . n. 


=IAI 


Art. 85. 


{31 

Art. 85. Since 4 18 conſiderably leſs than 1, and pro- 
bably not much greater than +, or 0.33, the ſeveral 
powers of x, to wit, **, x3, and , will be much leſs 
than * itſelf; and therefore the three terms 1998 * 
80 x3, and 44 will be much leſs than 14,937 x, or the 
firſt term of this equation; whence we may infer that, 
in order to obtain a tolerably near value of x, we may 
ſafely ſuppoſe the firſt term alone of the compound 


= quantity 14,937 X — 1998 * + 80 2? — 44 to be equal 


to the whole four terms, and conſequently to the abſolute 
term 5 000, and may deduce the value of » from that 


ſuppoſition. And then we ſhall have x = 5500 = 


14,937 | 
0.33- Therefore 0.23 will be a firſt near value of the 


leaſt root of the equation 14.937 x — 1999 x* + 80 43 


3 * = Sc. 


Now, in order to difcover whether o. 33, or this firſt 
near value of & is greater or leſs than it's true value, let 
it be ſubttituted inſtead of * in the compound quantity | 

14,937 x — 1998 x* + 80x3 — 44. And we ſhall then 
have x* (= 6.331 ) = 0.1089, and 'x3 ( = 0.331? ** 
0.035, 937, and * (= 0.331t) = 0.011,859,21, and 
14,937 (= 14,937 X 0.33) = 4929.21 and 1998 * 
(= 1998 X 0.1089) = 217.5922, and 8043 (= 80 & 
o. o 35, 937) = 2.874, 960. Therefore the whole com- 
pound quantity 14,927 * — 1998 * + 8045 — 44 will 
be (= 4929.21 — 217. 5822 + 2.874, 960 — 0.011, 
859,21 = 4932.084,960 — 217.594,059,21) = 4714» 
.490,900,79, which is conſiderably leſs than 5000, or the 
abſolute term of the propoſed equation 14,937 « 
1998 ** + 80 K w at = _— 1 herefore 0, 33 will be 

leſs 


( 158 ) 


leſs than the true value of x, or the leaſt root of that 
equation. And therefore it ſeems reaſonable to conjec- 
ture that the ſaid true value will be more nearly equal to 
o. 35; and this ſecond near value will be very near the 
truth, and will be an excellent baſis for a further ap- 
proach to the true value of x by Mr. Raphſon's method 
of approximation, which may be made in the manner 
following : | 


A further Inveſtigation of the Value of the leaſt Root of the Bi- 
quadratick Equation 14,937 x — 1998 * + 90 2 — 4 
= 50co by Mr. Raphſon's Method of Approximation. 


Art. 86. Since 0.35 has been found to be a near valae 
of the leaſt root of this equation, let it be ſubſtituted 
inſtead of » in the terms of the compound quantity 
14,937 x — 1998 * + 80 * — x4, in order to diſcover 
whether the value of the ſaid compound quantity reſult- 
ing from ſuch ſubſtitution will be greater, or leſs, than 
ooo, or the abſolute term of the ſaid equation, and con- 
ſequently whether o. 35 will be greater, or leſs, chan che ä 
true value of the leaſt root of that equation. 


Now, if x is = © 35, we hall hams x x (= 0.351) = 
1 x3 (= 0.35) = 0. 042,875, and K* * (= 
0.3514) = 0.01 55006, 25, and conſequently 14,937 * (= 


14,937 X 0.35) = 1 95, and _ * (= 1998 * 
| | | O. 1225) 


:-( L 
0.1225) = 244-7550, and 80 * (= 80 Xx 0.042,875) = 
3-430,090, and conſequently 14,937 x — 1998 * + 


do x3 — x*-( = 5227.95 — 244-7550 + 3.430, 00 — 
0.015,000,25 = 523 1.380, 0 — 244.770,006,25) = 


4986.609,993,75 3 Which is ſomewhat leſs than 5000, or 


the abſolute term of the equation 14,937 x —= 1998 K 
+ 80 x3 — x* = 5000. Therefore o. 35 is ſomewhat 
leſs than the true value of x, or the leaſt root of the 
ſaid . . F. 1. 


Art. 87. Now let = be put for the unknown difference 


buy which the true value of x exceeds it's near value 0.35. 


And we ſhall then have & = 06.35 + 2, and xx ( = 


0.35 + z\* = . 35“ 2 0.35 KS + 
0.1225 + 0.70 X # + A 


and a? (= 3135 +21" = S200 „ * z + &c 
= 0.3513 + 3 K . 1225 X » ＋ & 


=-0-JF5 3 '+ 0.3675 X z + &) 
= 0.042,875 + 0.3675 * 2 ＋ Ke, 


and x* (= 0.35 T2 = o. 35K + 4 * 0.3513 * x + &c 


85 0.3514 + 4 * 0.042,875 Xx 2 + &c 
= 5:3514 + - 9.171, 0 X z + &c) 
= 0.015,006,25 + 0.171,500 * 2 + Ke. 


Therefore 14,937 x will be (= 14-937 X 0.55 12 = 
14,937 & 0.35 + 144937 X 2) = 5227-95 + 143937 X 23 


5 and 1998 * will be (= 1998 X 0.1225 + 0.70 X 2 + & 


= 1998 X 0.1225 + 1998 X 0.70 X 2+ &c) = 244.7550 
+ 1,398.60 x 2 + Ke, 


and 


1 


ro} 


and 80.43 will be (= 80 X ©. 042,875 F 0.3015X= + &, 


= 80 X 0:042,875 + 80 X 0. 3675 X 2 + &c) 


"= 3.430, 00 + 29.4000 * 2 + &c; and conſequently 
Ds compound quantity 14,937 x — 1998 * + 80 43 
— 44 will be equal to the following compound quantity, 


to wit, 


$227.95 + 14,937 — * 
= 244-7559 = 1,398.60 K Ke = BH 


| I! + 3.439,000 | + 29.4000 x z + & { 5 


— 0.015,006,26 — o. 171, 00 X z Ke, 


= ' $5231.380,000,00 + 14,9 "JEM TY 
= IM) 244.770,006,25 cw -. 1,398.77 1,500 1 | 


4986.659,993,75 + 13,567.028,500 X z &c, 


But the compound quantity 14,937 x — 1998 */ 
Our? — * is = 5000. 


Therefore the binomial quantity 4986.609,993,75 + 
13,507.628,500 X z will alſo be = 5000. And conſe- 
quently 13,567.628,500 X z will be (= SO. oo, oo, oo 
— 4986.609,993,75) = 13.390,06, 25, and z will be 

_ 13.390,006,25 52 
. 13,567.628,500 
0.35 + 25 will be (= 0.35 To. 000,986,9 ) =" 8.35. 
986,9, or, very nearly, o. 350, 987; that is, O. 350, 987 
will be a third near value of x, or the leaſt root of the 


©. 000,986,9. Therefore æ, or 


propoſed equation 14,937 x — 1998 * + 8043 — a* 


= £000. | Q. E. I. 


Note. 


Cul) 


Note. All the ſix figures of this value of x are exact. 
For, if we were to go through a ſecond proceſs of Mr. 
| Raphſon's method of approximation, by ſuppoſing » to 
be equal to 0.350,987 + 2, and proceeding as above, 
we ſhould find 2 to be = o. ooo, ooo, o45, 866, 14, and 
conſequently the more accurate value of x to be (0.350, 
987 + o. ooo, oo, o45, 866, 14, or) o. 3 50, 98,04 5,866, 14; 
of which all the figures are probably exact. But I ſhall 
content myſelf on the preſent occaſion with having in- 
'veſtigated this leaſt root of the equation 14,937 X — 
1998 * + 80x3 — * = 5000 to the foregoing fix 
figures, o. 3 50,8 7. 


Of the Tao Greateſt Roots of the Equation 14937 5 
| 1998 ** + 80 * — a* = 5000, of which the Leſſer 
is ſomewhat leſs, and the greater is ſomenubat Cm | 
than 32.42. 


Art. 88. We will now proceed to inveſtigate to a | 
moderate degree of exactneſs the two greateſt roots of 
the equation 14,937 x — 1998 x* + 80x* — x* 
= $000, which have been ſhewn above, in art. 79, to 
be nearly equal to 33.42, the one being a little leſs, and 
the other a little greater, than that number. And, firſt, 
we will endeavour to find the leſſer of the ſaid roots. 


| Now, ſince the leſſer of theſe roots is leſs than 33. 42, 
I will, firſt, ſuppoſe it to be nearly equal to 32, and will 
denen 
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Now, if x is = 32, we ſhall "DN 20 {= -— 


1024, and * (= 32)3) = 32,768, and x* (= 32]*) = 


1,048,576, and 14,937 x (= 144937 X 32) = 477,984, 
and 1998 rx (= 1998 X 1024) = 2,045,952, and 80 x3 
( == 80 X 3277059 = 2,621,440, and conſequently 
14,937 x — 1998 * + Box? — XK ( = 477,984 — 


2504 5,95 2 N 2621,44 — 1,948,576 = = 3,099,424 — _ 
3,094, 528) = 4,396 z which is a very little leſs than 

odo, or the abſolute term of the propoſed equation. 
Therefore 32 will be a very little leſs than x. i 


- 


We will next ſuppoſe x to be = 32.1, and d ſubſtitute 
32.1 inſtead of x in the compound quantity 14,937 x 


— 1998 r + 8043 = K, in order to try whether 


\ that value of .v will make the value of the ſaid compound 
quantity approach nearer than the 2 value 4896 to the 


abſolute term Ow, 


| Now, if x is = $2.1, we all have x» (= 52-11") 


= 1030.41, and x* (= 32.1)*) = 33,076.161, and * 
(= 52.11*) = 1,061,744.7681, and 14,937 * (= 


14,937 X 32-1) = 479,477-7, and 1998 * (= 1998 


335,076. 161) = 2,646,092.880, and conſequently 
8 14,937 4 


ſubſtitute 32 inſtead of * in the compound quantity - 

14,937 x — 1998 x* + 80 * — , in order to dif- 

cover whether the value of the ſaid compound quantity 
reſulting from this ſuppoſition will be greater or leſs 

than 5000, or the abſolute term of the equation 14937 
— _— + 80 * 000. | 


Tp 


& 1030.41) = 2,c58,759.18, and 80x* (= 80 X 


it 163 ) 


14,937 — 1998 * + 80 — 4 = (479.4777 — 
250 58,759.18 + 2,646,092.880 — 1,061,744. 7681 = 
3,125,570.580 — 3,120,503.9481) = $5066.6319;z 
which is a little greater than the abſolute term 5000! of = 
the propoſed equation 14,937 x — 1998 ** + 80 * — 
x* = 5000, but differs leſs from it than the former 
number 4896, ariſing from the ſubſtitution of 32, did. 
Therefore the true value of x will be greater than 32, 
but leſs than 32.1, and will probably be nearer to 32.1 
| thanto 32. 1 3 


Art. 89. We are now in poſſeſſion of three different 
values of the compound quantity 14,937 * — 1998 K* 
+ 80 * — K, to wit, 4896, 5000, and 5066.6319, 

which reſult from the ſubſtitution of the number 32, 

and of the true value of x, and of the number 32.1 in 

the ſaid compound quantity. We will now therefore, in 
order to obtain a more accurate value of x than either 

32 or 32.1, have recourſe to the doctrine of the Scholium 
contained above in art. 44, 45, 46, &c - 5, and 

ſuppoſe that the exceſs of the greateſt value of x, to wit, 

' 32.1, above the leaſt value of x, to wit, 32, will be to 

the exceſs of the true value of & above 32, in nearly 

the ſame proportion as the exceſs of the greateſt value of 
the compound quantity 14,937 — 1998 x* + 80x3 

— x*, (correſponding to 32.1,) to wit, the number 

5066.6319, above the leaſt value of the ſaid compound 

quantity, to wit, the number 4896, (correſponding to 

32,) is to the exceſs of the middle value of the ſaid 

e quantity, (correſponding to the true value 

2 of 
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of x,) to wit, the abſolute term 5000 of the equation 
14,937 x — 1998 * + 80 x3 — x4, above the leaſt | 
value of the ſaid compound quantity, to wit, the num- 
ber 4896, which correſponds to 32; that is, we will 


ſuppoſe 32.1 — 32 to be to x — 32 in nearly the ſame 
proportion as 5$066.6319 — 4896 is to 5000 — 4896, 


or o. 1 to be to x — 32 in nearly the ſame proportion 
as 170.6319 is to 104. And then we ſhall have x — 


o. 1 X 104 


wr rg, or tz the decimal 


32 =, nearly, 


fraction 0.6319 of the denominator 170.6319, 73 — 


— 104 2 2 = 0.06 z and conſequently x will 
172. — 


be (= o. 06 ＋ 22, or) 32 06. Now this will be very 
nearly equal to the true value of x, and will therefore 
be an excellent baſis to a further approach to the ſaid 
true value by means of a proceſs of Mr. Raphſon's 


method of approximation, which may be performed as 
follows: | 


An | Invefigation of a nearer V, alue of the Third Root of the 

Equation 14,937 x — 1998 * + Box? — 4 = 5000 
(which is a little greater than 32,) by Mr. e „ 
Ys ethod of Approximation. 


- % 


Art. 90. Let the laſt near value of x, to wit, 32.06, 
be ſubſtituted need of x in the compound quantity 
e 


( ug ) 


14,937 _ 1998 x* + 80x3 — a4, in order to diſ- 


cover whether the value of the ſaid quantity reſulting 
from ſuch ſub{titution will be greater, or leſs than 5000, 
or the abſolute term of the propoſed equation 14,937 x 


— 1998 x* + 80a — 4 Soco, and conſequently | 


to determine whether 32.c6 1s ends or Folks than the 
true value of x. 


Now, if we ſuppoſe a to be = 32.06, we ſhall have 
xx (= 32.06)") = 1927.8436, and * (5 32.0613) 5 
32,95 2.665, 8 16, and 47 (= 32.060) = 1,056,462.466, 
060, 96, and 14,937 * ( = 14,937 * 32.060 
478,880.22, and 1998 * (= 1998 X 1027.84.36) = 


2,053,631-5128, and 80 * (= 80 & 32,952.065,816)' 


= 25636, 213. 265, 280, and conſequently 14,937 x — 
1998 + 80* — 4 = 478,880.22 — 2, 05 3,631.5 128 
+ 2, 636, 213.265, 280 — 1,056, 462.466, 060,96 = 
3,115,093-485,280 — 3,110,093.978,860,96 = 4999. 
506, 419,04; which is a very little leſs than 5000, or the 
abſolute term of the equation 14,937 x = 1998 K + 

80 4 — 4 = 5000. Therefore 32.06 mult be a very 
Hittle leſs than the true value of x in that equation. 

| Du G E. I. 


Art. 91. Now let 2 be put for the unknown difference 
by which the true value of x, or the third Toot of the 
equation 14,937 x — 1998 * + So — x* = $5000, 
exceeds it's near value 32.06. And we ſhall then have 


x = 32.06 + z, and conſequently xx (= 32.06 + 2)* 

| = 32.00 + 2 & 32.06 X 2 + & = 32.06}* + 

64.12 Xx z + &c) = 1027.8436, + 64. 12 X 2 +. 8%, | 
| M3 and 
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| „„ 
and x3 ( 5:96 b x 3 0605 + 3 Se . 
| = 32.06} + 3 X 3 * 2 + &c 
= 32.00 * | 3083.5308 x = + &c) 
= 32, 982. 665,816, + 3083. 5308 * * Ke; 
2 0 366 ＋ A. = 3a: 000 + 4 x 32.06 x = + de 
= 32.0604 4 4 * 32, 952. 655,816 * 2 + & 


= 32.06)4 + 131,819.63, 264 * 2 + &c) 
= 1, 056, 462.466, 050, 96 + 1 3 58 10.663, 264 T2 T &c. 


Therefore 14,937 x will be (= 14,937 X 32.00 + 2 
= 14,937 & 32-06 + 14,937 Xz) = 478,880.22 + 14,937 Xz; 
and 1998z* will be (= 1998 X 1027.8436 +64.12Xz+ &c 

= 1998 X 1027.843606 + 1998 X 64.12 X 2 + &c) 
= 2,053,031-5128 + 128,111. 70 X 2 + &c; 
and 80 x* will be (= 80 X | 8 
32,9 52.665, 810 + 3683.5 308 X 2 + & = 80 
X 32, 952.665, 816 + 80 X 3083. 5308 X 2 + &c) 
= 2, 636, 213. 265,280 + 246, 682.4640 Xx 2 + & c 


and conſequently the compound quantity 14,937 x — 
1998 K* + 80x* — 42% will be = the compound 
quantity „ | 


5M 2 478, 880. 22 ff | 
| = 2,953,631-5128 — 128,111.70 X z = & _ 


+ 2,636,21 3.26c,280 + 246,682.4640 x 2 + &c ? 
© = 7-256,462.466,060,96 = 131, 810.663, 264 x * , þ 


(67 ) 


5 3,11 5,093.485, 280 + 261,619. 4640 X z + fin 
- een, 7 eee X 5 On 


= the binomial quantity 4999-506,419,94 + 1697 040, | 


736 * 2 GC. 


But the compound quantity 14,937 * — 58 + 
80 x3 — * is = 5000. 


Therefore the binomial quantity 4999. 506,4 10504 » 


1,697.040,736 X 2 will alſo be = 5000. And conſe- 


quently 1697.40, 736 X 2 will be (= 50. ooo, oo, 


| = 4999-506,419,04) = o. 493,580, 96, and z will be = 


0.493-580,96 

1697.040,730 

32.06 + 2, will be (= 32.06 + eee 
32. een Q „öͤöͤ¹ãb—Ä "A 


o. ooo, ao, gab. Therefore * or 


Of this 1 32. „ of the third root of i 
the propoſed equation 14,937 x — 1998 & + 80x? 
— * = 5000 I am confident that the firſt eight figures 


32.060, 290, are exact; and the ninth figure 8, is either 
exact, or too little only by an unit, the ſaid root having 
been found by another inns of it to be 32.060, 
290,901, Ke. ; | 


(18) 


Of the Fourth, or Greateſt, Root of the Equation 14,937 x 


— 1998 * + 80x* — * = 5000. 


Art. 92. The fourth, or greateſt, root of the equation 
14,937 x — 1998.x* + $043 — 4 = 5000 has been 
ſhewn above, in art. 79, to be ſomewhat greater than 


33.42. Now, if we ſuppoſe it to be as much greater 


than 33.42 as the third root 32.06 is leſs than 33.42, it 


will be = 34.78, or nearly, = 34.8. We will therefore 
' ſuppoſe it to be equal to 34.8, and will ſubſtitute 34.8 
inſtead of x in the compound quantity 14,937 x — 


1998 x* + 80x3 — 44, in order to diſcover whether 
the value of that quantity reſulting from this ſubſti- 


tution will be greater, or leſs, than 5000, or the abſo- 
lute term of the equation 14,937 x — 1998 K* + 80x3 
= = ooo, and thence to determine whether 32.8 


will be greater, or leſs, than the true value of the greateſt 


root of this equation. | 


Now, if we ſuppoſe & to be equal to 34.8, we (hall 


have xx ( 34-81") = 1211.04, and x* (= 34-8]*) = 
42.144.102, and * (= 34.8]*) = 1, 466, 617.8816. 


Therefore 14,937 x will be (= 14,937 X 34.8) 
519, 807.6, and 1998 ** will be (= 1998 X 1211.04) = 


2,419,657-92, and 80 x3 will be (= 80 X 42,144-192) : 
= 3,371,535. 300; and conſequently the compound 
OF 142937 * — "90 x? — e — x+ will be 


1 


( 
] 


. r a WC 


( 165 * 
= $19,807.6 — 24195657 92 + 3.3775 35.360 — 
14665687 8810 = 3,891,342. 960 — 3,886, 275. 8016) | 


S $5067.1584 z which is ſomewhat greater than 5000, 


or the abſolute term of the equation 14,937,x — 1998x* 
| + 80x3 — 4 = 5000. And hence we may conclude 
that 34.8 is leſs (inſtead of being greater,) than the true 
value of this greateſt root of this equation; becauſe, 
after x, in it's increai? from o ad infinitum, is become 
greater than 33.42, the compound quantity 14,937 x — 
1998 x* + 80 x3 — 4 decreaſes to o, while x increaſes 

from 33-42 to the magnitude which it has when the 
compound quantity 14,937 x — 1998 x* + 80 * — a+ : 
is = ©, or when 1998 * + x4, af er having been leſs 
than 14,937 * + 80 x*, becomes equal to it, or 1998 2 
+ ax* t:comes equal to 14,937 +,.80 * or * — 80 x* 
＋ 1998 * becomes equal to the known quantity 14,937, 
or while x increaſes from 33-42 to the quantity that is 
| the root of the cubick equation x3 — 80 + 1998 x 
= 14,937- And, when x is greater than the root of this 
cubick equation, and increaſes from thence ad injinitum, 
the binomial quantity & + 1998 * will always be 
greater than the binomial quantity 80 * + 14,937 Ts 
and the quadrinomial quantity 4* + 1998 x* — 80 


— 14,937 x, or x* — 80 * + 1998 * — 14,937 x, or 


the exceſs of x* + 1998 x* above 80x3 + 14,937 x, 
will increaſe continually ad infinitum. But, not to dwell 
longer on this nice ſubject of the alternate increaſe and 
decreaſe of the compound quantity 14,937 » — 1998 a* 
+ 8037 — a+ during the increaſe of & from © to a 
certain magnitude, the decreaſe of this compound quan- 
tity while x increaſes from 34.8 to ſome quantity a little 

greater 


( 


greater than 34.8 will appear beyond a doubt by actually 
ſubſtituting in the terms of the ſaid compound quantity 
ſome number a little greater than 34.8, and comparing 


the reſult of ſuch ſubſtitution with 5067. 1584, or the 


reſult of the ſubſtitution of 34.8 in the ſaid eompound 
quantity, which has been juſt now made. For it will be 
found that the ſaid reſult will be leſs than 5067.1584, or 


the former reſult. And with this view I thall now pro- 


ceed to ſuppoſe x to be equal to 34.9, inſtead of 34.8, 


and to ſubſtitute 34.9 inſtead of x in the terms of the 


ſaid compound we 14937 ©" — 1998 * + 80 * 
— *. 


Art. 93- Now, if x be ſuppoſed to be = 3 9, we 
mw have x * (= 34-91") = 1218.01, and #3 (= 349 
= 42, 508.540, and 4 (= 34.9“) = 1,483,548. 3601, 
and 14,937 x (= 14,937 X 34-9) = 521, 301.3, and 


1998 * (= 1998 X 1218.01) = 2,433,583.98, and, 
80 & (= 80 X 42, 508.549) = 3, 400, 68 3.920.  There- 


fore the compound quantity 14,937 x — 1998 x* + 


802 — x+ will be (== 5215301.3 — 2,43 37,583.98 3 
| 3400,683. 920 — 1,483,548.3601 = 3,921,985.220 — 


22917,132.3401) = 4852.8799; which is leſs than 


5067. 1584, or the value of the ſame compound quantity 


when x is equal to 34.8. So that while x increaſes from 
34-3 to 34-9, the compound quantity 14,937 x — 
1998 K* + 80x% — 41 decreaſes from 5067. 1584 to 


485 2.8799, and conſcquently the value of x» when tat. 


compound quantity is equal to 5000, (which is leſs than 


5067. 1584 and greater than 4852.8 799) will be greater 


than 34.8, but leſs than 34. 9. 
| Art. 94. 
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Art. 94. And here it will be convenient to have re- 
courſe again (as we had above in art. 89,) to the doc- 
trine of the Scholium contained above in articles 44, 45, 
46, &c -.- - - 54, in order to obtain a ſtill nearer value 

of » than 34-8, before we make uſe of Mr. Raphſon's 
method of approximation. For we are now in poſſeſſion _ 
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of three different values of the compound quantity 
14,937 x — 1998 * + 80 * — ++ which differ but 
little from each other, to wit, the three numbers 
5067. 1584, Sooo, and 4852.8799, which correſpond to 
the numbers 34.8, and x, (or the true, value of the 
greateſt root of the propoſed equation 14,937 x — 
1998 x* + 80x!) — 4 = ooo, ) and 34-9, or which 
reſult from the ſubſtitution of thoſe three numbers, re- 
ſpectively, in the terms of the ſaid compound quantity. 
And therefore we may ſuppoſe that the difference of the 
two extream numbers of the firſt ſet of numbers, to wit, 
5067.1584, 5000, and 4852.8799, will be to the differ- 
ence of the ſecond and third numbers of the ſame ſet in 
nearly the ſame proportion as the difference of the. two 
extream numbers of the ſecond ſet of numbers, to wit, 
34.8, x, and 34.9, is to the difference of the ſecond and 
third numbers of the ſame ſecond ſet. And then we 
| ſhall have 506). 1584 — 4852-8799 : 5000.0000 — 
4852.5799 :: 34:9 — 34-8 : 34-9 — 4, that is, 214.2785 
: 147-1201 :: O. 1: 34.9 — x; and conſequently 34.9 = x 
will be = ( 2 = 2 =0.068, and 
34-9 will be = 0.068 + x, and & will be = 34.900 — _ 
S. 068 = 34.832; that is, the fourth, or greateſt, root of 
the equation 14,937 — 1998 + 80 ** — x* = 5000 
will be _— equal to 34-832. | E E. 1. 5 
EY 9 LY 
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An Inveſtigation of a Nearer Value of the Fourth, or Great: 


Root of the Equation 14,937 x — 1998 * + 8033 — 


* = $000, (which is. greater than 34. 2.) 7 Ar. | 


. Raphſon s Method of been 


. 905. Let the laſt near value of x, to wit, 34.832, 


be ſubſtituted inſtead of x in the compound quantity 


14,937 x — 1998 * + 80x* — a*, in order to dif- 


cover whether the value of the ſaid quantity reſulting 


from ſuch ſubſtitution will be greater, or leſs, than 3 


or the abſolute term of the propoſed equation 14,937 


— 1998 x* + 80a — a4 = Foco, and ard | 


fo determine whether 34.832 will be greater, or leſs, 
than the true value of x, or the greateſt root of that 


equation, which we are now inveſtigating, 


55 Now, if we ſuppoſe x to be = 34.832, we ſhall 


- have xx (= 34.8321?) = 1213.268,224; 

and & (= 34.8320) = 42,260.558,778,368, 
and a4 (= 34.831 4) 1,472,019. 783,308, 114,176 
and 14,937 (= 14,937 X 34.832) = 520, 285.584, 


and 1998 45 4 * * 8 268 224) = 2,424, 


| 109.911,552, 
and 80 a (= 80 X 42, ens 558,778,308) = 3,380, 


844.702, 269, 440. Therefore the compound quantity 


14,937 «» — 1998 ＋ 80K — 44 will be (= 
* 584 — n 9552 + 3 380,844- 702, 
269,440 


4 — [1 2 r 


wn Gn r 


-_ 


my LY rw) ac_ 


Con) 


"a — 1,472, 019.783, 368, 114, 16 = 3,901,130. 
286,269,440 — 35896, 129. 694,920, 114, 176) 
5000. 591, 349,3 2824; which is a little greater than 
5000, or the abſolute term of the equation 14,937 x — 
1998 * + 80 * — a* = 5000. h | 
It appears therefore that, while x increaſes from 34.8 
to 34-832, the compound quantity 14,937 x — 1998 K* 
+ 80 x3 — 14 will decreaſe from 5c67.1584 to 5000-591, 
349,325,824, and that, while x increaſes further from 
34.832 to 34.9, the ſaid compound quantity will de- 


creaſe further from 50co.591,349,325,824 to 485 2.8799. 


And therefore when the ſaid compound quantity is ex- 


actly equal to 500, the value of à will be greater than 


34-832, but leſs than 34.9 that is, the true value of the 
fourth, or greateſt, root of the equation 14,937 x — 
1998 x* + 80x* — x4 = 5000 will be ſomewhat 
greater than 34-832. | 


Art. 96. Now let z be put for the unknown difference 


by which the true value of x, or the fourth, or greateſt, 
root of the equation 14,937 x — 1998 * + 80.x% — 

4 = odo, exceeds it's near value 34.832. And we ſhall 
then have x == 24.832 + 2, and conſequently 


4 (= 34-832 + 2\* = 34.832\* + 2 X 34-332 XR = + &c 
34-532) + 69.64 x = + Ke) 
= 1213.268,224 + 69.664 * * + &, 
and & (= 34-832 + 23 = 3 4.832} + 3 * 343321? X 2 
. + &c = 34-842)3 +3 * 1213.268,224 X % + &c 
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( 174 ) 
2 4.8323 + 3639.804,672 x * + ke) 
= 42, 260. 5 58,778, 368 + 3639. 804,672 * 2 + &c, 
and a* (= 34-332 + 2+ = 34-8321* +'4 x 34-8320 xz + 
| &c = 34.832 —＋ 4 X 42,260. 558, 778, 368 x z + & 
= 34-832]+ + 169,042. 23 5, 1 13,472 X = + &) 


= 1,472,019-783,263,114,1760 + Ga cd 235,113,472 
| | | Xx 2 + &,., 


Therefore 14,937 x will be (= 14,937 X 34-832 + z 
= 14,937 & 34 832 + 14,937 X 2) = 520, 285.584 
+ 14,937 X z; and 1998 * will be (= 1998 X 
1213.268,224 + 69.004 X z + & = 1998 X 1213. 
268,224 + 1998 X 69.664 X 2 + &c) = 2,424,109. 
911,552 + 139,188.672 X 2 + Ke; and 80 & will be 
0 42,160. 5 58,778, 308 + 3639. 804, 072 X z = 
80 X 42,260.558,778,368 + 80 X 3639.804,672 X 2 
+ & c) = 3,380, 844.702, 269,440 + 291, 184.373,70 
X z + &c; and conſequently the whole compound 
quantity 14,937 x — 1998 x* * 80 x3 — ** will be 
equal to the corapound quantity 


| $20,285.584 + 143937 X * 
2, 424, 109.911, 52 — 139, 188.672 x z — &c 
73,380, 844.702, 269, 40 291, 184.373, 7% x z + &c 
1,472,019. 783, 368, 1 14,176 — 169,04 2.235, 113,472 * = 


3,901, 130. 286 269,440 + 3c, 121.373,60 * z + &c 
OR 694,920,114,176— 308,230, 9071113:4/2 * -& 


5000. 591.349,32 5,824 = 2, 109.533, 353,472 X = K. 
But 


4 


— 2,109.5 3 3535 3,472 X 2 will alſo be = 5000; and 


” 


(me. 
But the compound quantity 14937 — 1998 * + 
80 * — * is = 5000. 


Therefore the binomial quantity 5000. 591, 34, 325, 824 


conſequently 5000. 591, 349, 325,824 will be 5000 + 
2, 109. 5 33,338,472 X 2, and (ſubtracting 5000 from 
both ſides) 25109 533,353,475 X 2 will be = 0.591, 
0.50 5349˙3255824 
2,109. 533.3 53,472 
o. oo, 280,32. Therefore x, or 34 $832 + 2 will be (= 
34.832 + 0.000,280,32) = 34-832,280, 32, or the 
fourth, or greateſt, root of the propoſed equation 14, 937 
— 1998 * + 80x? — 4 = | $000 will be very SF 


349,325,824, and z will be = 


equal to 34.8 32, 280, 32 1 Io 


Of this number, 34.832, 280, 32, I am confident that 
the firſt eight figures, 34.832,280, are exact, having 
found this root, by another enen of it, to be = 
34. 832, 280, 264, &c. | 


Art. 9 97. It appears therefore that- the four roots of 
m propoſed equation 14,937 x — 1998x* + 8043 — 
= 5000 are 0.350,987, &c, and 12.756,441,794,480, 


3 oh, and 32. eee &c, and 34.832, 280, &c. 
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( 176 ) 


OF THE DIFFERENCE BETWEEN THE ACCURATE 
METHODS OF RESOLVING ALGEBRAICK EQUA- 
TIONS AND THE METHODS OF RESOLVING 

THEM BY APPROXIMATION. | 


* 
8 y « 
TOE Wk « 


Art. 08. AN accurate method of reſolving an algebriick 
equation is a method of reſolving it, or inveſtigating the 
value of the unknown quantity contained in it, to any 
propoſed degree of exactneſs by a ſingle proceſs, or ſet 
of arithmetical operations of addition, ſubtraction, mul- 
tiplication, diviſion, or extraction of the ſquare-root, | 
carried to a ſufficient number of ſigures to attain the 
propoſed degree of exactneſs. And a methed of reſolving 
an algebriick equation by approximat: en is a method of 


finding a near value of the unknown quantity contained 


in it by a certain proceſs of arithmetical operations 
which, if continued to ever ſo great a number of figures, 
will not approach nearer to the ſaid value than to a cer- 
tain limited diſtance from it, ſo that the further conti- 
nuation of the ſaid operations after a certain number of 
the figures of the ſaid near value have been obtained, 
would be intirely uſeleſs: and in this circumſtance con- 
fiſts the inferiority of the methods of reſolving equations 
by approximation to the accurate methods of reſolving 
them. Nevertheleſs, by repeating the proceſſes pre- 
ſcribed by the methods of approximation we may obtain 
a ſecond and a third and other following near values of 
the unknown quantity in in an en, that ſhall approach _ 
continually 


E 
cöntinually nearer and nearer to it's true value, till they 
agree with the ſaid true value to as great a degree, or to 
as many decimal places of figures, as we pleaſe; ſo that 
the repetition of the proceſſes in the methods of appro- 
ximation anſwers preciſely the ſame purpoſe as the con- 
tinuation of the arithmetical operations of the ſingle 
proceſs in the accurate methods of reſolution, by enabling 
us equally to attain the true value of the unknown quan- 
tity to the ſame degree of exactneſs. Of this the reſo- 
lutions of the foregoing three equations by Dr. Halley's 
and Mr. Raphfon's methods of approximation have af- 
forded ſufficient proofs. And therefore the methods of ; 
reſolving equations by approximation are, in point of 
practical utility, as valuable as the accurate methods of 
reſolving them; and ſometiines they are even to be pres 
ferred to them, as, for example, in the caſe of ſuch cubick 
equations as come within Cardan's two rules, and in 
that of ſuch biquadratick equations as admit of being 
reſolved by the intervention of cubick equations that 
come within thoſe rules. For ſuch cubick equations and 
biquadratick equations may, fot the moſt part, be more 
caſily reſolved to any propoſed degree of exactneſs: by 
two, or three, proceſſes of Mr. Raphſon's method of 


approximation than by the application of thoſe rules of 
Cardan ; as has been ſhewn in ſome examples of the 
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reſolutions of biquadratick and cubick equations in my ; 9 
Appendix to Mr. Frend's Principles of Algebra. 9 
ut in the reſolution of affected equations, (or equa- 1 
tions conſiſting of more than one term involving the [1 
unknown quantity,) that are of a higher order than bi- 1 
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TS. 
quadratick equations, or that involve the 5th, or 6th, 
or 7th, or any higher power of | x, or the unknown 
quantity, the methods of approximation are the only 
methods to which we can reſort, there having been no 
general methods hitherto diſcovered of reſolving ſuch 


| _ equations accurately, or of obtaining their roots to any 


propoſed degree of exactneſs by a ſingle proceſs, or 
courſe of arithmetical operations. And therefore theſe 
methods of reſolving equations by approximation muſt be 


Z allowed to be of the greateſt and moſt extenſive uſe in 


the buſineſs of reſolving algebriick equations, and the 
ingenious perſons who invented them ought to be 
reckoned amongſt the greateſt improvers of this branch 
of mathematical knowledge. Now the hiſtory of the 
' moſt celebrated of theſe methods is briefly as follows: 


A SHORT ACCOUNT OF THE PRINCIPAL ME- 
THO DS OF RESOLVING ALGEBRAICK EQUA- 
TIONS BY APPROXIMATION THAT HAVE 
HITHERTO BEEN PUBLISHED, AND OF THE 
TIMES OF THEIR PUBLICATION. 


99. Tux oldeſt of theſe methods, as I believe, is that 
of the great French Algebriift Vieta, or Monfieur Viete, 
who flouriſhed about the year 1580, and died in the year 


1603 at the age of 63 years, and who is deſervedly called 
The 


( 


The Father of Algebra, on account of the great variety 


and importance of his diſcoveries and improvements in 
that ſcience. It is contained in a pretty long diſſertation, 
or chapter in his Algebra, intitled, De numeroſd potęſtatum 


purarum atque ad/etarum Exegeſin reſolutione Tractatus, 


which may be ſeen in Schooten's edition of his works, 


- publiſhed at Leyden in Holland, in the year 1646, of 


which it takes up 66 pages, from page 163 to page 228, 
incluſively. This method of reſolving equations is a 
very juſt and compleat one, and will enable us to find 


the root of any equation whatſoever to as great a degree 
of exactneſs as we pleaſe, by repeating the proceſſes ſuf- 


ficiently often for the purpoſe, and is founded on the 
ſame principle as the common method of extraQting the 


ſquare-root of a given number. But it is extreamly 


laborious in the application of it, on account: of the 
number of ſubſtitutions that are to be made in every 
new proceſs; and it therefore requires a great deal of 
calculation to determine the root of the propoſed equa- 
tion to any conſiderable degree of exactneſs. And for 


this reaſon it has ſeldom been made uſe of by mathema- 


ticians in the reſolution of equations for more than a 
century paſt, during which time the Publick have been 


in poſſeſſion of other methods of doing the ſame thing 


with equal. certainty and exactneſs, and with much 
greater eaſe and expedition. | | | 


Mr. Thomas Harriot, the oreat Engliſh Algebritiſt, 


who died in the year 1621, and whoſe works were pub- 
liſhed after his death, in the year 1631, and Oughtred, 
who died at more than 80 years of age in the year 1660, 
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ſeem to have refolved high equations by Vieta's method; 
And fo did Dr. Pell and Dr. Wallis in his Algebra, 
(which was publiſhed in the year 1685,) and in all his 
former works publiſhed in the preceeding 30 years. 
| 7 5 
100. The next method of reſolving high affected 
equations by approximation aſter that of Vieta, was, I 
believe, that of Sir Iſaac Newton, which is briefly de- 
ſcribed in his moſt learned little tract, intitled Aualyſis 
per equationes numers terminorum infinitas, which he wrote 
about - the year 1666, when he was only 24 years old, 
and which he communicated to Dr. Ifaac Barrow, (at 
that time a Fellow of Trinity-College, Cambridge, and 
the firſt Lucaſian Profeſſor of Mathematicks in that 
Univerſity,) in the year 1669. This tract of Sir Iſaac 
Newton was, in the ſame year 1669, communicated by , 
Dr. Barrow, with the. author's permiſſion, to Mr. John 
Collins; and Mr. Collins, probably, ſhewed it to many 
of the molt learned mathematicians of the Royal Society. 
But it was not publiſhed for above forty years after, 
when it made part of a very valuable collection of ma- 
thematical pieces written by Sir Iſaac Newton, which 
was publiſhed in a thin quarto volume in the year 1711 
by Mr. William Jones, an eminent mathematician in the 
beginning of the preſent century, and author of the ma- 
thematical work intitled, Synp/s palmariorum Matheſecs. 
And it was printed a ſecond time in the following year 
1712 in the little octavo volume intitled, Commerciun: 
Epiſtlicum de Analyſi promotd, which was printed by the 
order of the Royal Society in conſequence of the diſpute 
betwcen Sir Iſaac Newton and Mr, Leibnitz concerning 
| | the 


( 
the firſt invention of the Method of Fluxions, or infinitely 
ſmall Differences. And it 1s therefore probable that 
many of the excellent inventions of Sir Iſaac Newton 
contained in that little tract intitled, Analyſis per equa- 
trones numero terminorum infinitas, remained unknown to 
the generality of mathematicians until the year 1711. 
Some of them, however, had been communicated to Dr. 
John Wallis, Savilian Profeſſor of Geometry in the 
Univerſity of Oxford, ſeveral years before, and were 
mentioned and deſcribed by him, in a very conciſe and 
ſummary manner, in his Algebra, which was publiſhed 


in one volume folio at London in the year 1685. And 


amongſt theſe we find the above-mentioned method of 


reſolving affected equations of all degrees by approxt- 


mation. See Wallis's eee Pages 338, 33 


- Tor. The next method of approximating to the roots 
of affected equations that was made publick to the world 
was that of Mr. Joſeph Raphſon. This method was 


publiſhed in the year 1690, under the title of Anal ** 7 


Azguationum Univerſalis, ſeu ad Æquationes Alge rAicas re- 


-— 


folvendas Methods generalts et expedita, in a thin quarto 


volume containing about 50 pages. It is a very excellent 
method of reſolving all ſorts of equations by approxima- 
tion in a much more eaſy and expeditious manner than 
that of Vieta, and is illuſtrated by a great number of 


curious and judicious examples. But it differs ſo little 


from that of Sir Iſaac Newton, of which Dr. Wallis had 
| publiſhed a ſpecimen in his Algebra in the year 1685, 
that one can hardly avoid conjeCturing that it was 
8 to it's ingenious inventor by the peruſal of 
5 . | _— wm 
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that ſpecimen. But, from whatever ſource it might take it's 
riſe, it was a very valuabte treatiſe, and was fo fully illuſ- 
trated by examples that it appears to have been very gene- 
Tally read and adopted by mathematicians, and deſervedly 
conſidered by them as a great improvement in Algebra. 
And accordingly it ſoon after became the baſis, or 
ground-work, of two further improvements, or ſuppoſed 
improvements, in this branch of Algebra, the one in 
France, and the other in England, to wit, the method of 
reſolving equations by approximation publiſhed in the 


Memoirs of the French Academy of Sciences in a year 


or two after, by Monſieur de Lagny, a Profeſſor of Mathe- 
maticks in the Univerſity of Paris, and that of the cele- 
brated Mr. Edmund Halley, (afterwards Dr. Halley,) 

publiſhed at London in the Philoſophical TranſaCtions 
for the year 1694, and afterwards in the year 1708 in 
the ſecond volume of the Miſcellanea Cus ic/a, and which 
is now publiſhed again at the beginning of this diſcourſe. 

For both theſe methods of approximating to the roots of 
© equations ſeem manifeſtly to have been derived from Mr. 
Raphſon's method ; and Dr. Halley confeſſes his to have 
been ſo. And, indeed, they are little more than varia- 
tions of Mr. Raphſon's method, and ariſe ſo: obviouſly 
from it, that one would naturally ſuppoſe that they muſt 
have occurred to Mr. Raphſon himſelf. after he had diſ- 
covered and perfectly underſtood his own method. And 
therefore it ſeems probable that, after he had carefully | 
examined theſe methods, he did not think them, upon 
the whole, ſo convenient and ſit to be adopted in practice 
as His own method. And this, (as he informs us in a 
ſubſequent edition of his book publiſked in the year 1697, 
oe | 8 after 


5 . 
after the publication of this tract of Dr. Halley,) was 
really the caſe; he being of opinion, © that the greater 
* ſimplicity of his own method, which proceeds by the 
e reſolution of only ſimple equations, made it preferable 
« to the methods of Monſieur de Lagny and Dr. Halley, 
e which proceed either by the admiſſion of the ſquare of 
© the unknown quantity of the ſecond, or transformed, 
« equation into the expreſſion that denotes the near value 
&« of it, after having firſt ſound the ſaid expreſſion for the 
ce near value by the reſolution of a ſimple equation, or by 
„ reſolving a quadratick equation at firſt inſtead of a 
e ſimple equation.” And in this opinion, after a good 


deal of attention to the ſubject, and many trials of theſe 


different methods of approximating to the roots of equa- 
tions, I am much inclined to agree with him; and I pre- 


ſume that, after the peruſal of the reſolutions of the three 


equations above-mentioned both by Dr. Halley's and by 
Mr. Raphſon's methods of approximation, which have been 
given at great length in this. Appendix, a majority of the 
readers of this tract will alſo be of the ſame opinion. 
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An ARITHMETICAL PROBLEM, propoſed to 


Dr. WaLLis by Colonel SiLas Titus. 


ke 


Article 1. IN the foregoing tract of Dr. Halley on the 

TT reſolution of high affected equations by 
approximation, the third example adduced by him to il- 
luſtrate his method of approximation, is the biquadratick 
equation 14,9372 — 19982* + 802 — 2* Sooo, 
or 14,937 — 1998 r + So — * = 5009; which, 


N 4 - 
r 
| 4 + d= 
385 » 
8 2 
wy 
1 Ip ry 
t uo 
f hs 
7 55 
1 5 . 
2 =_ 
Fe 7 — 
13 5 
/ R—_ 
: 7 * 6 1 
„ 

1 
1 
NE ? ry 

4 on 
. I 
1 
1 

7 i 
1 45 4 
* my 
3 

1 4 
= 8 
1 5 
; S. 
: « | 
= . Ll 
? 4 * 7 
: SW 
q 1 

* 

- _ 
Rm 
— 1 * 
: 8 Px 
: * LH 
_ FR 
l * - 
: 5 _—_— 
: F = 
: 4 i” 
4 _ 
_ -— 
: 8 * 
r 
* 
i, 

1 11 


he informs us, was obtained by Dr. Wallis in the 62nd | | = 
chapter of his Algebra as the reſult of his ſolution of a' i 
very difficult arithmetical problem, and which Dr. Wallis _ 


has there reſolved, to a great degree of exactneſs, by the 
method of reſolving numeral equations, taught by Vieta 
in pages 163, 164, &c to page 228, of Schooten's edition 


5 his mathematical works, publiſhed in the year 1646. . 1 | 
See above, page 17. Now, as this equation has been ſo - - 


much the object of our attention both in Dr. Halley's own 
tract above-mentioned on the reſolution of equations by 
approximation, and in my appendix to it, (in which latter © | 
tract I have inveſtigated all it's four roots, 0.350,987,046, 1 Ol 
Kae, 12.756, 44 1,794,480, 744, 2 &c, 32.060, 200, 8 &c, 
and 34 832,280, 2 Kc, ) I preſume that my readers will 
7 : not 
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not bs ſorry to fee Dr. Wallis's Solution of the 8 


| that gave riſe to it; more eſpecially as I ſhall endeavour 


to ſet forth every ſtep in the ſolution (which is very long 


and intricate) in the fulleſt and cleareſt manner poſſible, 

fo that the ſolution will be much more- intelligible, as it 

will be here exhibited, than as it is exhibited in Dr. 

Wallis's own book, and my readers will therefore- be 

ſpared a great deal of time and pains that I have found it 
neceſſary to beſtow on it before I could thoroughly un- 
— it. 


FIT This problem was propoſed to Dr. Wallis in 
the year 1662, by Colonel Silas Titus, a gentleman of the 
| bed-chamber to King Charles the Second, who was dif- 
tinguiſhed for his knowledge of the Mathematicks, as well 
as of other branches of uſeful learning ; and it had been 
originally propoſed to Colonel Titus (as the Colonel in- 
formed Dr. Wallis,) by Dr. John Pell, the ſamous Al- 
gebriiſt of that time. It was as follows: 


| 
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AN ARITHMETICAL PROBLEM. 


THERE are three numbers of ſuch magnitudes that the 


ſquare of the firſt number together with the product of 


the multiplication of the ſecond and third numbers into ; 
each other is equal to the number 16; and that the ſquare 


of the ſecond number together with the product of the 
multiplication of the bk and ours numbers into each 
other 


— 
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other is . to the number 17 ; and that the ſquare of 
the third number together with the product of the mul- 
tiplication of the firſt and ſecond numbers into each 
other is equal to the number 18. It is required to "on 
the ſaid three numbers. 


THE SOLUTION. 
BY DR. JOHN WALLIS, 


SAVILIAN PROFESSOR OF GEOMETRY AT OXFORD, * 
TURE, 1662. 


© 


1 


Art. 3. Let a be put for the firſt of theſe numbers; 
for the ſecond, and c for the third. Then will the 
equation aa + bc = 16 expreſs the firſt condition of the 
problem; and the equation % + ac = 17 will expreſs 
the ſecond condition of it; and the equation cc + 43 
'= 18 will expreſs it's third condition: ſo that each of 
the three equations that expreſs the three conditions of 
the problem will involye in it all the three unknown 
quantities a, I, and c. And hence ariſes the great diffi- 
culty of ſolving the problem; it being neceſſary to per- 
form a great number of laborious Algebriical operations, 
before we can diſentangle theſe three unknown quantities 
from each other, and derive from the three aforeſaid ori- 
ginal equations a@ + bc = 16, bb + ac = 17, and 
cc + @b, = 18 (each of which involves all the three un- 


known quantities,) an equation that ſhall involve only 
one of them. | 
| Art. 4. 
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Art. 4. The firſt thing to be ſhewn concerning theſe 
three unknown numbers is, © that each of them is differ- 
ent from the other two,” or that no two of them are 
equal to each other.” This Dr. Wallis . in che 
following manner. 


In the firſt place, the firſt number a cannot be equal 

to the ſecond number 5. For, if it were ſo, aa would be 
© equal to 365, and bc would be = ac, and conſequently 
aa ＋ bc would be = bb + ac. But, by the 1ſt condition 
of the problem, az + be is = 16; and, by the 2nd 
condition of the problem, bb + acis = 17. Therefore 
16 would be = 17; which is impoſſible. - Therefore the 
ſuppoſition * that à is equal to 5,” from which this im- 
poſſible concluſion is deduced, cannot be true. & E. v. 


| Secondly, the firſt number à cannot be equal to the 
third number c. For, if it were ſo, aa would be = co, 
and be would be = ba, and conſequently = ab, and 
conſequently aa + bc would be = cc + ab. But, by 
the 1ſt condition of the problem, a@ + bc is = 16; 

and, by. the 3d condition of the problem, cc + ab is 
= 18, Therefore 16 would be = 18; which is e 
fble. Thereſore the ſuppoſition © that @ is equal to c, 

from which this impoſſible concluſion is deduced, cannot 
be true. == hs $i 


* 


Thirdly, the Re” number 5 cannot be equal to the 
third number c. For, if it were ſo, Ub would be equal 
to cc, and ao would be equal to ab, and conſequently 
bb + ac would be = cc + ab. But, by the ſecond con- 


dition 
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dition of the problem, 5% + ac is = 17; and, by the 
third condition of it, cc. + ab is = 18. Therefore 17 
would be = 18; which is impoſſible. Therefore the 

ſuppoſition © that h is equal to c,“ from which this im- 
poſſible concluſion is deduced, cannot be true. Q E. 5. 


Art. 5. Having thus en that the three „ | 
numbers a, 3, and c muſt be all different one from the 
other, it will be expedient, in the next place, to ſhew 
that c, or the third number, of which the ſquare cc occurs 
in the third equation cc + ab = 18, will be greater than 
either of the other two numbers a and 6. This mop be 
proved in the manner following : : 


Since the three unknown numbers a, B, 1 c are all 
different from each other, let the leaſt of them 10 denoted 
by the ſmall Greek letter @; and let the exceſs of the 
middle number above the leaſt be denoted by the ſmall 
Greek letter e, and the exceſs of the greateſt number 
above the middle one be denoted by the ſmall Greek 
letter y. Then will the ſecond, or middle, number be 
= a + E, and the third, or greateſt, number will be = 
"OWE TS 


| Therefore the product of the multiplication of % 
middle number into the greateſt number will be 


4 TC Xa TC TY = A ae A u T ca ＋ e 

e) = a* + 2a6 + ay + Cy e, and the ſum of the 
ſquare of the leaſt number and the ſaid product of the 
other two numbers will be (a? + a* + za + ay + e 
Te, or) 2a + 240 + ay + e + &, 


1 
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The ſquare of the middle number a + e will be a- + 
Zac + 6*; and the product of the multiplication of the 
dcther two numbers à and a + & + y into each other 
will be a + ac + ay. Therefore the ſum of the ſaid 
ſquare and product will be 24 + Jas + C + ay. 


The ſquare of the greateſt number & + e + y will be 
( + a& +ay ＋ c ＋ G ＋ % 22 T , or) 
& + 2a + 2ay + C + 20% + y*'; and the product 
of the multiplication of the other two numbers « and 
& + & into each other will be a + ag. Therefore the 
ſum of the ſaid ſquare and product will be = 2a* + 
3a + 2ay + & + 264 + . | | 


And this laſt ſum is greater than either of the two for- 
mer ſums, 24a* + 20 + ay + % + © and 2a* + 3a 
+ 8* + ay; it's exceſs above the firſt of thefe ſums, to 
wit, 20 ＋ 245 + v7 + % + 8, being at + a + 
& + 7*, and it's exceſs above the ſecond ſum, to wit, 
2%* + 3% + 85 + a, being 4 + 2 > 


Now the leaſt of theſe three ſums muſt, by the con- 
ditions of the problem, be equal to 16, and the leaſt but 
one muſt be equal to 17, and the greateſt muſt be equal 
to 18. 8 5 | | 


Therefore, ſince the laſt ſum 2 + Zar + 2ay + 2? 


+ 2&7 + , (Which is = & T F T Y T a Xx A T＋ 5 
is greater than either of the other two, it muſt be = 18; 


mat is, u T F T N mult be = 18. 
But 
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But cc 4 ab is = 18. 


_ " Therefore a + © +7* + a N « + F muſt be == « 
+ ab; and conſequently c mult be = « + E + y, or 
mult be the greateſt of the three unknown numbers a, 6, 
and c. =" Qs Mo | f 


Ati. 6. But, whether the firſt unknown number à (of 
which the ſquare occurs in the firſt equation aa + bc 
= 16,) or the ſecond unknown number b, (of which the 
ſquare occurs in the ſecond equation bb + ac =17,) is 
the greater, or is equal to the binomial quantity « + , 
docs not yet appear. But Dr. Wallis proves that 6 is the 
greater, or is equal to à +'8, and conſequently that à is 
equal to 2, or the leaft of the three unknown quantities 
@, b, and c, by the following train of reaſoning. 


Han en hr» — = & > 4 _ . PT TIN ZW 8 by — - Ss = —_— 3 Ys 
\ - = a » 2 2 8 5 I OI SAI EET. \ es r 
2 bi e, 4 4545 „ 8 FT n ee e ee e ee ee e e ee e 


n 1 
— — r IN — * 
eee 


-\ 
n 


f 


Since the ſextinomial quantity 242 + 349% + 20% + 


6? + 20 + 75 (which is = % ＋ 8 + 7 + * 


„ ＋ C) is = 18, and either the quinquinomial quantity 

280 + Zb + ay + & + © (which is = & 4 «+ © 
Ma 0+ y), or the quadrinomjal quantity 20 + , , | | 
3 + © + ay, (which is = a +T* +a X f Y | 
is = I7, and the other of the ſaid two quantities is = 
16; and the numbers 18, 17, and 16 form an arithmetical 

' progreſſion, (the exceſs of 18 above 17, being equal to the 
exceſs of 17 above 16, to wit, 1) ;—it follows that the 
three quantities 2z* + 3a + 24% + © + 27 T * 

5 „ „ | and 
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and 2a? + za + 47 + 8 4 2 and 24 + 348 + 0 
+ &y, (of which the firſt is equal to 18, and either the 


ſecond or the third is equal to 17, and either the third or 


the ſecond is equal to 16,) muſt alſo, if the ſecond and 


third were to be placed in their proper order, form an 


arithmetical progreſſion. Therefore, if from theſe three 
quantities we ſubtract the quantity 2a* + 2a7 + ay 
e, which is common to them all, the remainders after 
ſuch ſubtractions muſt alſo, when the ſecond and third 
remainders are placed in their proper order, form an 
arithmetical progreſſion ; that is, the quadrinomial quan- 
tity, as + ay + 2&7, + V, the ſingle quantity S, and 
the ſingle quantity at, will, when &y and as are placed in 


their proper order, form an arithmetical progreſſion. It 


remains only to be determined, whether Ty is to be placed 


| immediately after the quadrinomial quantity ad + ay + 


28 ＋ , and before at, or is to be placed third in order 


and after 48. Now, if & was to be ow ſecond, or 


immediately after a5 + ay + 2&7 + 575, and before as, 


it would follow from the nature of an arithmetical pro- 


greſhon (in which twice the middle term, when the num- 
ber of terms is odd, is always equal to the ſum of the 
two terms adjoining to the middle term), that 287 would 
be equal to the ſum of a + ay + 287 + Y and a, 
that is, to 2a. + ay + 287 + *. But this is impoſ- 
ſible, becauſe 28% makes only a part of that quantity. 
Therefore &y muſt not be placed next to as + a7 + 
287 + 7, but muſt be third in order, and muſt come 
after at; and conſequently the three terms of this arith- 
metical progreſſion muſt be firſt, ab + ay + 2807 + 7, 
ang, ſecondly, ab, and . ©. Therefore the former 
arithmetical 
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arithmetical progreſſion, (from which this progreſſion was 
derived by ſubtracting the quadrinomial quantity 2a* + 
24% + ©? + &y from each of it's terms,) will conſiſt of 
the three following terms, to wit, firſt, 24 + 3a + 2ay 
+ 28% S, and, ſecondly, 24 + 348 ＋ &* + ay, 
| and thirdly, 24 + 2a8 + £4 ay + . Therefore 
24 + Jas + S* + ay will be = 17, and 247 + 28 
+ ©? + ay + e will be = 16; that is, « + &* + 4 — 


— 
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x TFT 7 will be = 1, and a? Tae x 


4 +T+y will be = 16. "Therefore 2 a + e + a X 


r , ors #22 + « X e, will be (= 17) = bb 
+ ac; and conſequently b will be = a + &, or will be 
the ſecond of the three quantities a, « + &, and à + & 


+y, or a, “, and c; and a + a +T X 4 + THY 
or a + X c, or a + be, will be (= 16) = aa + be 
and conſequently a will be = a, or will be the leaſt of 
the three unknown quantities a, « + &, and @ + 8 + 7. 
or a, b, and c. Q. E. D. 


We may therefore now conclude that à will be leſs 
than 6, as well as that 6 will be leſs than c; which con- 
cluſion will be found uſeful i in the courſe of the following 
inveſtigation of the value of a, or the firſt of the three 
unknown quantities a, “, and c, which is that which Dr. 
Wallis makes the object of his purſuit, and by means of 
which he afterwards determines the two other quantities 
þ and c, and gives a compleat ſolution of the problem. 


Art. 7. Now, for the ſake of brevity, let the letter / be 
| ſubſtituted inſtead of 16 in the equation aa + be = 16, 
| O43: . and 
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and the letter i be ſubſtituted inſtead of 17 in the equa- 


tion 56 ＋ ac = 17, and the letter be ſubſtituted in- 
ſtead of 18 in the equation c + ab = 18. And then 


thoſe three original equations will be aa > n . 


"+ % e 


Now, ſince aa ＋ bc is = l, we ſhall have tc = I — as, 


I — a- ) 


bb 


and conſequently c 0 , and cc (= 


12 — 242 + a* 


= 
nds. ice e ＋ ab is = u, we ſhall have ce = 


a — ab. 


Therefore, 3dly, 77 — ab will he = [ 75 + a : 


and conſequently nbb — a' will be = PF — 2la* + 40. 


Therefore (adding al to both ſides) nb will be = /* 
— 24a + a* + a, and (adding 2/a* to both ſides,) 
nbb + 216 will be = /* + a* + 4, and (ſubtracting 
42 ＋ 4“ from both ſides,) ab* will be = 166 A 25 + 
214 — 4%, and conſequently bb will be 

nbb — 12 + 2/9” — at 

Gb 


But bb + ac is = , and conſequently bb is = 
173 nw > Ce | | | 
Therefore 


ey 
7 
* 
. 


* 
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DES | 72 232 
Therefore _— * — = . is = 8b) 


| Will alſo be = m — ac. 


But it has been ſhewn that c is = : — — $ 
Therefore ac will be (= a X 8 4 ==, 
and = — ac will be-= „ 
| 3 2 
. 
3 5 | av : 


| | * 2 1422 - 44 5 

e 2 =7 + an (wack has been 
| | EST 2 4 . 

ſhewn to be m — dc, ) will be = | mob - =4 3 and 


conſequently (multiplying bath ſides into ab) 2 2 + 
. 21a — 44 will be = mab — la + as. | 


Therefore (adding /* + a* to both fides,) we ſhall 
have nbb + 2/a* = mab — las + 20 + Il, and (ſub- 
tracting 215 from both ſides,) ubb = mab — 319* +. 

24* + 73. 


Now, ſince a has been ſhewn in art. 6 to be lefs than 
Hb, and m is leſs than n, (m being = 17 and 2 = 18) it 
follows that mab will be leſs than nb, and conſequently 
than the quadrinomial quantity mab — 31la* + 24 + 5 


which is equal to bb. Therefore mab may be ſubtracted 
O3 from 


rr . , N ; 5 
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| from both ſides of the laſt equation n5b = mab — 3/4* 
| + 24* + /*. Let it be ſo ſubtracted. And we ſhall. 
if then have 2656 — mab = wo 8” + F". - Therefore 
! 28 both ſides by u,) we ſhall have 55 — = x 5 
l 2 — 3 2 + 72 
| . 2 f 
| 5 Art. 8. Now let , or the ſquare of be add- 
| ed to both ſides of the laſt equation. Bs we ſhall then 
[i bnH—- xs . 
| | ma 1 An * 2 — Jla* + /? u. 22 
1 5 1 
11 8 = 12) + 41*n + ma q? - 
1 5 * | 0 
18 ga. = 120na? + ma? [2 N 5 
it — 3 3 ere (extracting 
| 
the . of both ndes, we ſhall have — —— 
{| | * * - - | 
= a . 2 » » and e 
| | | ap T7 
þ 3 ma Ina? — 124.1 + 7 + 4 
" 5 RES ; ; zn 5 
|} | 
|  Þ Therefore (ſquaring both ſides of this equation,) we 
| | | a Thy . 4 — 21¹ 2 * 2,2 [? 
ö ſhall have 50 — 2 Ss TSS 
1 : ' 4 : ä 477 x 
| 2B 
Ji 
| i 
N ö ; 
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+ | 


D— 


2ma „ 814% — 12lna* + m*a® + 4t*n - 
2n . * | 
8na* — 124 + 2 + 4l*n 2ma 
| 4qn*. s 2131 


X 


* dna“ — 12/4 + m*a? + 41*n 
5 =: 


8na* — 12Ina* + 2ma? + 4/21 


4n* 


2ma & a 8na* — I2lna* + 2 + 4l*n 
* =. 


- 


la — a3 


„ 


la — a: 


Therefore bb + y will be = m. 


Therefore the foregoing value of 26 together with 
bh — 23 | | . 
b 


will be = m. 


But 6 has been ſhewn to be = 


2 | 2 


ma 8a“ — 12/4 + Ma + 40% 
| | — = 


ma + vV8na* — 12/na* + m*a® + 41¹⁰ 
"> 


I2 = a3 
procal of this value of 5, that is, to Ja — a X the 
„„ fraction 


Therefore 


n 
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= bb + c is = m. And ac has been ſhewn to be 


will be = la - a3 X the reci- 
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- CE . 8 | 
fraction — — = or to the | 
ma + v $nav% — 12 — ＋ 14 * 448 


: | 2Ina — 24 . 
fraction W — — - « 
Ds me + / n — I2lua* + Wo * EY 


* . 


8 the foregoing value of 75 together with this 
laſt fraction will be = n; that is, the quantity 
Sna* — 1T2lna* + 2m*a® + 4 

477% 


z ma X Du — 12 1 mai + 4 


— 


42 


241 — 2a 


ma I V $na* — 12ina* 4, ne + 4i*n 


Art. 9. To abridge this long expreſſion, let E= be put 
= Ynas — 12/nat + m*a* + 4/*n, and conſequently 


— — — 


E V¹ν — 1 2% + ne + 4% n. And then ue 
ſhall have 87 — 12/1 + 202? + 4/1 (= 8 — 
321n + mas + al? n + 1m bd, = E + m*a*; and con- 
2 _ 72.2 2 

+ 


; 47 


3 the laſt equation will become 


ama X E. 2 lua — 2143 
4n* | ma + & 


=". Therefore (if we 


multiply both fides of the equation by . 4n? 0 we ſhall have | 


81139 — $7343 


2 | = 
Nat — 4 5A 
=? In a +21 + no 4 : 3 os 


tiplying both ſides by ma + E) we ſhall have man + 
m*a* + 2m E + E + mat +. 2maE* + 82 — 
Su = am*wa + Am⁰,e·; and (lubtracting 4m*n'a 
from both ſides) mak + ma + 2e + E= + m*0E 


+ 
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+ 2matE* + 8lna — 825 — 4 = Amn E, or EA 
+ 3mar* + 3m*0*E + in + 81a — 83345 — m un 
= Aamun'h; and (ſubtracting E. + 3n*a*s from both 
| fides) 3mat* 4+ ane? + 8/n*a — 81a? — 4amna = 
4mn*s — Zusa — E, and (ſubſtituting, inſtead of 
x in the term 2mae?, it's value &na* — I2/na* + mas 
+ 4%) 24mna* — 3olmna? + 3m*a* + 12/*mna + 
mas + 8$/n3a — 819% — Amn = 4mn*s — 3m*a*E 
— E3, or 241mnas — 361mn'a3 + 4 — 8243 + 
12/*mna + 81nia — qm*ma = AmnE — ZE — Es. 
Therefore the ſquare of the ſeptinomial quantity 24m 
— J6lmna* + 4 — $1a* + 12/*mna- + 8/n*a — 
am u will be equal to the ſquare of the trinomial quan- 
tity 4e — 3m*a*E — EZ; that is, the compound 
quantity — | 


* * 


1 $76 199 — 17281 ,νjẽ + 1872 mm a5 
+ 192m*na® + gbolma%as 
— 38 — 256 
5 — 288+: | _ 
+ 16m s : £ 
| + 64n%as | | 
I — 864 ,r + 144% 8 
| — 7631.mn*a% + 192/3mn*g3 | 
* + 35 ⁰⁹ n, . 96¹²¹ s Z 
; | + 9g6/214na% ＋ CAA 
| — 321 — G6.4ln*n5a? 
nn. 1281.58 + 16m*:492 
A + 64m*n5a* . 3 


| pill be equal to the compound quantity 


DR. WALLIS'S SOLUTION OF 


m αE 
e 24 ⁰⁰νẽ,ẽjjꝗA 5 _ 
+ 16mn*t* + 6bm'a's* + E. 
. — 8mn'E 


Art. 10. Now, ſince x' is = the quadrinomial quan- 
tity 82 — 12[na* + ma + 4/2, the trinomial 
quantity g9m*a*%z* — 24m*n*a*t* + 16m n*t* will be 
(= gmaa — 2amn*a* + 10min X 8) = 
omia* — 24m*na* + 16 X the quadrinomial 
quantity 810* — 12ing* + Mm + 41'n = the com- 
pound quantity : | 


21.4148 — 108/nm*na® + 361*n.4,,4 
+ gm a* + 288mm ad 
_ 192 — 24m 
| + 28% 


— 96/:m313a3 
— 19 2h 


+ 1694.4,” + 640 m8. 


Alſo E= will be equal to the ſquare of 8na* — 12/47 
+ mu“ + 6” that 1s, to the compound quantity 


f — 1927½⁴ + 208P1?a% — 961“ 
+ + 16m*na® _ 24¹m¹a + 81*nna? 


+ 1424 = 1614? 


and conſequently the binomial quantity 6m*a"r* — 
8mn* EKA will be (= om — d mu Xx x) = to 
om — dun X the compound quantity 


6.419 


* 
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64% — 19 ] + 208Pna% — 96a 
+ 16mna* — 24lm*na* + gn 7 


+ 4 -.. 16/47? 


that is, to the compound quantity 


{oO 38 ee — 11 u + 1248s 1} 
| + 9g6 ma — 1441 Na if 
- mee, nn 

4 — 576.3m*n*q+ | | + 15 30a ? 


I 48 141408 | 
— 1564*mn*4* 4- 9 αmdꝛ 
+ 192 845 + 768i 


| — Bm3u*a% — 6.4/2113434? 


— 1282321345. 


— 128.4. 
Therefore the compound quantity 
| . 1 
m E + G mas 
— 24m*n*a'E* — 8m E + Ef, 
+ 16m 7 


(which forms the ſecond, or right-hand, ſide of the 


equation ſet down at the end of art. 9,) will be equal to 
the compound quantity : 


DR. WALLIS'S SOLUTION or 


+ aa — 108/n4aa* . 
+ 9 i as 
— 192 


384 ˙⁹ꝰ⁴n˙en⁵ʒ e 1 15 ue + 1248/½½ as 


+ 9g6n*na® — 144/n*n2* 


N 


8 
1 

3 3 : | 1 5 361n1:4.49 
I 


— 512mn*%g3 + 6 m as 
| + 


| 5 — 128 | 
+ 30 — 96 br wn N 8 
+ 288/n*na* — 19 2{nm*n52? 
a 2484220 + 16 41%a> + 64 
+ 128 ÿa % + g96πu ,, 
— 5760 ⁰ͤ̃⁰¹ i + 768 ⁴ na | 
+ 48αœ§uͤubnat — 6aPmng* — 128 ¹ n + £5, 
| — 166477“ © . . | | 
| + 1921 313+ : | 


— - Bm5wa+- | 5 ü = : 


k 


or to the compound quantity 


384% + 168 —-252lm*na 
: — Irg2/m wa + 1 
3 


— 220m*n*a® 
| + 1248Þ1*n*as 
5 | i + 153646 
* Sa ν,é. — 16OEH ej \ 
+ 7 


480lm3n3a* — 19 2lm½ 


| ; — 12 


— 32m na + 16m*na* 7 5 
5 1 28 + Gl ä | 
A 57 ,: + 768 E | © 
. FER 1 6 muta? | | _ 64Þm*15 | 

L — 128m + k“. J 


Laſtly, 5 


— 


——ů—— ——ʒi 0 f 
— - 6 2 ag a — 4 — —— — I 9 — * 
2 5 2 e — P \ — = 
. 8 — = . Ot Fore bs 
1 a 8 — D 
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Laſtly, ſince E= is = Bna* — 12ina® + m + * 
and £* 15 = the 3 quantity | 


6g — 192% + 208 — 96 
+ 16 — 24m + N, 
+ | mea* + 1 6.47 


we ſhall have E = to the product of the multiplication 
of this compound quantity into the quadrinomial quantity 
8 na — 12l/na* + Mas + 4" u, that is, to the eee 
quantity 


A v . 2 * ; > — * „ AE. — =_ L \ RET EH Oo BYE. ——-— ee ms £ 
8 2 Z . 0 Xie RARITY LE ie tte Cents WE OS I ems DEAL e — : 
Ben TT, CITES — _ Age of 8 * — 8 


— G mt N gt te ne me . 3 oy 
j l — 2 N > or. 4b +; * wt l oo 
EO a tt tet ig oþ rey Bape Fe OS ane OO AI WD r 


gl2n'a? — 2304/19”? o+ 4224 
+ 19201799 — 57 1a 


* * 


. 

_ 40 3 HE. + 2 112˙ꝗ a 57 
＋ G24νν,i = 283Þmna% + 481*n*n*a? 
— 301m*na® + 12h, 


+ mas 1 Men. 


. votes 
„ 
n 8 


. 
Verve e 
5 


1 
1 
„ e "FE 


Therefore the compound quantity 


* . 
—— od 


ana + Em ak“ N 5 
— 247 he — dau + x 


＋ 160m*n*x? 


will be equal to the ee very numerous compound 
quantity, to wit, 


205 DR. WALL Is's SOLUTION OP 


S124 — 230 ff %,Tſd o + 42247 
| + 1g2m*nfg? 80 - gablu*n* a? 

„ + 24a“ 
+ 384m u 4 + 168 ' 
| f — 1152 n* a® 


— 512 


— 403274 + 211213. . 5765 


+ 624Pm*mas — 2887, + 481*m*n* a? 
— 361m*na® + 121* m*na* | 
+ 4 Te 
— 26c2Im*na* 2A + 84l1*m*na* — 1601*m3n3a* 
+ 15 mas + gqBolminia* — 192112545 
— 320 — 323 474 + 10m*n*a* 
12851252 3 | 
+ 1248/*m*n*a* — 5 760 m*n*a% +. g61*m?* n* a* 
+ 15360 mmm e — 1664/* mu® a+ + 768/3mnta* 
| 4 64 
+ 641i. 15 


| 3 — 1281“, 
or to the compound quantity 1 


SIZ A4 — 2304/1410 * 42247 159 — 403203345 
+ 3 7Em²⁰⁹ια — 1728Im*n*a* + 187% a? 
E + 192m*na® — 288Im*na* 
_ 512 4 + 165 
| — g20mwa® 
| | + 1 5 36Imn*q* 
+ 21122 — 576 ẽ + 64s | 8 
— 86 + 144/[*n*n*a* + 6A. 
+ g61*m*na% — 1601*m3nia* — 128%“ 
+ 480Im3n3a* — 10 ]] h 
— g2m5n*a* + 16n*n*a* 
+ 1287454 + 768 
Om 16641 mn%a* | : | 
5 To e N Therefore 
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Therefore the compound quantity which forms the 

firſt, or left-hand, ſide of the equation ſet down at the 
end of art. 9, to wit, the compound quantity 


7 576m*n* at? — 1728In*n* a* + 18721*m*un*a* ] 
+ 102% ae + gbolmn*aS | 
2 - | _ 384A 4 256m3n3gs | 
— 288 
+ 16% 8 2 
+ 64 ' 
| 


— 768 a* ER. 1921 
+ 35 % = 96 m3n%a* 
+ Gim + 641772522 

— 32g 4 — 64vπ⁹e 
— 128/n*g* 135 4+ 162 


+ Cam n5at f 8 | +: 


(which is equal to the compound quantity 
gm UE“ + 6m#a*tt? | 
— 24mg ⁰ — 8% E“ + Ef) will be equal 


+ 16m*n*s* 


to the compound quantity 


4 — 864/3m?n* a* + 14h 85 1 > 


ens 6 = ” r 2 8 2 — ELF "an 
n — : 3 COTS a 

e Ie * n erde 
Der ae eee eee eee eee eee e 


Fr 


7 : 
0 2 K 
re . n — © Pens; 4 AE 93 IRR 6 1 Ad * 
A r * * wat 6. r D Narr ve" 1 * 2 > Oo bo 
=> 2 7 N C — =_ 2 3 „ 9 = 
2 WY OT q 2 2 7 IT AMES l = $4 * A . — „ o SN og OO SR ET I 2 3 + 
180 e e AE Er I PO Ei: GEE e . n f 2 


n 
ERA EG Gm 


n „s 


*. 


e A 
„ Ih 3 b 
= SL eee 


„ % LT 2D 
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, vpx2n%g® = 2 30u²j 5 4 4224/*n32* ? 
+ $536n*a* — 1728Im*n*a | 
i F 
4 e | — <$12mn'ad 
|. — 403 2h „„ 211204. 
|. + 1872 e -— $64/3m®*n* at 5 
k — 2B88In#:a5 + 951% af | 
4 + 16 m* as + 4$olmna* 1 8 | 
| | — 320 — 3am as : 
i + 15 361mn*a* + 12884 
dl = 1664Þ* mn*a* | 
l | _— - : : l 
* 144 nu . 
| 5 17005 = 
— rz + 6415 
+ 16 nfn*a® + Gamen? | 
+ 768i —- 28m, J 


Art. 11. Now the following eleven terms occur in both 
theſe compound quantities, and with the ſame ſigns + i 
and — preſixed to them, to wit, the terms ; 


+ 576m na, — 1 728m n, + 1 872¹ m , 
| 5 192 ,p? — 288% mn a, 
. | Z | + 16m*a*, 
— 864Pmn*a*, + 144*m"1a”", | | 
+ gbPm*na*%, + 16 . Therefore, if theſe 


terms are omitted, the remaining terms of theſe two 
compound quantities will ſtill be equal to each other; 
that is, the compound quantity 
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= 384mn*a*® + gbolmn*a* — 768m 
. — 256m*na + 3521n*na* 

| + 64n*a*% — 128/n* a+ 

8: _ | — 64,1 

| | + rama | 

— g6Pmu*a* 

+ 644 4 


4 S | — Eqalm*n5a* 


will be equal to the compound quantity 5 5 


I $12n%g'2 — 2 304l n + 4224/ng* 1 5 
5 | — $12mma* 

| - 403 2h + 21124. — 576 
_ 320m®*nas — 480Im*n3a* — 160Pm*n*a* 
| + I5$36Imn*a* + 128 = 192ln*n*a* 


* | PT + 64 Et 


3 : 128. 


Add 512 + 320m*n* a5 + 16647 mn*a* + 


| | — 166 4m e + 768 


209 ü 


4 


160 + 192/m*n*a* to both ſides. And we ſhall 


then have the compound quantity 


Ts * rr 8 2 A 2 a 
* n go; 1 r : : 
J erty 5 © a a. OS FS ONE IT 
FEE oh 


— 


B | n 
ie; WES OTE CL ee 8 ny > 1 


— wa, — * w 7 ay * 

* 8 ny 

8 = N 8 
neee an. 
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— 8 _ — mmtenrnge 1444 "Eu By *r TRIES nam 3 
CAA — 22 ICONIED „ yrs tPA ris, — — — ——— rv ets I 
2 ot by — . ————— Cen I ee nr apr yr rater; — — are < mr deg > 


— — — 7 — 
— —ͤ̃ — — — — 
"oY < 2 n e a * the. m 
< 2 — — 2903 cy — 
— — — o mo EIS 3 . * * 4 
. — — : —— — 5 
— — — — Wy —ę—:T: 4 een ns — —— 


: 6 e — 960 +: 896Pamnta* ? 

+ GA, + 352⁰ 4 

+ 6446s — 12835 at 
3 | | + 64% 
1 1 1921 | 
| + 6m ; 
£5! | 16495 

| | hb 1281m*n542 | 2 ; 


= the compound __—_ 


” 8p 8 — 2304 + 4249 — 4032 hu 1 
+ 1 
* + 21120. — 5767 a2? 
1 — 380l mn + 768% t¾¼aä + | 641%n3 
+ 128π 11 Gem 
| | 12874. 


. 1 

Now let g6o/mnta® + 3520m*n*a* + 64nm*na* + 
192/mn*a* be ſubtracted from both ſides. And we ſhall 
then have the compound quantity | 


3 - — + 896/1mn*a* + 64Þ-m3n34? 
+ (45 — 128h%a* + GA 
| + 1284 


= the compound quantity 


$ 


SI2u'a"t 
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. 512224 — 230 4H fe + 4224 1%a* 1 ? ; 
— 4032 + 211234 : 1 
+ 57m? +. 128 —⁰ë | 
4 | | ＋ G 1 1 
9 : | | 


= 576 ua | 
+ 5768s + 64Pm | | 
| + G4 Is 


— 


— 128m; 


x 
and (dividing all the terms by 25 the compound 
quantity 
128mna® + 64m + BgbPmna* 

＋ 64 — 128 | 
+  64Pm*a* 


+ 64Pn*a* 
+ 12 81m*n*a> 


will be equal to the compound quantity 


5129's — 2304/0 + 4224Pat — 40 hs 
— - . „ 57 lnmas | 
—— 21124 Zo 57615a* | 4 
* | 128444 + 576m | + i 6415 | 
+ 6qnwat +. G 
| - 1 128/%mn; ES 


* 


nd (dividing alb the terms by 320 the compound 
quantity 


P 2 Ainał 


— 


1 
. 
14. 
+ 
3 
Fa 
5 
40 
19 
55 
(1 
A 
ww 3 
* 
= = 
T1 
I 
: 
: 
* 
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FE. 
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15 
>. 
If 
1 j 
* 
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& 
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- #1 
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© 
: V5 
: . 
1 
2 
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gmna* + 2m5as + 28 mn 
+ 219% — glwat 


+ 2m 


+ 2Pn3a? 


+ 4:4mna* 7 
will be equal to the compound quantity 


16a? — 72h + 132 — 12606 
? + 18/mna® 


P0542 4 66 n 4 28 


| hb 8h + zm 15 


Fo 


3 mY 2 m*n*a* EE Inn; 


and (ſubtracting the former of : theſe compound quan- 


tities from the latter,) we ſhall have the compound 


quantity 
{ 1642 — 5 le + 1321 — 126 ha 
1 i 
— aun — 2m 
#5 ends 
ö * 66/424 | 
; 2 + 4/583 1815,;2 
+ 2244“ + 181 . . 
2 28 hnn a — 2165 | + 27m 
* ie. — 2Pave* Ab 


4 
* r 


Os 5 EP 


Art. 12. 
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Art. 12. Now let all the terms of this equation be di- 
vided by 16, in order to free the higheſt power of the 
unknown quantity à from it's co- efficient. And we ſhall 
then have | 


ne wo x Se MA 33 J 
01 ET * — Pa + IL Pas | 


cons = mna? + 2 Inn + Ic | 
4 8 80 | 


— — ma + — min? 
— oo nas 3 ZE 1 
85 Fe | 
£ 
+ —_ Insa“ | 
85 5 N 
— 3, n — 
Pa -- 8 
8 f 
+ 23 Pmna” + — min 
_ . — — — Amn 
8 4 5 
| | i 
— = Pala 1 
f . 
ö 
— — nina : : 


= O. 


1 This laſt equation. may be free'd from fractions 5 


ee 5 
taking a0 == 22d, Or 3 — aa, = fubſtituting — 


— 


» — 


P 3 5 1 


8 
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- ; | : . 2 . 85 s * ce f | ; 
inſtead of aa in it's terms. For, if — is = aa, we 
4 ä 4s | e® | 
ſhall have — = 4, and — = af, and — = 4, 
oy | 8 EE 1 


5 po 212 5 
. „ and 8 a And conſequently, 
by this ſubſtitution of — inſtead of aa, the laſt equa- 


» | tion will be-converted into the following equation, to wit, 


| 

| 

N. 

X 
o5| % 
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oleio 


3 


337* 


63/325 


64 


glmne® 


Ge 


64 


eee 


64 


28hHm⁰ẽ;.: 
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FS 
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= o; and conſequently (wuliplying all the terms «by 


th we ſhall have 
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iT ms gle"? 4 33le — 64135 ＋ 661/444 7 
| _ : mne® + glmne® + - 4Im*e+ 


| — bes - + 2m* 12:4 f 
© : — nes — 28m 
= 3666 + 86 RA. 


1 4 _ 16am 
— 417i 2 | 
5 7 — Sli, 


==. Os 


A Reduftion of the foregoing Equation of the T weifth Order 


to an Equation of the Eighth Order by dividing it by the 


Trinomial nary * — gle* * 4. 


Art. 13. This eqyation may be reduned to an equation. 
of the eighth power by dividing it by the trinomial 


quantity * — 4/e* + 4½, or the ſquare of 21 — e 


which Diviſion is ſet down by Dr. Wallis in his Algebra | 


chapter 61, and is as follows: 


ae 


4 > N n wiv 0 2 5 1 4 — 4 » ge -5 K b = 
* rr * : * g 2 2 ; 1 RE Dee whe ge r E MICE RING er EEE Sat Toe 
. „ e A = a 7 FR ara Bern bop ID ht 129 AE, 2 N. e 1 Cot Coke FN 4 5 * — r 2 a _ 
PPP Mod ogte ee ES: RS OE at unn. 


— — — 


he — gauwp + 3 — 


n, + e 2b 3 ppusqrhqng pay L du. 


— — 


1 hf + 5 
Pau «»· oe. 
ein + gpl =, <=: 

c + onm6 + gout = 
"99 + „% % + „ 


r — 407% 0% — *puayrnqng puoong on. 


LY 


vel — 
oe = 
| 5 | . o Ej,C75 + gauu + | 
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#17 + | > 29 190 ˙V58 — vo + | 
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. a9 _ | 5 i wettt]8 -L. 2 5 / h — 4g oHT + gf £14” Crane 5 | Fe 
Te i 9/8 + eonggt+ with + $216 ＋ * — | 
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Se x 'PSIPHICT I L 'Y Joc UT, 


218 


1 > ett _ ſiniuvnꝙ noruent.s 2 *D < voyonb7 Iu] % fo uni via arc 4% 


2 " > — 
— —ä—ä—— — — 2 — —— no 1-4 rs 


At, eee jj LI IR... I ER<RQRSS>:> _— 
ee e new ee 
19. , 5 N. 1 5 ON, "EI NET" INTE ING wy i ; 4 . 
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Therefore the quotient ariſing from the diviſion of the 


foregoing dividend, (which was the firſt, or left-hand, fide 
of the laſt equation, and was equal to o/) i is the e compound 


quantity 


. Fo EE 5¹⁶ + 9e * 74e + 24 
3 une + Sinne“ — 4. 
4 — me T 2 5. 5 
| ö „ "IE nd on : | 


And confequently, as the ſaid dividend was equal to Os 
this laſt compound quantity, which ariſes from the di- 
viſion of it by the trinomial quantity «“ — 4/e* + 47}, 
muſt be equal to © likewiſe; and therefore the final 
equation, by the reſolution of which the value of ee, and 

_ conſequently thoſe of 2a and à in Colonel Aae Pro- 


blem, is to be obtained, will be the equation 


— gle + 97. — 7e „ 1 | 
* 0 


— mne + Swe” — 4/ mn 


— , + 2z mn | 
me" : \ 


Art. 14. Now let the values of the three letters /, u, 
and u, be ſubſtituted, inſtead of thoſe ietters themſelves, 
in the terms of this equation, to wit, 16 inſtead of /, 
17 inſtead of m, and 18 inſtead of u. And then we 
hall have 54% (= 5 X 16 X ) = goes; and g/fe* (= 

9 X 16 x 16 X * = 9 X 256 * e.) = 2304e*, and 
mne (= 17 X 18 X ef) = gebe, and conſequently 
He* — mne* (= 22 04e — 3obe*) = 1998“; and 
| | | oP? 
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7 (= 7,X 16 X 16 X16 Xe? N25 
X ©. xy * 4090. X e = 28, 6726, and Sunne? (= 
r y al 


X 30 x &) = 24, 480%, and me (= 17 X 17 X 17 


* e = 28g X 175 X ef) ole, and, (mi TX 
18 X 18 X e* = 324 X 18 X * = 383 e and 7. 
+ Hier + ne (= 28,672e* + e + 58328") = 
397417 and conſequently: 71%? a ＋ 1% 
FSimne (= 30, 417 = 24, 480 = 14,937e* ; and, laſtly, 
 W(=2XP x1= 2 4005 X 16= 2 X 65,539) 


= 131,072, and 2m (= 2 X 17 X 17 X 18 * 18 


=2 X 209 X 324 = 2X 93,536) = 187,272, and 


21 + 2715 ( 131,072 + 187,272) = 318,344, and 


mn (= 4 X 256 X 17 Xx 18 = 4 X 256 X 306 = 
4 X 78, 336) = 313,344 and conſequently 2/* + 


2m*n* — 4Pmn (= 318,344 — TROL 5000. 


Therefore the equation 


ſ & — sl + gf — 1e + 28 


— mne* + 5olmne — qPmn 


5 — me* T 2mn* 
| I ES 7522 ; 4 Es, 


= ©, will, when the values of /, m, u are ſubſtituted 


inſtead of thoſe letters in the ſeveral terms of the equa- 


tion, and the ſeveral neceſſary additions and ſubtractions 


of the terms involving the ſame powers of ee have been 
duly made, become e — g&ce* + 1998“ — 14,937e* + 
5Cco = ; and therefore {ng 8ce* + 14,937e* to 
both ſides) we ſhall have e“ + 1998. ＋ 5000 = 


1499370 
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14, 937 + B80e*; and (ſubtracting * + 19984 from 
both ſides,) we ſhall have 5000 = 14,937e* + Boeb — 
e* — 1998, or 14,937e* — 1998“ + 80e — & = 


5000. And laſtly, ſubſtituting x inſtead of ee, we ſhall 


have the equation 14,937 — 1998xx + 80x3 — 4. 
= 5000, which has been reſolved by Dr. Halley in the 


| foregoing tract, and more fully in the Appendix to the 


faid tract, in which all it's four roots have been inveſti- 


gated, and have been ſhewn to be 0.350,987,046, and 
12. 756,441, 794,80, 744, oa, cee, and 32 . and 


: 34. 3 N 


Anciber Method of reducing the foregoing Equation of ule : 


Twelfth Order to an Equation of the Eighth Order by means 
of tus Divifiens by the ſame Diviſor as before. 


Art. 15. The foregoing reduction of the equation of 
| the twelfth power to an equation of the eighth power by 
means of the diviſion of it by the trinomial quantity e — 

4% + 4/0 that is ſet forth in art. 13, may, perhaps, bo 


thought to be in ſome degree obſcure and unſatisfactory, 


becauſe the dividend is a ſet of quantities that, all taken 
together, are equal to nothing; and it may be ſaid, with 
ſome appearance of truth, that operations performed 


upon nothing, or a non-entity, can lead to no rational 


concluſion.” I will therefore now ſeparate the quantities 
| that compoſe that dividend, and place ſome of them on 
the 2 or right-hand, fide of the equation, and then 


divide 
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divide both ſides of the equation ſo prepared by the ſame 
trinomial quantity * — 4 + 40 as before; by which 
means we ſhall obtain two quotients which will be, not 
equal to nothing, as the former quotient was, but,—of 
finite magnitudes and equal to each other: and then, I 
\ apprehend, no doubt can be entertained of the juſtneſs 
of the reaſoning and the truth of the coneluſion ob- 


tained by it. This may be done in the following 


manner: 


The compound quantity 


— mes + gqlunes + An + 36Pmne* 


eis = gle + 33 63e + 66⁵̃ — 362 1 


5 — mies + 2 ve — 41 m 
4 | = ns — 28] mne* — 418872 
| N Ane — m 
4 
+ 81 2 | | 
L — 164 | 4 
is equal to the Wiens quantity 47s — Alete + my 
together with the multinomial quantity 
e + 20h — 6h + 614% — 36h 
— inne + glmne® + Ame“ + 36PFmne* 
| — me + nf — 41* m3e* 
| - | — mes — 28Pmne*% — 412352 
+ 1 — dme 
: + 8 
- + 8/*m*n* 
E 2 161m. 
1 | Therefore 
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Therefore the trinomial quantity * — ale'® + 4Fe 


will be equal to the ſaid multinomial quantity when the 
ſigns of all it's terms ſhall be changed, that 2 to the 
following — quantity, to wit, 


ob lere — . + 631345 — 6614+ + 36/5e* 


+ agony — volnmne* — Ane — 36 lan, 
+ mes — 2m*n24* + 4aÞme* © 
4 | + „ + 28Pmne* + e 
1 5 4 — 4/n* + 8lm*n*e* 
| — 
g | _ 81*m*n* 
L | | | | + 16/1*mm, 


For otherwiſe the former myltinomial quantity, which 
conſiſted of the trinomial quantity e — 4% + 405 
with this latter multinomial quantity ſubtracted from it, 
could not have been _ to nothing, | 


Now let both daes of this equation be divided by the 


trinomial quantity * — 4/e* + 4/*: and it will follow 
that the quotients of theſe two diviſions mult be equal to 
each other. 


wag 


But the quotient of the diviſion of the trinomial quan- 


tity e — 47? + 47 by the trinomial quantity ef — 


4% + 44 is es. And the quotient of the diviſion of the 
ſecond, or right-hand, ſide of this equation, or of the laſt- 


mentioned multinomial quantity, and be found in the 
following manner; | 
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It appears therefore that the quotient of the diviſion of 


this laſt multinomial quantity by the trinomial quantity 
e — 41 + > is the e quantity 


5 — 97 „% + „he — 22 

I mne — lune + 4Pmn 
+. nie: — 2m'n, 
+ nes : 


| Therefore this compound quantiry will be equal to es, 


which is the quotient of the diviſion of the quantity 


e == 4e + a0 es by the ſame diviſor e# — 4{* + 4Þ; 
and therefore we have now obtained by intelligible means 


| an equation between two finite quantities, to wit, the 


equation e = 5 


i” h ‚ IN 
| | Wor mne“ 5lmne* + 4Pmn 
men = 2mm, 


which, by ſubtracting the ſecond, or right-hand, fide of 


it from e*, or the left-hand fide of it, will produce the 


former equation obtained by Dr. Wallis, to wit, the 
equation | 


4 — 2 + gle — 74 + 24 
L nun“ + SO — 4l*mn 
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The Hoplication of the Number 12.7 $6,441:794480,744, or 
the ſecond Value of ee, or the leaſt Value of it but one, in 
the Equation 14,937ee — 1998e* ＋ 808% — e = 9900, 
to the Solution of Colonel Titus's Problem. 


Art. 16. Having now at laſt, after many tedious and 
laborious Algebraick operations, obtained the equation 

28 5 51e + 9e — Tle* + 2+. 

| — mne* + glmne* — 4% mn 


— me + zu n 


. 2 

or (by ſubſtituting the values of 4 m and = in the terms 
of the equation inſtead of thoſe letters themſelves, and 
making the proper additions and fubtractions of the 
terms that involve the lame powers of ce) the equation 

— 8oe* + 1998+ — 14,937e* + $000 = ©, or the 
> 14,937 ee — 19985. + B8or* — & = 5000j we 
| will now proceed to apply one c of the values of ee to the diſ- 


covery of the value of aa, or _ , and of a, the firſt. of 


the three unknown quantities a, b, and c, which are re- 


quired to be found in Colonel I itus's Problem. 


Now, if we ſuppoſe ee to be = 12.756, 441,704, 
480,744, (which is the ſecond, or leaſt but one, of the 
four values of ze in this equation that have been found in 
the foregoing Appendix,) this value of ee. will enable us 

to find the values of the ſaid three numbers a, 6b, and c 
55 required by the Problem. 


For, if ee is = 12.756,44 1 we ſhall have 


| 6,441, 80, 
. Dt 0,744 = 6.378,220, 


2 


7 | | FEE 1 2 897. | 


3. 
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897,240,372, and conſequently a (= 6.378, 220, 897, 
240,372) = 2.525, 513,986. Therefore a, or the firſt 
and leaſt of the three unknown quantities a, 5, and c 
required to be found in the ſaid N will be = 


2.525,513,986. . : 
Having thus found the value of a, or the firſt of the 


three numbers a, b, and c, We may derive from it the : 


value of , or the ſecond 7 thoſe numbers, i in the man- 
ner following : | 


It has been ſhewn above in art. 8 that 6 is = 


2% 8 e 


ꝶmqa a Sna* — 1211a* + a- + 44 1 19 7 


. Now aa is = 6. 3 78,220, &c, and conſequently a* 
will be (= 6. 3785 220, &c\*) = 40.681 ,690,368,400, 
and 8 will be (= 8'X 18 * a* = 144 X a* = 144 
X 40 .681,690, 308,400) = 58 58.163,41 3-049,500 z and 
mas will be (= 1) X 17 X a* = 289 X 4˙ 289 * 


6.378,220, &c) = 1843-305,580, &c; and 12h will be 


| (= 12 X 16 * 18 Xx a* = 3456 X „ = 2456-3 
6. 378,220, & c) = 22,043. 128, 320; and 4% will be (= 
4X 16 X 16 X 18 = 4 X 256 X 18 = 1024 X 18) = 
18,432. Therefore the quadrinomial quantity 82 — 
121 a. + m*a* + 4%½½ will be (= 5858.163,41 3,045,660 
— 22,043.128,320 + 1843.305,580, &c + 18,432 = 


_ 26,133-468,993,049,600 — 22,043-128,320) = 4090. 


340, 673,49, 60. Therefore V 12. +1a* H 4 
will be (= Vacgo. 340, 67 3,049,600) = 63.955,771; and 


| Tar — 12/ng? + m*a + 4% 63.955,71 
— : will be (= d 
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63.955.771 63.95 5,7711 8 ma. 
TT. pantry” pon [ 2:776,549 nd — 
17 X 2.82 6,513,086 42.9337 373762 ) 


I will be = I = ICED __ 42.9331]: 
12 e WM a7 bu 36 
= 1. 192, 603,826. Therefore —— + 


. = Tama: > + m*q* —.— 
. 

826 + 1. 776,549) = 2.909,1 52 826, or, nearly, 2.969, 

153; that is, 6, or the ſecond of the unknown quantities 

4, b, and c, required to be found, will be =, . 


ec 2 4 N Brie 


Laſtly, foo. aa + be is'= þ, we ſhall have "IR = 1 


2 4a 16 —6.378, 220% Ke 
— aa, and conſequently c 5 * Ts 969,153 


— will be (= 1.192,603, 


= = 26 3. 240,580; that i is, the third unknown 


number c which was required to be ſound will be = 


3.240, 580. Therefore the three numbers ſought are 
12525551 3,986, &c, or, nearly, 2.525, 514, and Ms | 
nd. 3: en. * E. 'F | 


\ hs 17. Theſe numbers will 8 the conditions of 
the problem. For, if a is = 2.525,514, and b is = 
2.969, 153, and c is = 3-240,580, we ſhall have aa = 
6.378, 220, 8, and 35 = 8.815,869,5, and cc = 10.501, 


338, 7, and bc. (= 2.969, 153 X 3-240,580) = 9.621, 


778, 8, and ac (= 2.525, 514 X- 3.240, 580,) = 8.184, 


130, 1, and ab (= 2.525, 514 Xx 2.969, 153) = 7.498, 


637,4. T herefore aa + bc will be (= 6.378,220,8 + 


9-621,778, 2) = 15.999,998,6; which is very nearly 
vy the firſt condition of the Pro- 
blem. 
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blem. And bb * ac in be (=: 8. 815,869, 5 + 81845 | 


130,1) = 16.999,999,6 ; which is very nearly equal to 
17, agreeably to the ſecond condition of the Problem. 


And ce + ab will be (= 10.501, 358,7 + 7.498,63, 4) 


= 17.599,996, 1 ; which. is very nearly equal to 18, 


agreeably to the third condition of the Problem. &. E. D. 


Art. 18. Dr. Wallis has inveſtigated the values of the 
numbers a, b, and ec to ſixteen places of figures, and 
found them and their ſquares and d. produree to * as fol- 
lows; z to wit, 


2 = 2.525451 3:986,7443158, and aa = 6.378, 220, 

| 89724037, 

b = 2. 969,152,768 619,848, and bb = 8.815,868, 

| 163,402,909, 

* 3. 240,580,681 617,174, and cc = 10.501, 363, 

Es 154,079,430, 

and bc = 9: 621,779,192,7596628, and ac = 8.184,131, 
- 836,597,092, 

And 4b = 7. 498,636,845,929,567 ; and _—_— 


4 + be to be = 


| 6. 378,220,897 (240,372, | 
ks 9.621,77, 102,759,628 


Ns — 16.000,000,000,000,000, agrecably to the 
firſt condition of the Problem ; 


and bb + ac to be = 
| 8.815,868, 163,402,909 1 
{ — 8.184,131,836,597,093 } | 
= 17.000,000,000;600,002, which is very 
. Q4 | nearly 
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ſhall have 4 (=. 
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| nearly equal to 1 75 agreeably to the ſecond condition of 


the Problem; $3 


and cc + ab to be = 


10.304 248.326 e - ; 
* 7-498,636, $45,929,507 


= 17-999,999:999,9994997, which is very 
3 equal to 18, agreeably to the third condition of 


The Application of the Number 0.350,987,045,866,14, or 
the leaſt Value of ee in the Equation 14,937ee — 1998e* 
+ 80e — &* Foo, to the Solution of Colonel Tituss 
Problem. | 4 


Art. 19. But there is another ſet of values of the un- 
known numbers a, b, and c that will anſwer the condi- 


tions of the Problem. And theſe values may be derived 


from the leaſt value of ee in the final equation 14, 937 ee 
— 1998e* + 80% — & Foo reſulting from the 
foregoing ſolution of the Problem. For the leaft value 
of ee in that equation, or of x in the equation 14.937 
— 1998 + 8 — x* = 5000, has been found in 
the foregoing Appendix to Dr. Halley's Tract, page 160, 
to be = 0. 350, 980,9, or nearly, o.3 50,987; and, if it 


had been inveſtigated to a greater degree of exactneſs, it 


would have been found to be = 0.350,987,04 5, 866, 14. 


Therefore, if we take ee = o. 3 50, 987, 045,866, 14, we 


o. ee 1 33 
z 


| RY 


COLONEL "TITUS's ARITHMETICAL PROBLEM. 233 


* BeV7 5,493,522,933z07) and conſequently a (= Vo. 175, 


493.5 22,9 33507) = . 418, 919,470, 701, 7; that is, the 
firit and leaſt of the three numbers a, &, and c which are 


required to be found, will be = o. 418,919,470, 701,7. 
or nearly, ann Es * „ 


Further, it has been Gown above in art. 8 that - tie 


- ma 
ſecond unknown number b is = _— + 


—_— 1 + ma + al*n ; | 174 
27 SER C2 


* 16 x 8 ET7X 170% 44% 10x 16x 18 


"0 2 X 18 


122 4 VA — 12 X 288 F 289a* + 1024 x 18 
ä „ 


— 17a + 2 —— — 2 — 28925 + —_ 


I'a . — "IG 4 «NT 


— — . 


30 36 


But a 5 — 0.4 18,919,470, and aa is = 0.175,493,523» 


and conſequently a* is (= 0.175,493,523)') = 0.030, 


797976,63. 


Therefore 1442 will be (= 144 X 0:030,797,976,63) 
= 4.434908, 634,72, and 3167 will be (= 3167 X 
0.175, 493,523) = 555.787, 987,341, and 1444“ — 


31674 + 18, 432 will be (= 4.434, 908, 634,72 


$55: 787,987, 341 + 165432 = 18,436. 434,08, 634.7 _ 
555.787, 


3 
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555.787,98), 341) = 17,880. 646, 921, 293, the 
ſquare- root of 144a* — 3167a* + 18,432 M.. be (= 


tapes 640,92 13293372; = 133-718,536, * 


rr 
and IX JE 1432 will be . | 
133.718,526,191 1 Es | 
1 755 51049583 


ry 
And 1 85 will be (= — 9479 
: 


„Zo, 
eee) = 0-197,823,083 


an 
| —_ 3 5742 | a 
Therefore > 3 * uu be 
3 


(= 0.197.823, 083 + 3 713,403,783 = 3.912,2 26,866 ; 
that is, 5, or the ſecond unknown quantity required to be 
found, will be = 3.912, 226, C66. . 


I - aa 


Laſtly, the third number e will be = 3— ( — 
16 2 0.176. 493, C3 15 824,806,477 2 5 


"3-912,225,860 © 1245 506 4.044,884,670. 
26 255 . 


Ari. 20. And theſe three numbers, o. 418,919, 470, 
3.912, 220, 866, and 4.044, 884, 670, will anſwer the 
conditions of the Problem. For, if a I 0.418,919,470, 
and 6 is = 3.912,2206, 866, and 4. 044, 884, 670, 
we ſhall have | 


4 (= 


- 
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44 (= 0-418,919,470}) = 0 1y5.03 523. 

and bb (= 3.912,226,860\*) 15. 30 5, 5 19,5 I, 

and ce (= 4044;884,670)*) = 16.367 5091, 993 

and bc (= 3. 912,226, 866 X 4. 044,884, 6700 = 15. 8245 
| 506, 475, 

and ac - (= 0.418, 919-470 * 4-044,984,670) = 1.694, 

480,942, 
| and ab (= 0-418,91947 * 39180330 866) = 1.638, 
9055. 005. 


» 


Therefore aa + bc will be = 


f 
+ nn, ” 


= 1s. 9909.99 which is very nearly 


= 16, agreeably to the firſt condition of the Problem: 


And 3b + ac will be = 


15-305,519,051 _ . 3 
++ 6% %% %/%/¶½ꝶů iůů( NG 


= 16. 999,999,903 ; which is very nearly 
equal to 17, agreeably to the ſecond condition of the 


Problem : : 


And ce + ob will be = 
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1 5 156.367,97, 993 5 1 

{ + 1.638,908,005 : 2: | | 1 

= 17.999999. 998; which is very nearly IS : 

equal to 18, agreeably to the third condition of the 2 
Problem. 5 Re 
It appears therefore that theſe three numbers 0.418, if 
919,470, 3-912,226,866, and 4.044, 884.670, which are 3 


derived from o. 350, 987, 46, or the firſt, or leaſt, value 


of ee in the equation 14, 9 37e — 19987 + Boe® — e | 

= 5000, anſwer the condizions of the Problem as well as 2.4 
the three former numbers 2.525, 513,980, and 2.969, 153, | 

and 3.240, 580, which are derived from 12.756441, 794, t 
480,744, or the ſecond value of ee, or the leaſt value of 

ce but one, in the ſame equation. | hs 6 


Of the Taos Greateſt Fakes of ee in the Equation 14,937 
= 1998e* + 8ce“ — + = 5000. 

Art. 21. But the other two values of ee in the equation 
14,937 ee — 1998e* + &ce® — & = 5coo, to wit, the 
numbers 32.060,290,8 and 34.832,280,2, have no rela- 
tion to the preſent Problem: a for, if the values of a,b h 
and c are derived from them by taking aa = — upon 


A * chat ee is equal to either of thoſe two num- 


| 43 af" 21na* 27475 
Vaal and taking 3 = * a : — 2 - +47» 


BD - 8 
| uo Taqn® — ai0gat + Ih of = 
or 22 , — * ee” «iu 6 Deus 2 n 

3 8 | b 


wy or e ; 36nd „ the wal of aa * be, bb + acy and 


cc 
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cc a ab will not be 1 to be reſpectively equal to the 


three numbers 16, 17, and 18, agreeably to the condi- 
tions of the Problem. But theſe two greater values of 
ee in the ſaid equation 14,9376 — 19986“ +: 80e — . 
= 5000, or theſe two greateſt roots of the equation 
14,937 — 1998x* + 80x? — x* = 5000, will be 
found to relate to two other Problems, ſomewhat different 
from that of Colonel Titus. For, if ee is taken = 
2 ä — 


32. 000, 290,8, and aa is taken —, o , 


or 16.030, 145, 4, and a = 2 zo, 145, 8. 5 is 


; | ; * „ 6 a? 8, | 
F _ w — 8 — hs and 


6 = = — 3 the three values of a, b, 
and c ſo obtained will be firted to anſwer the condi 
of a Problem in which it ſhould be required to find the 
values of three unknown numbers a, b, and c, upon a 
ſuppoſition that aa — bc (inſtead of aa + bc) was equal 
to 16, and that bb + ac was (as before) equal to 17, and 


that cc — ab (inſtead of cc + ab) was equal to 18. And, 


if ee is taken — 34.832, 280, 2, and aa is taken = — 
5 34.8 32, 280, 2 
. 


17a 4 vV 144a* — 3167a* + 18,432 
36 | | 36 | 


fi ts; 16 — aa 


5 


5 the three values of a, b, ans e 


fo obtained will be fitted to anſwer the conditions of a 
| third 


„or 17.416, 140, 1, and ö is taken = 


, and c is taken 
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third Problem, in which it ſhould be required to find the 
values of three unknown numbers a, 6, and c, upon a 


ſuppoſition that as — be (inſtead of aa + bc) was equal 


to 16, and that 55 — ac (inſtead of bb + ac) was equal 


to 17, and that cc + ab was (as before) equal to 18. See 
Dr. Wallis's Algebra, chapter LXII, articles 63, 64, 65, 
66, &c - 7, in which the ſubject is fully diſcuſſed, but 
not without ſome degree of obſcurity ariſing from the 
conſideration of negative quantities, and from the doctrine 
of the generation of equations one from another by mul- 
tiplication, or by bringing all the terms of each equation 
to the firſt, or left-hand, ſide of the equation, ſo as to 
make them equal to o, and then multiplying the equations 


(ſo prepared and made equal to nothing, ) one into another, 


and from the eminently falſe poſition derived from that 


manner of generating equations, to wit, „that every 


Algebräick equation has as many roots as there are 


units in the index of the higheſt power of the un- 
known quantity contained in the equation.” For this 


doctrine of the generation of equations one from another 


by multiplication, (which was invented by Harriot, and 


adopted by Des Cartes and Dr. Wallis and almoſt all 
the ſubſequent writers on Algebra,) inſtead of being 
an improvement in th :at ſcience, has, in my opinion, 


been of great detriment to it by deſtroying it's ſimplicity | 


and perſpicuity, and * . again to be diſcarded 
from 1 it. 


et. 22. The foregoing Solution of Colonel Titus's 
Problem given us by Dr. Wallis is, as we have ſeen, ex- 


——_ tedious and laborious z and great part of the 


w- 


5 | „ BRINE - 
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labour required in the ſolution of it ariſes from the ne- 
ceſſity we are under of raifing the equation involving the 


unknown quantity a to the 12th order, or to the 12th 


power of a, ia order to free it's; terms from radicality. 
But Mr. William Frend, the i ingenious author of the late 
perſpicuous Treatiſe on Algebra in one volume oQtavo, 


intitled Principles of Algebra, (in which he totally rejects 


the abſurd and perplexing doctrine of negative quantities, 
or quantities lefs than nothing, or quantities obtained by ſub- 


tracting à greater quantity from a leſſer,) has lately com- 


municated to me another Solution of this Problem, 
which produces only a biquadratick equation. And this 
equation will be found to have three roots, or, in the 


language of modern Algebriifts, three real and affirmative 


roots; of which the middle root will enable us to find 
the firſt ſet of values of- the three unknown numbers a, 
b, and c, that will anſwer the conditions of the Problem, 
to wit, the three numbers 2.525,5 &c, 2.969, 15 & c, and 
3.240. 5 &cz and the greateſt root will enable us to find 
the ſecond ſet of values of the ſaid three unknown num- 
bers that will anſwer the ſame conditions, to wit, the three 


numbers o 478,919, 47, 3-912,226,8 &c, and 4.044, 884,6 


&c. This Solution I ſhall now proceed to lay before the 
reader, as a proper accompaniment to. the foregoing So- 


lution of this Problem ins us by Dr. Wallis. 
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ANOTHER SOLUTION 
RE 
COLONEL TITUS's PROBLEM, 


BY MR. WILLIAM FREND, Al. A. 


FELLOW OP JESUS COLLEGE, CAMBRIDGE, © 


to wit, © that the three unknown numbers a, , and c, 


that are fought in the Problem, are, all of them, of dif- 
| ferent magnitudes, and that a, or the number of which 


the ſquare occurs in the firſt equation 4 + bc = 10, is 


the leaſt of the three, and that c, or the number of which 


the ſquare occurs in the third equation cc + A = 18, is 
the greateſt of the three, let it be ſuppoſed that the ſe- 
cond unknown number & is greater than the firſt un- 
known number à in the proportion of x to 1, and that 
the third unknown number c is greater than the firſt un- 
known number in the proportion of y to 1. 


® 


Then will þ be = Fay and c will be = ya, and conſe- 
_ quently 55 will be = Ka, and cc will be = y*a?, and 
5 be 


- 


Art. 23. Reramme the notation uſed in the fore- 
going Solution of this Problem by Dr. Wallis, and retaining 
likewiſe the preliminary obſervations made by Dr. Wallis, 


a 


9 9 
P 
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ze will be (= xa X ya) = xyae, and ac will be (= @ 


ya) = yaa, and ab will be (= a X xa) = xa. Theres 
fore the firſt equation aa + bc = 16, or aa + bc = 1, 


and the ſecond equation 25 ＋ ac = 17, or 556 ＋ ac = 
m, will now become a%a* + ya® = 17, or * + ya? 
= m; and the third equation ce + ab = 18, or cc + 
ab = n, will now become y*a* + xa* = 18, or y*a* + 


xa* = n. 


Art. 24. * daes ag ＋ yas = = b, we ſhall have 


„ ” 
aa = 8 And, fince a%a* + 5a is me ban 


5 = m 22 
have ag = FIT" Ang, ſince va o+ 2 is = = th we 


ſhall have aa = 


Jy + x 


Further, lince aa is = ——, and aa is allo = 
1 | 1 | 


5 5 
IF; , we ſhall have T+a2y = +7 775 


quently, (multiplying both ſides by 1 1 + ay X x* + +7) 


we ſhall have /z* + y = m + may; and (ſubtracting 
m from both ſides,) Ja- + 1) — m = mxy, and (ſub- 
tracting y from both ſides) [r* — m = may = ty, and 
(dividing both ſides by LESS 7 we ſhall have y = 

1 — nm 
me — | 


preſſed by a fradtion which involves only the known 


R auantities 


And thus we have obtained A value of 5 ex- 
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quantities I and mn and the unknown quantity r. We 
muſt now endeavour to find another value of y expreſſed, 


like the former, i in terms that involve only known quan- 
tities and the ſame unknown quantity x. And this may 


be done as follows : ; 


ON an 


m 


Art. 25. Since aa is = 


+7 
= = Is follows that . will be 
. * +I * 


Therefore (multiplying both fides into x* + y ** ＋ = 
we ſhall have my + mx = Ar + ny; and (ſubtraQting 
mx from, both fides,) we ſhall' have myy = nar — mx 


+ n, and (ſubtracting ny from both ſides,) myy — ny 


= xz — mr, and (dividing both ſides by mn) * 


2 = mx — ne Therefore (adding . to both 


nm * 


2 


| 5 „„ 1 ws 
ſides,) we ſhall have yy ME _  —— 


+ Fa 3 and (Rn the ſquare-roots of both 


Ges) we Gall We? , — - — = = i = — + 85 . 


and a (ting + ts both daes, 1 * 


r e On... Col 


+ „ 
4 Bd ili 4 zm 
f ee | : [x* = mo 
Art. 26. Fut it was before ſlewn that y is = 2 
7 8 N | NM 


Therefore 


o and aa is likewiſe | 


10 


{2 


» = * 
** 
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_=_— 7 
Therefore = will be 2 + — 
ma — m 4m 
—  :: Fe Ir —m - „ a 
8 and 4 conſequently w—" will be = 
mm 1 5 e | 
== - + „ and therefore the ſquare of 
DN 2 eee 
Me = am 3 THE * 
— 
But the ſquare of oO — 
ma — 1 2M max —| 
„ x Re ns 
8 | : ma 1 mx — 1 
+ 1 05 3 X be” — 2 — alms* +: m? — 
* wy mr — 1 : —_ 40 =” 
0 12 1 8 
9 mx — | 


| 2 3 2 i 2 | 2 YL : 
Therefore 2 | — 4144 a} 
| mx — | - | | m m 


v2 2 ES 2 
bs will be =. OO + — And oa. 
my — | nm 2 | 


ſequently (fubrraQting — Ha both des, we ſhall 


[art — 2/ms* — 1 Ix* — 


my — I) OD nm mx | 


have 


tr — ux 


5 and (multiplying both ſides into m) 


kk. ” | | Vmax 
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5 3 88 — 8 | ; 
"RE — — 2 * 2 1 
| mx == mx_l | 
and (multiplying both ſides into mx—l\*, or m — 
2Imz + ,) we ſhall have Hm — 2Im'x* + m* — 1 X 
I — m N my — | = nxx — mal X nir — T + Þ, 


or Pmx* — 2Im*x* + m' M Xx Imre — Px* — mx + Im 
= mnx+ — 2/mnx* + 12 — mir 4+ zůimæ — Pmx, 
or m — 21m + M — mn + Hur + mnx — 
Im = mn — alm + nr — m*s* + 21m rr— 
Pmz, and (ſubtracting Pnz* from both ſides,) Pma* — 
2Im*z* + mn — Imnx* + mr — Imn = minx — 
aun — mx + zl] — Lm, and (adding Imnx* 
+ 2/1*x* to both ſides) Fmx* + m* + mix — Imn = 
minx — Imnx* — m + almx — Pmz, and (ſub- 
tracting Pmu* + men from both ſides,) m' — Imn = 
minx — mt — Imnx* — m + Am — Pmx — 
minx, or m Inxt — Hm — Imnz* — m + alm*x* 
mr — m 7 1 — Imn, and (dividing all 3 


t 

by m) mnx* — Px+— lux — mir + aim = Pa — mnx f 
= m = [n, or mn I x of — r N + ame? * 
= {/* + mn x x = m* - In; and, "— (dividing all 
the terms by mn — l) we mall have “ —.— N * t 
| 5 e ri 

+ = K* ne ES SS... 5 
un- E my — 1 mn — [= tl 

| „„ | " MW 

Art. 27. But, becauſe / is = 16, and mis = 17, and Fs 

n is = 18, we ſhall have I (= 16 Xx 18) = 288, and 1 
| 5 . | Ew: : 18 


zun 


COLONEL TITUS's ARITHMETICAL PROBLEM. 245 
mn (= 17 X 18) = 306, and 1 (= 16 X 16) 10 | 


and m* (=17 X 17) = 289. Therefore 8 — will 


288 + 289 „ 254 
25 306 — 256 50 = 11-543 and 
4 * 4 

396 — 5 hs $6: 


1088 f _— 
= = 22) = a. 16 3 and — iu be (= 
256 + 306 _ $562 2 1124 | | f * 
3 | — 8 os: 5 = 27243206 e 


: _ 2696 — 208  2n_ 2 | 


_T 1 3 3 3 | 
Therefore the equation .x+ — F * * 1 


Xx x — = X x = = en - wall when 
_ theſe ſubſtitutions of the cad numbers 16, 17, and 18 
for the letters % m, and u have been made in it, become 
* — 11.54 X * + 21.76 X X — 11.24 X # = 0.02. 
This equation muſt therefore be reſolved in order to 
obtain the value of x; and from the value of x ſo ob- 
tained, or, if the equation ſhould have more than one 
root, (as will be found to be the caſe,) from that value of 
which has a relation to the preſent Problem, we muſt 


then derive the value of y, exprefſed by it's relation to x, by 


. lx = m 16x* = 17 
computing the fraftion RG — to which 


we have ſcen, in art. 245 that y is equal. And, when this 
is done, we muſt multiply the value of xa, or b, into the 
R3 value 


| Pg 
28 
SK 
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value of 2a. or e, which will give us the value of be ex- 
preſſed by it's relation to 34; and then the equation 
aa + &c = 16 will be a quadratick equation involving 
only one unknown quantity, namely, 4, and which may 
therefore be cafily reſolved ; and the reſolution of it will 


; give us the value of a, or the firſt of the three unknown ' 
quantities 3, b. and , that the Problem requires us to 


find. And from the value of à ſo found we may derive 
the values of > and c by multiplying a into * to obtain 


the number b, and by multiplying a into y to obtain the 
number c. Our next buſineſs therefore muſt be to find 


the roots of the biquadratick equation x* — 11. 54 4 
21.76 — 11. 24ĩ = 0.02. 


| The Reſolution of the Biquadratick Equation x* =p 11.543 


+ 21.76x* — I1.24x = 0.02. 


Art. 28. Let us, firſt, ſuppoſe that x is = 7. 


And we ſhall then have x* = 1, and & = , and 


& = 1; and conſequently * + 21.76 will be (= 1 
+ 21.76) '= 22.76, and 11.54r* + 11.24x will be (= 
11.54 + 11.24) = 22.78; which is greater than 22.76, 


and therefore cannot be ſubtracted ſrom it. Therefore 
in this caſe the binomial quantity 11. 544* + 11.241 is 


greater than the binomial quantity &“ + 21.76, and 
cannot be ſubtracted from it, and conſequently the qua- 
drinomial quantity ** — 11. 54 + 21. 76 — 11.244 
(chich 
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(which ſuppoſes the ſubtraction of 11. 54x* + 11 24x from 

x* + 21.76x?) cannot exiſt. And the ſame thing will be 
true, if x be of any magnitude leſs than 1. But, when is 
a little greater than 1, the binomial quantity x* + 21.76x* 


(which before had been lefs than the bingmial quantity 
11. 54% + 11.24) will become equal to the binomial quan- 


tity 11.544 + 11.24x, and the whole quadrinomial quan- 
tity K* — 11.54x3 + 21.70x* — 11.245 will be = o; 
and, when æ increaſes ſtill further, the ſaid quadrinomial 
quantity will increaſe from © to a certain .quantity, after 


which it will decreaſe to a certain quantity, and then, 


finally, it will increaſe from that quantity ad infinitum, 
which makes it become at three different inſtants of time 
equal to the ſame quantity. Thus, for examiple, when x 


. | 1 x / | 
is become = 1 + —— OT 1.1, we hall harz x? = 1.217, 


o 1:23, and a 14648; and 11. 24x (= 
11.24 & 1.1) = 12. 364, and 21.76 (= 21.76 * 
1.21) =: 26.3296, and 11. 54 (= 11. 54 X 1.331) = 


15.359,74; and conſequently the compound quantity 
r — 11.54 + 21.70 — 11.24r will be (= I. 4041 


— 15-259,74 + 26.3296 — 12.364 = 27-793,70 = 
27.723,74) = ©0.069,96. Therefore, while * increaſes 


_ the magnitude which it has when &“ + 21.76x* is 


11. 54 + 11.24, or when the quadrinomial quan- 
tity “ — 11.54 + 21 76x? — 11.24X is = o, to 1.1, 
the ſaid quadrinomial quantity will increaſe from © to 
0.c69,96, and conſequently it will at ſome former inſtant 
of time during it's ſaid increaſe have been equal to o. 2, 
mn is leſs — 0 069,96; or, in other words, the leaſt 

3 2 
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root of the e equation x* — 11. * —— 8 
21.76 — 11.24x = 0.02 will be leſs than 1.1, but 


greater than 1. 


Art. 29. Since we now know that the ſaid root is leſs 

than 1-1, but greater than 1, we will, in the next place, 

ſuppoſe it to be nearly = 1,03, and will try the effect 
of this ſuppoſition. . | 


Now, if v is _ 1.03, we ſhall have x (= 1.6300 , 
= 1.06cg, and & (= 1.03|*) = 1.092, 72), and x* ( 
3.03\*) = 1.125, 508,81. Therefore 11. 24 will be 


(= 11.24 X 1.03) = 11.572; and 21.7 will be 
( 21.76 X 1.05609) = 23-08;,184 3 and 11.54 will 
be (= 11.54 X 1.092,727) =. 12.610,069,58; and 
conſequently the whole compound quantity x* — 11. 54x? 
+ 21.76 — 11.241 will be (= 1.125,508,81 — 
12.610,069,58 + 23-085,184,00 — 11.577,200,00 = 


24. 210,692,81 — 24.187, 269,58) = 0.023,423,23z - 


which (though much leſs than 0.069,96, or the reſult of 
the ſubſtitution of 1.1 inſtead of x in the ſaid compound 
quantity) is ſtill a little greater than 0.02, or the abſo- 
lute term of the equation & — 11.54 + 21.76 — 


11.244 = 0,02. And conſequently 1.03 will be ſome- 


what greater than the root of that equation. 


Ari. 30. we will therefore, in the third place, ſuppoſe 
x to be 1.027 (inſtead of 1.03, or 1.030) and try the 
cffeQt of that . 


5 Now, 


<< ns a: i. ad. oft. a a ad 
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Now, if x is = 1.027, we ſhall have a* (= 1.027?) = 
1.054, 729, and & (= 1.025% = 1.08 35206, 68 3, and x* 
{= 1.0271*) = 1.112,453,441. Therefore 11.24x will be 
(= 11-24 X 1.027) = 11.54 3,48, and 21,76x* will be 

= 21.76 X 1.054,729) = 22.950,903,04, and 11.54 
will be (= 11.54 X 1.083,206,683) = 12.500, 205, 
121,82; and conſequently the whole compound quantity 
14 = 11.54x? + 21.76x* — 11.24x will be (= 1.112, 
453,253,441 — 12.500,205,121,82 + 22.950,903,04 — 
11.5 43,48 = 24.063, 3 56, 303, 441 — 24-043,085,121,82) 
= . 019, 671, 181,621; which is a little leſs than o. oa, 
or the abſolute term of the equation x* — 11. 54 + 
21.76x* — 11,24x = 0.02. Therefore 1.027 will be a 
little leſs than the true value of in that equation. We 
may therefore now conclude that the ſaid true value is 
leſs than 1.03, or 1.030, but greater than 1.027, and 


likewiſe that it is nearer to 1.027 than to 1.03, or 
1.030. 5 


Art. 21. We will now make uſe of this laſt near value 
of x, to wit, 1.027, as a baſis for a further approach 
to it's true value by Mr. Raphſon's method of approxima- 

tion, and for. that purpoſe we will ſuppoſe x to be equal 
to 1.027 ＋ z, and will ſubſtitute that binomial quantity 
inſtead of in the terms of the equation & — 11.54x* 


+ 21.70x? — 11. 24 = 0.02. This may be done as 
follows : 


If » is = 1.027 + 2, we ſhall have 2? (= 1.027 +2}? 


= 1.027 * + 2 X 1.027 X 2 + &c = 1-027]* + 2.054 
X = + &c) = 1:0541729 o+ 2-054 & 4 + le 


2 


and 
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and x3 (= TB 1.02713 +3 * 1.027 X ＋ & c 

= 1.02713 + 3 X 1.054,729 & 2 + & = 1.027}3 

\ + 3.164,18) X X + &) = 1.083, 206,683 + 
3-164, 187 * 2 + Ke, | 


= and x* (= 1.027 1 1.027 + 4X1 1.027 U * 2 + & 
| = 1.02514 + 4 * 1.283,206,653 x z + &c = 

1.0270 + 4.332, 826,732 XK 2 4- &c) = 161 12,453 
55 263,441 * 4.3 32,826,732 X 2 + &. 


Therefore 11. 244 will be (= 11. 24 X 1 027 + = 
11.24 X 1.027 + 11. 24 X2) = 13. 543348 ＋ 11. 24 * 2; 


And 21.70x* will be (== 1 76 = 


$.054,729 + 2 054 * 2 + Kc 
= 21.76 X 1.054.129 + 21.76 X 2.054 * 2 + &c 
= 21.76 X 1.054,729 + 44.695, 4 X 2 + Kc) 
= 22.959,903,04 | * 44-095,04 X 2 + &cz 


And 11. 54x? will be © = 17-54 * 


1. io 683 > 3-104,157 X 2 + &c 


= 11.54 * 1.083, 206, 683 + 11.54 X 3.164, 187 Xz+&c 
= 11.54 X 1.083,206,583 + 35.565,461,88 X 2 + Kc) 
= 12.500,205,121,82 + 35.565, 461,88 X 2 + &c; 
and conſequently the whole compound quantity ** — 

11.54 + 21.76 — 11. 244 will be = to the com- 

pound quantity = 


1.1123 


Im 
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1.112,453-263,441 + 4-332,826,732 X z + & 
— 12.590,205,121,82 — 35.565,461,88 X.z — &, 
+ 22.950, 903, o4 + 44.695, o4 X 2 + &c 
— 11.543,43 — 11.24 X 2 


— 
———— 


— Wen een — nn X 2 — Xe 
n 181 621 Þ 25 2220,88 X 2 + Kc. 


But the compound quantity * — 11 54 * 21.70 
— 11. 24 is = 0.02. 


Therefore the compound quantity o. 019, 671,18 1, 62 
i 2.222,404,852 X 2 Will alſo be = 0.02. And con- 
ſequently, (ſubtracting 0. 019, 671, 181,621 from both 
ſides,) we ſhall have 2.222,404,852 & 2 (= 0.Cc20, 
000,000 — 0.019,671, 181) = 0.000,328, 379, and z 

o. 0.050.328, 379 


E 2.222, 404,85 2 
Therefore æ, or 1.027 + 2, will be (= 1.027 + 
0.000,148) = 1.027, 148; that is, the root of the equa- 
tion a+ — 11.54x* + 21.76x* + 11. 241 = 0.02 will 
be, nearly, = 10372148. | Q. E. 1. 


T) So. 000, 147,9, or, nearly, 0-000,14. 


0: 32. We will tied i the next place, ſuppoſe 
to be 1.027,148, and try the effect of this N 
ſition. 


N ow, 


{ 24.053, 356, 303, 41 + 49-027,855,732 x K* + Ke 9 
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Now, if x is = 1.027,48, we ſhall have x* ( 


1.027,148)*) = 1.055,033,013,904, and æ (= 1.027, 48 | 


= 1.055,033,0 X 1.027, 148) = 1.083,675,0, and *. 
(= 1.083,675,0 X 1.027,148) = 1.113, 194, 6. There- 
fore 11.241 will be (= 11.24 & 1.027,148) = 11.545, 
143,55 and 21.76x* will be (= 21.76 X 1.c55,033,0) 


= 22.957,518,0, and 11.54x* will be (= 11.54 Xx 
1.083, 67 5, = 12.505,609,5; and conſequently the 


whole compound quantity x* — 11.544 + 21.76x* — 
11.244 will be (= 1.113,194,6 — 12.505,609,5 + 


22.957,518,0 — 11.545, 143, 5 = 24-070,712,6 — 


24.050, 75 3, = . 019,950, 6; which is a little leſs 
than 0.02, or the abſolute term of the equation x* — 
11.54 + 21.76x* — 11.24x o. c. Therefore 


1.027,148 will be a little leſs than the true value of * in 


that equation. | 


Art. 33. We will now have recourſe to a ſecond pro- 
ceſs of Mr.- Raphſon's method of approximation, in 


order to obtain a more exact value of this root of 
the equation a* — 11.54 * + 21.76 — 11.24 


= 0.02, and for that purpoſe will ſuppoſe x to be = 
1.027,148 + 2, and will ſubſtitute 1.027,148 + 2 in- 


ſtead of it in the terms of the ſaid equation, and then 


reſolve the transformed equation reſulting from ſach 
ſubſtitution, as if it were a mere ſimple equation, by 


omitting all. the terms of it that involve any higher 


power of the unknown quantity z than the ſimple power, 
or z itſelf. This may be done in the manner follow- 


ing: | 


. 


+ 4. - 


an 


U 
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Since x is = 1.027,148 * we ſhall have * (= : 


1.927,148 + 2 = 1.027,48“ + 2 * 1.027,148 X 
x + &c = 1.027,148)* + 2.054,296 X z + &c) = 
1.055,33, 13,904 + 2.54, 206 X 2 + &, 


and ** ( N + 2 2 1.527450 + 3 X 
I. antes 148) X 2 + &c 


= I. 5 * 5 * 1.055, o] 30 X z + & 


= 1.02, 14805 + 3.165,99, X z + &c) 
1.083,675,0 + 3.165, 99, X 2 + &c, 


and x* (= 1.027,148 + 1 = 1.02), 148)“ + 4 X 
= 1.027, 148) X z + & 
= 1. Toma + 4 X 1.083,675,0 Xx z + & 


= 1.027148 4 + 4.334, O0, x z +-&c) 
= 1. 113,194, 6 + 4.334, 700, X 2 + &c. 


e 11.24 will be (= 11.24 X 1. 027,148 += 
= 11.24 X 1. 027,148 + 1 X 2 = II. 8455145. 
* 11.242, 
and 21. 70 will be 42 21. 76 X 
| 1.055,033,0 + 2.054296 * 2 + & 


= 21.76 X 1.055, 033,0 + 21.76 X 2.054, 296 * 2 + &c) 
= 22.9657, 5 18, + 44. 701,480,9 X 2 + &, 


_ 11. 1. Sa * will de ( 11.54 & 
1 083,07 5,0 + 3.65099, o x 2 + dec | 

11.54 X 1.083, 67 5,0 + 11.54 X 3. 165,099,0 x 2 ＋ Kc) 
= 12.505, 609, 5 + 36.525724274 X 2 + &cz3 
| | and 
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and conſequently the whole compound quantity «“ — 
H.54r* + 21.76x* — 11. bs will be = the compound 


quantity 


1.113,194,5 + 4.334, 700, X z + Kc 
— 12.505, 609,5 — 36.525.424 * z — & c 
+ 22.957.518, + 44.701, 80, x = + &c 
= 12:545,143.5 = 1.4 Xx 
5 24.070, 12,6 + 49.036, 180, x x + & ' 
158 3 — 47.765, 242, Xx 2 = &c | 


= 0.019,959,0 + 1.2 70, 938,5 x = 


But the compound quantity x*.— 11 543? + 21.76 
— 11.24 is — O. oz. 


Therefore the compound quantity 0.019,959,6 + 
1.270, 938,5 X 2 will alſo be = 0.c2; and conſequently 
$.270,938,5 X 2 will be (= c. oz, o,o — 0.0 10, 959,6) 
040 04, 


d Wraps ) = 0.000, 
I.27- » 30,5 . 


= o. ooo, og, 4, and z will be (= 


831,787. Therefore x, Or 1.027148 + 2, will be (= 


1.027,148 + 0.coc,031,787) = 1.027, 179.787; or the 
root of the equation x* — 11.54x* 21.70 — 11.24“ 
= 0.02 will be, very nearly, = 1.027,179,787- 

| 5 6 eo bo. 


Of this number 1.027, 179,787, I believe the firſt nine 
figures, 1.027, 179, 78, to be exact: but we may be con- 
fident that, (if no miſtakes have been made in the calcu- 
= OG at leaſt the firſt ſeven * 1. 027,179, will be 
exact, 
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exact, and conſequently that the difference of this value 
of x from it's true value is leſs than 0.000,001, or one” 
' millionth part of 1, and, 2 fortiori, leſs than one mil- 
| lionth part of the true value of x. We have there- 
fore now found (though not without a good deal of 
labour,) the value of this firſt, or leaſt, root of the 
| biquadratick equation X — 11.54x* + 21.76 — 
11.24x =.0.02 to a conſiderable degree of exactneſs. 


Art. 34. But this leaſt value of x will not enable us 
to ſolve Colonel T itus's Problem. For, if x is = 
1.027,179,787, we ſhall have x? (= 1.047,179,787)*) = 
1. 5 5,098, 314, 821, 365, 369, and conſequently 1x*, or 
16x?, will be = 16 Xx 1.055,098,314,821,365,369 = 
16.881,573,037,141,845,904, which 1s leſs than 17, or 
n; whereas in the foregoing Solution of Colonel Titus's 
Problem, it is ſhewn that /x* is greater than m, or 17, 


1 3 bar — A 
and that y is = — OP 698 Z, which fraction, 


ma' — 1 : 17x — 16 | 
if 16x* is leſs than 17, (as it is when x is = 1.027, 179, 
787,) is a quantity that cannot exiſt. We muſt therefore 
inquire, whether the equation #* — 11.54 + 21.76 


— 11.24x = 0.02 has not another root, or, perhaps, two 
other roots, beſides 1.027,179,787, and whether one or 
both the ſaid roots may not be ſuch as to enable us te 
ſolve the foregoing Problem. 
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of the NS” and Third Root! of the Biquadratic Egua- 


tion * — 11.5433 + 21. 764* — 11.24x = 0.02. 


Art. 35. To find whether the equation K“ — 11. 54 
+ 21.76x* — 11.24r = 0.02 has, or has not, any other 


root greater than 1.027, 179,787, which has been already 
found, let us ſuppoſe that it has ſuch a root, and inquire 


whether any falſe or impoſſible concluſion will follow 
from ſuch a ſuppoſition. For, if no ſuch falſe or im- 
poſlible concluſion follows from it, but it ſhould lead us 


to an equation that is evidently poſſible, the ſuppoſition 
itſelf muſt be concluded to be likewiſe true. 


To avoid confuſion in the reaſonings that will be 


grounded on this ſuppoſition, let this ſuppoſed greater 


root of the equation “ — 11.5433 + 21.764 — 
11.24x = o. oz be denoted by the letter f, and the root 
1.027, 179,787 (which we have Rp 9 95 be de- 
noted by the letter e. 


Then we ſhall have F- — 11.547 ＋ 21.76 f* 3 
11.247 = oO. oa, and e* — 11.54 + 21.76 — 11.24 


alſo = 0.2, and conſequently / 11.547 + 21.767 


— 11.24 = e* — 11.5463 + 21.76% — 11. 246. There- 


fore (adding 11.547 + 11.247 to both ſides,) we 
ſhall have f* + 21.76 f* = e* +. 11.547 — 11 54e 
| + 21.765 1 * 11.246 and (ſubtracting e* + 
21.76 | 


1 * 


Kal 
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21.76 from both ſides,) 7 — e* + 21.76 f* — 21.760 
=11-54f* — 11.54? + 11.24f — 11. 24e, or f* —e* 


Co . CEO 2 
f—e. Therefore 7 1 21.7 6 * —.— == will bs 
11.54 * e + 11. > « {= 1 and conſe- 


cently + f*e + e + ei + 21.76 * FI will 
be = 11.54 X F* + fe + ef + 11.24, or f* + ef* + 
Of + + 21.76f + 21.76e will be = 11.547 + 
11.547 4+ 11.54e* + 11,24 3 which is a cubick equation 
involving only one unknown quantity, to wit, /, the 
letter e denoting 1.027,179,787, or the root of the bi- 
quadratick equation x* —'11.54x* + 21.76 — 11.24% - 
= 0:02, which has been already found. We mult. 
therefore now inquire, whether this cubick equation 
= T +2 + EO + 21.76f + 21.76e = 11.54 + 
BY :- 5400 + 11. $4e* + 11.24 is a N equation. 


. feb 36. In wo to make this inquiry it will be ne- 
ceſſary to ſubſtitute, inſtead of e, e, and e, in the terms 
of this | equation their ſeveral values, to wit; 1 1.027,179z 
787, 1.0253179,787)* and 1.027,179,757)%. But, as 
theſe values would lead us to very long numbers, and 
make theſe ſubſtitutions, and the ſubſequent operations 
relating to this equation, extreamly laborious, I ſhall 
ſubſtitute only the firſt four figures of the value of e, to 
wit, 1.027, inſtead of e on this occaſion. And then, 


(fince it has been ſhewn above, in art. 30, that 1.025} is 
„ 8 = 


"a8. -- MR. FREND'S SOLUTION OF 


= 1.054, 729 and 1.027]? is = 1.983, 206, 683, the 


laid cubick equation f* + , + eff + & + 21.76f + 
21.76e = 11.54f* + 11.54ef + 11.54 + 11.24 will 


become f* + 1.027 X f* + 1.054,729 X f + 1.083, 


206,683 + 21.76 X f + 21.76 & 1.027 = 11.54f* + 
11.54 X 1-027 K T 11.54 “ 1.054,729 + 11.24, or 
55 + 1-027f* + 1.9544729f + 1.083, 206, 683 + 21.767 
+ 22.347,52 = 11-34f* + 11.851,58/ + 12.171,572,06 


+ 11.24, or f* + 1.027f* + 22.014,729f + 23-430, : 


726,683 = 11.54f* + 11-851,58f + 23.411,572,66; 
and conſequently (fubtraQing 23.411,572,66 from both 


ſides,) we ſhall have Js + 1.0277 + 23.814,529f * 


0.019, 1 54,023 = 11.547 + 11.851,58 ½ and (ſub- 
tracting 11.85 1, 587 from both fic „„ + 1.02777 + 
10.963, 497 + ©. 019,154,023 = 11.54f*, and (ſub- 
tratting 1.027 from both ſides,) 72 + 10 963, 1407 


+ 0.019,1 54.023 = = 10.513f?, and, laſtly, (ſubtracting. 


f3 + 10.963,149f from both ſides, ) 0.019,154,023 = 
10. 51 — JO. 9634149 f — V. or 10. 513% IR 


10.963, 149 7 — 3 = 0.019,154,923. We mutt there- _ 


fore now inquire, whether this laſt cubick equation 
10.5137 — 1c. 963, 4% — f? = 0.019, 154,023 is 


a poſſible cquation, or whether it is poſſible for the ſingle . 


quantity 1C.513/* to be greater than the binomial quan- 
tity 10.963,149f ＋ /s, and to exceed it by the my 
o. 019, 154, Oz. 


Art. 37. Now, when f is = 1.027, this equation .ig 


impoſſible. For then 7. is = . 054, 729, and /; is 


1.083, 206, 683, and 10.5137 is (= 10.513 * 1.054, 
| | 3 
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729) = 11.088,355,977, and 10.963,149f is ( 
10.963, 140 & 1.027) = 11.259,154,023, which is 
greater than 11.088, 365,977. Therefore, in this caſe, 
the . ſingle term 10.963,149f will be greater than the 


ſingle term 10.313 f*; and therefore 2 fortiori the bino- 
mial quantiry 10.963,149f + 7 will be greater than 
the ſingle term 10.513f*, and conſequently cannot be 5 


ſubtraQted ſrom it, and theretons the "SO T0. 5 1375 


poles ſack ee A to tak e is impoſſible. 


But, while 7 increaſes gradually from being equal to 
1.027 to a greater magnitude, the ſingle term 10.5137 
will receive greater increments than the binomial quan- 
tity 10.963, 4907 + 7, and will, firſt, become equal to 
it, and afterwards will exceed it. For the equation re- 
ſulting from the ſuppoſition of it's becoming equal to it, 
to wit, the equation 10.513f* = 10.903,149f + f3 


may caũly be ſhewn to be a poſſible equation. For it 


will be a poſſible equations if the quadratick equation 


10. $13; f = 10.963,149 + / (arifing from the divifion 


of all it's terms by 7) is a pollible equation : and this 


quadratick equation 10. 5137 = 10.963, 149 + ff, or 


10.513f — ff 10.963, 140, or F X 10.513 -. 7 )= 
10.963, 140, is poflible, becauſe 10.963, 149 is leſs than 
the ſquare of half 10.513, or the ſquate of 5.256, which 


is greater than 25. Therefore the cubick equation 


10.5137 = 10.963,149f + / is a poſſible equation. 


And the magnitude of F at the inſtant at which 


10 $13/* is exactiy 9 to 10. 903,149 f + J., of 


S 2 10.8137 


— 
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. 10.963, 149 + ff, may be found by re- 


ſolving the quadratick equation 10. 5137 : = 


10.963, 149; which may be done as follows. 
Subtract both ſides of this equation ſrom the ſquare of 


10.513 


» Or 5.256, which is = 27.625,530; and we ſhall 
S | N | 
have — — 10.5137 + ff ( = 27 .625,530 — 


10.963, 149) = 16. 662,387. Therefore —.— — . 


or 5.256 = f, will be = 4/16.662,387 = 4.081, and 


conſ{:quently 5.256 will be = 4.081 + /, and F will be 
= 5.256 — 4.081 = 1.17g.. Alſo f — 5.256 will be 
= 4-081, and conſequently F will be ( 4.081 + 5-256) 
= 9337. Therefore, when F is = 1.75, the trinomia} 


quantity 10.5137 — 10.963,149 — f3 will be , 


and afterwards, when F is become = 9.337, the ſaid 


trinomial quantity will be again = Oz and conſequently, 


while F increaſes from 1.75 to 9.337, the trinomial 
quantity will have increaſed from © to ſome certain 
quantity, and have decreaſed from that quantity to 93 
and therefore, if the ſaid greateſt quantity to which the 


ſaid trinomial quantity will have increaſed is not leſs 


than 0.c19,154,023, the faid trinomial quantity will, 
during it's ſaid increafe and decreaſe, or during the in- 
creaſe of F from 1,175 to 9.337, become twice equal to 


0.019,154,023, or the abſolute term cf the cubick 


equation 10.5137 — 10.y63,i49f — / = 0.019, 
154,023, to wit, once when / is a little greater than 
. 175, and a ſecond time when f is a little leſs than 


5 | | 9337 


yi 
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9.337; and conſequently the ſaid cubick equation will 
be a poſſible equation, and will have two roots, of which 
the leſſer will be a little greater than 1.175, and the 
greater will be a little leſs than 9.337. 

It only remains that we ſhew that the trinomial quan- 
tity 10. 51375 — 10.963, 1497 — f3 will, in the courſe 
of it's increaſe and decreaſe while f increaſes from 1. 1757 
to 9.337, become greater than 0.019,154,023- And this 
will appear by computing it's value at the inſtant that f 
becomes = 2. For, if F is = 2, we ſhall have f* = 4, 
and 7 = 8, and 10.513 * f* 4 10.513 X 4) = 
42.052, and 10.963, 1497 (= 10.963, 140 X 2) = 
21 926,298, and 10.963,14yf + f3 ( = 21.926,298 


+ 8) = 29.926, 298, and 10. 513f* — 10.963, 14977 


— fx ( = 42.052 — 29.926,298) = 12.125,702 
which is much greater than 0.019,1 54,023. It follows 
therefore that, during the increaſe of F from 1.175 to 2, 
the trinomial quantity 10.5 137 — 10.963,149f — 
will have increaſed from o to 12.125,702, and therefore 


muſt at ſome former inſtant of time, and when F was 


very little greater than 1.175, have been = o. o19, 154, 
023. And conſequently the cubick equation 10.5137 
— 10.963, 149 — 7 = 0.019,154,023 will be a poſ- 
ſible equation, and will have two roots, of which the 
leſſer will be a little greater than 1.175, and the greater 
will be a little leſs than 9.33): E. 1. 


Art. 38. And hence it follows that the original biqua- 
dratick equation “ — 11.54x? + 21.76 — 11.24 
= 0.02 (from which the ſaid cubick equation 10.5 137 

83 : — 


. 
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— 10.963.149 7 — — f* = 0.019,154,023 was derived. 
will have two other roots beſides the root 1.927,179, 
787, found above, and that each of the ſaid other 
roots will be greater than the ſaid firſt root, and that 
the leſſer of them will be a little greater than 1.175, and 
the greater of them will be a little leſs than 9.337. Theſe 


roots we will now proceed to inveſtigate. 


The Invefligation of the Mizd.e Rzizt of the Biquacratick 
Equation & — 11.54 x? + 21.70 x* — 11.24 3 
un, 55 


Art. 39. Since 1.175 is now known to be nearly 
equal to the middle root of the hiquadratick equation 
x* — 11.54 + 21,6 — 11.24 = 0.02, we 
will ſubſtitute it inſtead of + in the compound quan- 


tity x* — 11-5443 + 21.76 — 11 24, in order to 
diicover how nearly the value of that compound quantity 


reſulting from ſuck ſubltitution will approach to 0.02, or 
the abſolute term of the biquadratick equation &“ — 
11. 5449 ＋ 27. t — 1. = 0.02. 


8 if 7 is ="J. 175, we e have „„ A 


= 1.380,62c, and à (= 1.17,Þ) = 1.622, 2345375 
8 1.1750) = 1.906, 125, 390, 62 8. . 
| 11.24x will. de (= 31-24 13 20%, oo, and 
21.7 will be (= 21.76 X 1.380, 625) 30.042, 


ZOc0C, ard 11 54% wil 8 (= 11.54 X 1.622,34, 37 5) 


2 
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= 13. 720, 384,87, 03 and conſequently the whole com- 
pound quantity x* — 11.54 + 21. 7 — 11.24x will : 
be (= 190, 125, 390, 625 " 18.720, 584, 687, 59 + 
30.042, 40, — 13. 207 = 21.948,525,390,625 — 


31.927, 584,687, 50) = 0.020,94c,703,125. This num- 
ber is very nearly equal to 0.02 2, or the abſolute term of 


the biquadratick equation x* - 11.54x* + 21.76 —_ 


11. 24 = 0.02 and therefore 1.175 mult be very nearly 
equal to this middle value of x in the ſaid equarion, 


But as this value of the ſaid compound quantity is 
greater than 0.02, or the abſolute term of the equation, 
it may perhaps be thought that the number 1.175 is 


greater, inſtead of being leſs, (as it has been declared to 
be,) than the true value of this middle root of the ſaid 
equation. And therefore, to aſcertain this point, we will 
now ſubitute 1.17 76 inſtead of x in the compound 
quantity &“ — Ss. + 21.76 r — 11.24, in order 
to diſcover whether the ſaid quantity will be increaſed, 
or diminiſhed, by ſuch ſmall increaſe of x, and thence 
to determine whether 1.75 is greater, Or le than the 
true value of x. 


Now, if x is =\1 176, we ſhall have Xx" 46 1. 170¹ 
= 1.382,976, and a3 (= 1.17613) 1.626370 
and x* (= 1.17013), = 1.G12,022,t16,576. Therefore 
[1-24x will be (= 11.24 * 4-176) = 13 218, 24, and 
21. 7b! will be (= 21.76 X 1.382, 976) = 30,093, 


54770, and 11.5443 will be (= 11.54 X 1.626, 379,776) 


>= 18.768,422,615z3c4z and conſequeutly the whole com- 


84 pound 


44, © anita 4 2 I, 
I 


q 

1 
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1 
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pound quantity * — 11.54 + 21. 76x* — 1I 24 will 
he (= 1-012, 622,616,576 — 18.768,422,615,04 +. 


30-09 3,547,76 — 13-218,24 = 32.006 170,376, 57 — 
31.986, 662, 61 5, 4) = o. 01), $07,721,530; which is 
leſs than 0.020,940,703,125, or the former value of the 
ſaid compound quantity * — 11.54r* + 21.76 x — 
11. 24% when x was = 1.175, and alſo Jeſs than 0.02, 
or the abſolute term of the equation under conſideration. 
Therefore, while æ increaſes from 1.175 to 1.176, the 
ſaid compound quantity will decreaſe from 0.020,940, 


703,125 (which 1s greater than the abſolute term ©.02,) 
to o. 019, 507, 721,536 (which is leſs than the ſaid ab- 


ſolute term,) and therefore will, at ſome intermediate 


inſtant of time, or when x was of ſome intermediate mag- 


nitude between 1.175 and 1.176, have been equal to the 


ſaid abſolute term; or, in other words, the true value of 
this root of the ſaid equation will be of an intermediate 
magnitude-between 1.175 and 1.176. e I . B. 


Art. 40. We are now in poſſeſſion of two values of 
the compound quantity x* — 11.5443 + 21.764 — 
11. 24* io wit, the numbers o. 020, 40, 703, 125 and 


0. 019,307.21, 36, correſponding to the two very near 
values of x, 3 175 and 1.1 6, between which the true 


valuc of + in the preſent biquadratick equation lies. 
We may therefore now obtain a much nearer value of x 


than cither 1.175 or 1176 by Troceeding according to 
the differential method mentioned above in the Scholium 
in page 97. For, ſince 1.175, and the true value of in 


the preſent equation, and 1.176, are three quantities, or 
values of x, very nearly equal to each other, and the 
1 8 mms 
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three values of the compound quantity x* — 11.5443 + 
21.76x* — 11.24 * correſponding to the ſaid three 
contiguous quantities, or values of x, (or reſulting 
from the ſubſtitution of them in the ſaid compound 
quantity,) are o. 020, 940.703, 12 , O. oa, ooo, oo, and 
o. 19,507, 721, 536, we may ſuppoſe that the differ- 
ence of the firit and ſecond values of & will be to the 
difference of the firſt and third values of x in nearly the 
ſame proportion as the difference of the values of the 
compound quantity * — 11 5443 + 21.76x* — 11.24x 
correſponding to the firſt and ſecond values of x to the 
difference of the values of the ſaid compound quantity 
correſponding to the firſt and third values of x; that is, 
that x — 1.175-will be to 1.176 — 1. 175 in nearly the 
| ſame proportion as o. 020,930, 70g, 125 — 0.020,000,000 
is to o. o20, 940, 703, 125 — 0.019,07, 721,5 30, or that 
* — 1.175 will be to o. co in nearly the ſame propor- 
tion as o. oo, 940, 03,125 is to o. 901, 432,981, 689; 
whence it follows that x — 1.175 will be nearly = 
0.001 * 0 oo, og. 123 2.000, 00, 949, 3,125 
9.00 1,432,981, 89 0.01, 32,981,589 


O. ooo, 656,46, and conſequently that æ will be (= 0.000, 

656,46. + 1-175). = 1 175,036,46- Therefore wn 

middle root of the biquadratick equation *“ — 11. 543 
+ 21.76x* — 11.24x = 0.902 will be = 1.175,656,46. 
| | * be 


If no miſtake has been made in the foregoing calcu- 
lations, this value of * will be exact in, at leaſt, the firſt 
fix figures 1.175,65, and, probably, in the ſirſt leven 
hgures I. 1751656. | 


The 
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The Application of this 8 Value of x in the dre 


Equation x* — 11.54x* + 21.764* — 11.24x = 0.02, 
er the Middle Root of the ſaid Equation, to the Solution of 
Colonel Tituss Problem. 


Art. 41. We will now apply this value of x to | the 


_ folntion of Colonel Titus's Problem. 


Since x is = 1-17 5;656, and 5, or the ſecond of the 


unknown numbers a, 5, and ec that are required to be 


found, is ſuppoſed to be = xa, we ſhall have 6 = 1.175, 


650 X a. 


Allo we ſhall have & (= 1.175, 6500) = 1.382, 167, 


| 030, 336, and conſequently I, or 16 5, (= 19 X 1.382, 


167,030,336) = 22.114, 672, 485, 370, and x? — ni (= 
16x* — 17 22.114,072,485 =_— 7 - $114,672, 


485,370, and mx — [ {= 8 1 k. 175,656 


— 16 = 19.986, 1 16) = 3-985,152, and conſe- 


8 I — m 7 114.672,48, 376 
1 ee, . = 1.283,110,2. 
5 i 3 lu — n 164% — 17 5 
Therefore y (which is , or Fee ) will 
be = 1.283, 110, 2, or (neglecting the laſt figure) 


1.283, 110; and c {which is = 5%) will be = 183. | 


110 Na. 


Therefore bc will be = * * @ X 1.233,110 
* @ (= 1. 175,656 X 1.283, 110 X aa = 1.508,495,970z 


160 X aa, and aa + bc will be = aa 1 1. 308,495,070 


160 X 44 = 2. 508,495,970 , 160 X da. 


But aa + be 8 15, | 
| | Therefore 


— bud o&# £53 


ee 


ſe 
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Therefore 2. 508, 495,970, 170 Xx az will alſo be = 163 
and conſequently the ſquare-root of 2.508,49 5,970,160 
X 2a will be = the ſquare root of 16, or to 4; that is, 
1.583,323 X @ will be = 4; and conſequently a will be 

1 | 


"2 83.023 - 5257534. 


This value of a is exact in » ts firſt five figures 2.5 25,5, 
and ſomewhat too great in the fixth figure 3, which ought 
to be a 1, the more accurate value of it, according to 
Dr. Wallis's computation of it, being 2.525,513,986, 


74158. 


Art. 42. Having thus found a to be = 2.52 5,524, we 


| Hall have 5 (= xa = 1,175,656 X @ = 1-175,656 X 


2.525,534) = 2-969, 159, and ( 7 1.283,110 
X a = 1.283,110 X 2.5 25, 5 34) = 3.240, 5373 of 
which two numbers the former, to wit, 2.969, 159, is 
exacꝭ in the firſt ſix figures 2950, 15, and the latter, to 


wit, 312 40,537, is exact in the firſt five figures 3.240,55, 


the more accurate values of þ and c being, according to 
Dr. Wallis's computation of them, 2.969, 152 768,619, 
848 and 3.240, 580, 681,617, 174. Therefore the three 
| unknown numbers «, E, and c, which Colonel Titus's 
Problem required to be found, are now diſcovered to be 
25 52395 Kc, 2.969,15 &c, and 3 240,5 &c. 2 E. I. 


Art. 43. We have now found the firſt ſet of values of 
the unknown numbers @, “, and c, that will anſwer the 
conditions of Colonel Titus's Problem, which are 2.525,5 
&c, 2.969,15 &c, and 3.240, &c, But there is alfo a 
fecond ſet of numbers that will anſwer the conditions of 


the 
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the Problem. And theſe may be diſcovered by means or 


the third, or greateſt, root of the biquadratick equation 


** — 11.54x* + 21.76x* — 11.24x = 0.02, which we - 


have already diſcovered to be nearly equal to, and ſome- 

| what leſs than, 9.337. This root we will therefore 
now proceed to inveſtigate to a greater degree of ex- 
- aQneſs. | 


De Inveſtigation of the Greatefi Root of the Biquadratict 


Equation X — 11.54 + 21.76 — 11.24 x 


=: 0:02 


Art. 44. In the firſt place we will ſubſtitute. 9-237 | 


inſtead of * in the compound quantity x* — 11.54 
+ 21.76xz* — 11.24 in order to diſcover how near 


the value of the ſaid compound quantity reſulting from 


this ſubſtitution will approach to 0.02, or the abſolute 
term of the equation &“ — 11.544 + 21.701 — 


4 


11.24% = 0.02. 


Now, if x 38 = 9.337, we ſhall have x* (= 93370 
= $7-179,309, and & (= 9.357 = 813-995,6357 53 
and x+ (= 9.337]*) = 7600. 277, 251,025,761, and 
11.24% (= 11.24 X 9.337) = 104.947,88, and 21.762 
(= 21.76 X 87.179, 569) = 1897.02, 421,44, and 
11.54 ( 11.54 * 813.995,635,753) =: 9393-509, 
636,589,62. Therefore the whole compound quantity 

1 | | 41 
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* — 11.84 4 21.76 5 as 11.24 x will be ( = 760 
277,25 1,025,761 — 9393-509,636,589,62 + 1897.027, _ 


421,44 — 104.947,88) = 9497-304,072,405,761 — 
9498. 457,5 16, 589,62. This quantity is an impoſſible 
quantity, becauſe the latter quantity 9498.45 7,516, 589,62 
is greater than the former quantity 9497.304, 672, 465, 


ot, from which it is to be ſubtracted, This unexpected 


reſult is owing to our having, in art. 36, ſubſtituted 
1.027 inſtead of 1.027, 179, 787 for e in the terms of the 
£quation f* + &* + ef + e + 21.76f + 21.76e = 


11.547 + 11.54% + 11.540 + 11.24; which was 


done for the ſake of abridging the calculations neceſſary 
to thoſe ſubſtitutions, but which made the final equation 
10.5 137 — 10.963, 149f — f* = 0.019,154,023 2 
little diſferent from what it ſhould have been, and thereby 


| gave us the two values of F derived from the ſuppoſition 
that the abſolute term of that equation was equal to o, (and 
which were found in art. 37, by reſolving the quadratick 


equation 10.5137 — 7 = 10.963, 149, to be 1.175 and 
9.337) a little different from what they ſhould have been, 


the former value of / in that equation, to wit, 1.175, 
| being a little greater than it ſhould be, and the latter 
value of it, to wit, 9.337, being a little leſs than is 
ſhould be. We will therefore now ſuppoſe x, or the 


_ greateſt root of the biquadratick equation x* — 11.54 
+ 21.76x* — 11.24x = 0.22, of which we are now in 
fearch, to be nearly equal to 9.339, and will ſubſtitute 


9-339 inſtead of x in the compound quantity * — 


11.5 4K + 21.70 — 11.24x, in order to diſcover 


how near the refült of ſuch ſubſtitution will approach to | 
the abſolute term 9.02 of the faid biquadratick equation. 
5 | Art. 45+ 
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Art. 45. Now, if x is = 9.329, we (hat! have xx (= 
9-339!) = 87.216,921, md xt (= 9.339 1) = 814.513, 


825,219, and x* (= 9.329 *} == 7606.791.308,720,241, 
and 1124 (= 11.24 * 0.230) * 124.970,36, and 
21.76x* (= 21.76 & 87.216,921) = 1897.840,2c0,9, 


and 11.54x* (= 11.54 & 814.518, 825,219) = 9300. 


547,243,027, 26, and * ＋ 21 76a* (= 7606.791, 308, 
720, 241 + 1897. 840, 200,967) = 504.631, 509,680, 241, 


and 11.547 + 11.24r ( = 9399.547,243,027,26 + 


104. 970, 36) = 95 4.517, 03, 027,26. Therefore the 
whole compound quantity 4 11.84 + 21.76 * — 
II. 24* it! be = 9504. 631. 509,80, 241 — 9594 5175 5 
603, 027, 26 — O. 113,900, 65 2,081 ; ; Which is more tha: E 
kve times o. 02, or tie abſolute term of the propoſed. 
equation &“ — 11.54 r + 21.76x* — 11.241 = 0.02. 
We therefore now know with certainty that, while + 


creaſes from 9. 337 to 9.339, the binomial quantity 


2 + 21.76 (which, when r is equal to 9.337, is lets 
than the binomial quantity 11-544? + 11.244) will hare 


_ zacreaſed fo as, firſt, to have become equal to the bino- 
mial quantity 11.541? + 11.241, and afterwards to have 


become greater than the ſaid binomial quantity by the 
difference o. 113,906, 52,98 1, which is greater than five. 
times the abſolute term 0.02. And therefore it is certain 


that during the ſaid increaſe of * from 9 237 to 9.330, 


there muſt have been ſome one inſtant of time at which 
the exceſs of the binomial quantity * + 21.76x* above 
the binomial quantity 11.54 + 11.244 was equal to 
o. o:, or the abſolute term of the biquadratick equation 
a+ — 11.54 + 21.76x* — 11.24 = 0-02 z or, in 

i | bother 
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other words, there mult be ſome value of x greater than 
9-337, but leſs than 9.339, that will make the compound 
quantity x* = 11.54x* + 21.76 4* — 11.24x (wr is 
the exceſs of the binomial « quantity * + 21.76 above 
the binomial quantity 11.54 + 11.244) exactly equal 
to 0.02, or will be a root of the equation x* — 11.5 
+ 21.76% — 11.24 = 0.02. This root we will there- 
fore now proceed to inveſtigate more exactly by Mr. 
Raphſon's method of approximation, and. for that pur- 
poſe will ſuppoſe + to be equal to 9.339 — 2, and will 

| ſubſtitute 9.339 — = inſtead of it in the terms of the 
laid equation. | | : 


Art. 46. Now, if * is = g. 339 — E, we ſhall have 


_— — — 


rx (= 9.339 — 2 2 9.330 — 2 X 9339 K 2 + 


N = 9.3390 — 18.678 X 2 + Ke) = 67-2190 
— 18.678 * 2 + Ke, 


and * * 9.330 — = 9.3390 - 3x % % 
= 9.339]? — 3 X 87.216921 X 2 + &c 


= 9.339, — 261.650,763 Xx z + &c) 
= 814.518,825,219 — 261.650,763 * z + &e, 


[and a* (= 9-339 — 24 = 9.3391 — 4X 9.33005 Xz+ &c 
= 9.339% —4 x 814.518,825,219 X 2 + & c 
= 9.33% — 3258.07, 300, 876 X z + Ke) 
= 7605. 79753 08,720, 241 — 3258.07 5, 300, 
| $8760 X 2 + Kc. 


Theref ore 
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Therefore 11. 24x will 4 (= 11.24 X 9:339 — 2 

= 11.24 X 9.339 — 11.24 K 2) = 104.970,36 — 
11.242; and 21.76x* will be (= 21.76 * 

$7.216,921 — 18.078 X 2 + &c = 21. 76 X 87.216, 
921. — 21.56 X 18.678 X 2 + &c) = 1897. 840, 200. 95 

— 40b. 433,28 X 2 + Ke, and 11. 54 will be (=. 
11.54 X 814.518, $25,219 — 201.650, 0 X z + &c = 
11.54 X 814.5 18,825,219 — 11.54 X 261.650, 763 X 
= + Kc) = 9399.54, 243,0 2,26 — 3019.449,805,02 

X z + &c. And conſequently the whole compound 
quantity &“ — 11.54x* + 21.70 — 11.24x will d 
| nes to the ONE Dae quantity 


606 mt 720,241 — 3258, rao 76 de 4 be 
2 9399.54, 243,2 7,6 + 3019. 449,805, % x & 
+ 1897.840, 200,96 — 406.433,28 Xx2z+& 
| a 104.970, 36 88 K 
9504.63 1, 50, 680, 241 — 3664. 508, 380, 876 x + &c 
228 517,603, 27, 26 + 5030. 689, 05, oa nt} 


*  0.113,906,652.92 = 633. * 5.856 * 2 Kc. 


TO RG i é 


But the compound 3 1 — 11. 1.545 + 21.76 
— 11.245 is = 0.02. =. 


Therefore the compound quantity o. 1 13, 906, 652,981 | 
— 633-818,775,856 Xx z will alſo be = 0.02, And 
conſequently ( adding 633. 818,775,856 * 2 to both 
— we ſhall have o. 12 3-906, 652,981 = 0.02 + 

633-818, 
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633.8 18,775, 856 Xx 2, and (ſubtrating 0.02 from both 
ſides,) o. 093, 906, 65 2, 981 = 633.8 18,775,856 X x, and 
(dividing both ſides by 633.8 18,775,856) we ſhall have 


gn 0.093,906,65 2,981 
- ow 633.818,77 5856 


) d. ooo, 148,1. Therefore 


, or 9.339 — 2, will be (= 9. 339, 000, o — 0.000, 
148,1) = 9.238, 85,9; that is, the third and greateſt - 
root of the biquadratick equation x* — 11. 54 * + 
21.76 — 11.241 = 0.02 will be = 9.338, 8 51, 9. 


Q. E. I. 


n. 47 We will now apply this greateſt value of x_ 
to the ſolution of Colonel Titus's Problem. 


Since x is = 9.338,85 1,9, and b, or the ſecond of. 
the three unknown numbers a, 6, and c that are required 

to be found, is = xa, we ſhall have b = 9.338, 851,9 

X a. | 

Alſo we ſhall have ** (= 9.338,85 1,00) = 87.214, 
154,8 10, 133,01, and conſequently Iv (= 162 16 
87. 214, 154, 8 10, 133,1) = 1395426, 476, 962, 137,76, 
and /x* — m ( =. 16 — 17 = 1395426, 476, 962, 
137,76 — 17) = 1378.4 26, 476, 962, 137,76, and my (= 
17x = 17 X 9. 338,851, 9) = 158.760, 482,3, and ax 
21 (2 17 — 16 158.760, 482,3 = 16) = 


142.760, 482, 3, and conſequently . 


mr = | 


1373.426,476,962,137,76 _ | 
rag = 9:655,518,4. Therefore y 


4 
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(which is = =>, or 5 ) willde = 9.655, 


518, 4, and c (which is = ya) will be = 9.655,518,4 X a, 


Therefore &c will be (= 9.338,851,9 & 4 ve 9.655, 
518,4 X 4 = 9.338,85, * 9.6555 18,4 * aa) = 
90. 171,45 6,3 557324, 96 X aa, and aa + be will be = 
aa + 90. 77 1:450,3559324996 2 * 4 = * «712456, 
355.2006 X aa. 


But aa + be i 1 = EY 


Therefore cou 55,324,90 X aa will be = 16; 
and conſequently the ſquare-root of 91.171,456,355, 

324,96 X aa will be = the ſquare-root of 16, or to 4; 
that is, 9.548,374,5 X @ will be = 4; and conſequently 


ill be * = 0. 418,919, 47. 
a W m 9.548,75 © + 19 9,47 


This value of à is exact in all it's eight figures, in 
which it agrees with the value of it computed by Dr. 
Wallis to nine places of figures, which is 0.418,919,470- 
This is a very conſiderable degree of exactneſs. 


Art. 48. Having thus found à to be = 0.418, 910,47, 
we ſhall have þ (= xa = 9.338,851,9 X a = 9. 338, 
851,9 X 0.418,919,47) = 3-912,226,888, and c (= 
= = 9-655,518,4 X @ = 9.655,518,4 X 0.418,919,47) 

= 4.044,884,050; of which two numbers the former, 
to wit, 3. 932,226; 888, is exact in the firſt eight figures, 


3-912 
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3. 912,226, 8, and the latter, to wit, 4. 044, 884, 650, is 


alſo exact in the firſt eight figures, 4.044, 884, 6 the 
more accurate values of 6 and c, according to Dr. 
Wallis's computation of them, being 3.912, 220, 866 and 


| 4.044, 884, 670. Therefore the three unknown numbers . 


a, b, and c, which Colonel Titus's Problem required to 
be found, are now diſcovered to be 0.418,919,47 &c, 
3-912,226,8, &c, and 4.044, 884, 6, &c. 1 ik 


This Problem is therefore now compleatly ſolved by 
Mr. Frend's method of proceeding, as it had been before 
by that of Dr. Wallis: and Mr. Frend's Solution has 
this advantage over that of Dr. Wallis, that it ſaves us 

the trouble of thoſe very tedious and perplexing Alge- 


braick multiplications and diviſions which were neceffary - 


in Dr. Wallis's Solution, and which it is very difficult to 
perform without making ſome flip, or error, either in the 
figns + and — that are to be prefixed to the terms, or 
in the values of them. 
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OBSERVATIONS on Mr. RapnsoN's Method 
of Reſulving Aﬀefted Equations of all De- 
_ grees by Approximation. | 

By FRANCIS MASERES, Esa. 


CURSITOR B\RON OF THE COURT OF EXCHEQUER IN ENGLAND, 


\ [REPRINTED FROM A FORMER PUBLICATION.] 


Article 1. IN the foregoing Tract I have given a 
| | pretty full explanation of Monfieur de 
Lagny's Method of Extracting the Roots of Numbers by 
Approximation, and I have likewiſe mentioned Mr. 
Raphſon's more ſimple and eaſy, though leſs exaQ, 
method of performing the ſame thing. But both theſe 
methods may be applied to the reſolution of all forts of 
equations, thoſe which are called afzFed equations *, or 
in which the unknown quantity occurs in more than one 

Fo term, 


This expreſſion of aff:&ed equations ſeems to require ſome 
further explanation, It was introduced by the celebrated 
Vieta, the great improver of modern Algebra. He has many 
expreſſions peculiar to himſelf, and which have not been adopted 
by ſubſequent Algebriiſts. Amongſt theſe are the following ones: 
le calls a ſet of quaatities that are in continual geometrical 


T4: proportion, 
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term, as well as thoſe which are called pure equations or 
in which the unknown quantity occurs in only ons term, 
and which are reſolved by the mere extraction of the 


roots of given numbers. And in all affected equations 


ZONE 


proportion, (ſuch as the quantities 1, æ, *, x3, x4, x5, a, ar, 


&c,) a ſet of ſcalar quantities, or magnitudines ſcalares; and, 


when there are ſeveral of theſe ſcalar quantities connected with 


each other by the ſigns + and —, or by Addition and Sub- 


traction, (as in the compound quantity x5 + ax* — 4*x3,) he 
calls the higheft quantity, or that which is fartheſt in the ſcale 


of quantities 1, x, 42, x3, *, x5, x5, x7, &c, (to wit, the quan- 
tity x5 in the ſaid compound quantity x5 + ax* — 83x3,) the 


porber of the ſundamental quantity æ, or of the ſecond term in 
the ſaid ſcale; and he calls the lower ſcalar quantities, which 
are involved in the ſecond and third terms of the ſaid compound 
quantity #5 + ax* — 4*33, to wit, the quantities &“ and x*, 

for, i in our preſent language, the inferiour powers of æ,) ſcalar 
quantities of a parodis degree to x5, or the power of the funda- 
mental quantity x. This word parodie 1 take to be derived 
(though Vieta does not tell us ſo,) from the Greek words maga 
and dg, which ſignify near and a away, or road, becauſe theſe 


inferiour ſcalar quantities, 43 and , lie in the way as you paſs | 


along in the ſcale of the aforeſaid quantities 1, *, x2, a3, a4, 


*ͤ, 4s, 7, &c, from 1 tos, which he calls ths poxwer of x in 
the ſaid compound quantity 35 + a — 2x3, Theſe infe- 


riour ſcalar quantities æ and a+ are therefore — or ſituated 


in tbe <vay to, or are leading to, the ſaid poxver, or higher ſcalar 


quantity, as. He then proceeds to define a pure power and an 


affetted prver, and tells us, that a pure power is a ſcalar quan- 


tity that is not affected with, or mixed with, any parodic, or 


irfer:ur ſcalar quantity, and that an afeded power is a ſcalar 


quantity 


— 


be 


b 


2 * 
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beyond biquadraticks, or thoſe of the fourth power, theſe 
methods of approximation are the only methods that can 
be taken for diſcovering their roots, or the values of the 
unknown quantities contained in them. And even in 
| | | 2 cubick 


quantity that is mixed, or connected by Addition, or Subtrac- 
tion, with one, or more, i7fcriour, or parodic, ſcalar quantities, 
combined with co-efficients that raiſe, them to the ſame di- 
menſion as the pozver itſelf, or make them homogenzous to it, 
and conſequently capable of being added to it, or ſubtracted 
from it. Thus x5 alone is @ pure poxver of x, namely, its 
fifth power; and x5 + a — [243 is an aſfected power of x, 


namely, it's fifth power qed by, or connected with, the two 350 


parodie, or inferiour ſcalar quantities, 3 and a4, which are mul- 
tiplied into & and à, in order to make them homogeneous to, or 
ef the ſame dimenſion <cith, æs itſelf, and conſequently capable 
of being added to it, or ſubtracted from it. And he ſeems to 
have uſed the word affffed in ſpeaking of ſuch a compound 
quantity as * ＋ a — gs, becauſe the magnitude of the 
higheſt power of , to wit, x5, was changed, or altered, or 
made greater, or leſs, than it would otherwiſe' be, by the ad- 
dition of the parodic quantity a, and the ſubtraction of the 
parodie quantity 2x3; which increaſe, or diminution, or change, 
in the principal quantity æs he ſeemed to think might be well 
expreſſed by ſaying it was agected by it's connection with the 
ſaid parodie quantities. There are ſome expreſſions in his book 
that ſatisfy me that this was the idea he annexed to the word 
affected. See Schooten's edition of Vieta's Works, publiſhed 
at Leyden in Holland, in the year 2646, pages 3 and 4. 


This, then, being the meaning of the expreſſpns a pure power 
and an affected power, the meaning of the correſponding ex- 
Bo | preſſions 
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cubick and biquadratick equations, though particular 
methods have been invented by mathematicians, for the 
accurate reſolution of moſt of the caſes of theſe equa- 
tions, (to wit, the rules called Cardan's Rules for the 
reſolution of moſt caſes of cubick equations, and the 
rules invented by Lewis Ferrari of Bologna in Italy, 
about the year 1545, and explained at large in Bombelli's 
Algebra, in the year 15 79, and thoſe afterwards invented 
by M. Des Cartes, and publiſhed in his Geometry in the 
year 1637, for the reſolution of biquadratick equations, 
by the mediation of cubick equations, ) it will be found 
chat theſe methods of approximation will, for the moſt 

| | part, 


preſſions of a pure equation and an affected equation follows from 
it of courſe: à pure equation ſignifying an equation in which a 
pure power of an unknown quantity is declared to be equal to 
ſome known quantity ; ſuch as the equation x5 = 79; and az 
affected equation ſignifying an equation in which a power of an 
unknown quantity affected by, or connected, either by Addition 
or Subtraction, with, ſome inferiour powers of the ſame un- 
known quantity, (multiplied into proper co · efficients in order 
to make them homogeneous to the ſaid higheſt power of the ſaid 
unknown quantity,) is declared to be equal to ſome known 

quantity; ſuch as the equation x5 + a — S = 79. This 
I take to he the original meaning of the expreſſion an affeded 
equation. But, as the language of Vieta has not been adopted 
by ſubſequent writers of Algebra, I ſhould think it would be 
more convenient to call them by ſome other name. And, perhaps, 
thoſe of binomial, trinomial, quadrinomial, quinquinomial, and, in 


general, that of multinomiul equations, would be as convenient as 
3 | | 

any. Thus, xv 4-ax rr, and #3 + ax? = 73, and a +a*x= 15, 

Fr and 


* 
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part, enable us to find the values of their roots to any 
propoſed degree of exactneſs, with leſs trouble than the 
particular and accurate methods above-mentioned, which 
have been invented for that purpoſe. So that theſe me- 

thods of reſolving equations by approximation ought to 
be conſidered as of the higheſt utility, and as being abſo- 
lutely neceſſary to the completion of the Doctrine of the 
Reſolution of Algebraick Equations, which is the moſt 

important branch of the Science of Algebra. 


Art. 2. But it is not ſo eaſy to determine, which of 
theſe two methods of approximation, Mr. Raphſon's, or - 
Mr. de Lagny's, deſerves to be preferred to the other on 


and x* + a3x = 14, and * + ar = r4, might all be called 
binomial equations, becauſe they would be equations in which a 
binomial quantity, or quantity conſiſting of two terms that in- 
volved the unknown quantity x, is declared to be equal to a 
known quantity; and, for a like reaſon, the equations x3 + ax* 
+ bx = +3, and * — ax? ＋ xz = , and a4 — ax3 + 
bx = r4, and v5 + ax* + b*x . and x5 + axh = 3212 
= 1, and x5 + b*x3 ＋ 4x = 75 might be called frinomial 
equations. And the like names might be given to equations of 
9 greater number of terms. Dr. Hutton, I obſerve, in his ex- 
cellent new Mathematical and Philoſophical Dictionary, juſt 
now publiſhed (Feb. 2, 1795, ) calls them compound equations; 
which is likewiſe a very proper name for them, and leſs obſcure - 
than that of affefted equations. And Mr. Kerſey, in his ex- 
cellent Treatiſe of Algebra, publiſhed in the year 1673, like- 
wiſe calls them compound equations. But I ſhould think the 
Former appellation of binomial, trinomial, quadrinomial, guinqui- 
22mial, and, in general, multinomial equations would be rather 
more deſcriptive of their nature. 


theſe 
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theſe occaſions. Mr. Raphſon's is certainly much ſimpler 


than the other, becauſe it proceeds by conſidering the 


new, or transformed, equation, (reſulting from the ſub- 


ſtitution of @ + 2, or a — 2, inſtead of x, in the original 


equation, ) as being only a ſimple equation, and reſolving 
it accordingly, or by the mere operation of Diviſion z 
whereas, in Mr. de Lagny's method, the ſaid new, or 
transformed, equation is conſidered as a quadratick equa- 
tion, and reſolved accordingly ; which, when a (or the 
firſt near value of the root, that is ſuppoſed to be already 


known, ) is a number conſiſting of five, or fix, figures, _ 
produces a great deal of labour, and often a great deal of 
perplexity. I am therefore inclined to give the prefe- 
rence to Mr. Raphſon's method in reſolving all affected 


equations, more eſpecially when the number à conliſts of 
more than two figures : but it muſt be confeſſed that the 
celebrated Dr. Halley (who had much experience, and 


was an excellent judge of theſe matters,) was of a dif- 


ferent opinion, and gave the preference to Mr. de Lagny's 


method, which he has therefore taken the pains to ex- 
Plain in a better manner than had been done by Mr. de 
Lagny himſelf, and likewiſe to illuftrate by examples, in 
his Tract in the Philoſophical TranſaQions, Number 210, 


intitled, 4 New, Exact, and Eaſy, Method of finding the 
& Roots of any Equations Generally, and that without any 
te previous Reduction, which was publiſhed in the year 


1694. On the other hand we may obſerve, that Mr. 


Raphſon always continued to give his own method the 
preference, after the publication of the tracts of Mr. de 
Lagny and Dr. Halley upon the ſubject, as well as before 


their * when he tells us he had himſelf had the 


thought 
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thought of adopting the principle which was afterwards 
followed by Mr. de Lagny and Dr. Halley, of treating. 
the transformed equation as a quadratick equation, but 


had deliberately rejected it on account of the greater eaſe 


and ſimplicity of the other method, in which the ſaid 
transformed equation is conſidered and treated as a ſimple 
equation. And Sir Iſaac Newton, in his method of re- 
ſolving equations by approximation, (which differs very 
little from Mr. Raphſon's,) ſeems alſo to prefer Mr. 


Raphſon's practice, of treating the transformed equation 


as a more ſimple equation, to that of Mr. de Lagny and 
Dr. Halley, of treating the ſaid equation as a quadratiek 
equation. I therefore cannot but recommend it to all 
young Algebräiſts to ſtudy Mr. Raphſon's excellent 
FTreatiſe on this ſubject, intitled, Analyſis Agquationum 
. Univerſalis, with great attention, and to endeavour to 


make themſelves maſters of it, by going carefully through; 


all the examples given in it, and performing all the arith- 
metical operations contained in them. And I will ven- 
ture to ſay that they will thereby acquire more uſeful 
knowledge in Algebra, towards the buſineſs of reſolving 


affected, or compound, or multinomial, equations, than 


by reading all that has been written by Harriot and Des 


Cartes, and his learned Commentator Van Schooten, and 
all his other Commentators, and their numerous follow= 


ers, on the boaſted doctrine of the Generation of Equa- 
tions one from another, by ſuppoſing x — @ to be = o, 


and x to be =o, and æ c to be = o, and x» + 4 
to be = o, and » + e to be = ©, and ſo on; and then 
multiplying the binomial quantities x — a, x — 3 


7 x ＋ d., x + e, &c, into each other, and like- 


7- | . 


— 
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wile all the abſtruſe and intricate matter that has been 


delivered by Sir Iſaac Newton, and Mr. Graveſende and | 


Mr. Mac Laurin, and other learned Algebräiſts of modern 
times, on the invention of Diviſors, which is grounded 
on that doctrine of the Generation of _— from 


x each other. 


93 


Art. 3. Yet in reading this excellent Treatiſe of Mr. 


Raphſon, which I ſo much recommend, there will now 
and then occur ſome difficulties which are not inherent 
in the ſubject itſelf, but which might have been avoided, 
if Mr. Raphſon had not unfortunately adopted the per- 


plexing doQrines of modern writers of Algebra, about 
negative quantities and negative roots of equations. The 


quantities called negative are ſuch as it is impoſſible to 


form any clear idea of, being defined, by Sir Iſaac Newton 
and other Algebräiſts *, to be ſuch quantities as are % 


than nothing, or as ariſe from the ſubtractian of a greater 
quantity from @ leſſer, which is an operation evidently im- 


* Quantitates vel Affirmative ſunt, ſeu majores Nihilo, vet 


Negative, ſeu Nihilo minores.—Newton's Arithmetica Univer- 


| ſalis, page 3. 


When a greater quantity is taken from a leſſer of the ſame 
kind, the remainder becomes of the oppofite kind. Mac Laurin's 


Algebra, page 5. 


An affirmative quantity is a quantity greater than nothing, 
and is known by this ſign, + ; a negative quantity is a quantity 
leſs than nothing, and is known by this ſign, — cat ag 


Algebra, Yeu I. page 50, Article 2. 
N 1 N poſſible 
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_ poſſible to be performed: and, as to the negative roots of 
an equation, they are in truth the real and poſitive roots 
of another equation conſiſting of the ſame terms as the 
firſt equation, but with different ſigns + and — prefixed 
to ſome of them; ſo that, when writers of Algebra talk _ 
af the negative roots of an equation, they, in fact, jumble 
two different equations together, and ſuppoſe the propoſed, 
or firſt, equation to have not only it's own proper roots 
(which they call it's affirmative, or poſitive, roots, but to 
have likewiſe the roots of a different equation, which they 
call it's negative roots. Thus, for example, they would 
ſay, that the quadratick equation xx + 4x = 320, has 
two roots, to wit, the poſitive, or affirmative, root, ＋ 16, 
and the negative root, — . But this latter number, 
20, is, in truth, the root of a different equation, to wit, 
of the equation xx — 4. = 320. So that this kind of 
abſurd and fantaſtick language only tends to the con- 
founding together the two different equations xx + 4 
= 320, and a — 4x = 320, and conſidering them as 
if they were one and the ſame equation. Now this per- 
plexing language is unfortunately uſed by Mr. Raphſon 
in this valuable Treatiſe, and tends to throw an air of 
myſtery and obſcurity upon ſome of the Problems ſolved 
in it, from which they would otherwiſe have been in- 
tirely free. As a proof of the truth of this obſervation, 
I ſhall here inſert one of the ſaid Problems, the ſolution 
of which is by this means rendered ſo obſcure, that I had 
a good deal of trouble to find out the meaning of itz 
though, if this language had been avoided, and the proper 
and natural language, belonging to the conditions of the 
Problem, had been uſed in it's ſtead, there could not have 
a been 


288 OBSERVATIONS ON MR. RAPHSON'S METHOD or 


been the leaſt difficulty in underſtanding it. This Pro- 
blem is the 24th, in page 32 of the 2d edition of the 
book, and is, vervulim et /itteratim, as follows: 


PROBLEMA XXIV. 


EauarioxuA QuiINTE PoTESTATIS ADFECTARUM SOLUT10, 


Proponatur — aagag + Jaaaa — 20ana þ+ 1554 = 10, ooo. 


Hoc eſt, — adαμμ,ẽ,ẽ. Saane = caaa + daa = . 


Theor: = 7 + 88868 + Aeg — beege — deg 
4887 + 20&'> $8838 — 


Sit g = — 5 


Fo geegg + cg — begeg — deg = 3875 


Less ad See 3066 = = 9675) (3875, 0) 45 A 


— 55 


= 4 


N 


7 + 28288 + core _ legt — FY = — 420, 36895 
4 + 24g — 38888 — 388 = = 76594736) — a2, 30896 
NE 5055 =o 
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1 ggggg + cggg — bgggg = deg == = $,960359465465625 
eg +205 — 58888 — 3&8 = — — 7410,748) — 555653594 


— 4,545 
+ „ooo, 80428 


8 _— 


a = — 45444195972 * 


In this Problem the letter à is uſed for the unknown 
quantity, or root of the equation, which.is uſually denoted 
by the letter x; and the letter g is uſed for the firſt near 
value of the root of the equation, which in the two fore- 
going TraQts has been denoted by the letter a; and the 
letter x 15 uſed for the difference between g, the firſt near 
value of the root of the equation, and a, it's true value, 
which difference has been denoted in the two foregoing 
Tracts by the letter z. So that, if we expreſs the enun- 


' © To this ſolution I have, in my copy of Mr. NRaphſon's 
Tract, ſut joined the following Note: 


Numerus 4.644,19, 2 eſt radix æquationis as + 74 + 
2087 + 1550 = 10,0c0; quod hie obſcure innuitur ſub 
ſpecie radicis negative æquationis — as + 7a% — 2043 + 
1554 = 10,000, Omnes ſerè difficultates quibus permulti 
_ cultioris ingenii viri ab Algebra diſcenda et excolenda deter- 
rentur, ex hiſce radicibus negativis et aliis quantitatibus nega- 
tivis, ſeu (ut hodierni Algebra ſcriptores abſurdè loquuntur,) 
N*$ilo minoribus, ortum habent. 


E ciation 


„ * 0 FIG , 
7 * N . a N * 5 "> 0 1 * - N 9 
28 ' y Fry : : WY * N. 6 

2 5 N 7 5 F KY 1 82 
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ciation of the foregoing Problem in the notation that has 


been uted in the two foregoing Tradts, it will be as 
follows : | 


Proponatur — Xx + 7 & zꝛ0 r +1! gerx=10,000" 


Sire — * + 7 — 204 + 155 = 10,000, 
Hoc eſt, — ar + lruræ — crxr , 
Sire — 2s + ba? — c + ds* . 
The: 5 Ff + and + cana — Zrana wn daa 

Ibn + 2d — 5aaae — 3Cð *? 
f + a5 T — 1a! — da? 
4 + 2d — 54a? — z ca 


r 1 * 


Art. 4. Here, then, the equation propoſed by Mr. 
Raphſon to be reſolved, is ſaid to be — * + 92% — 20 
+ I155xx = 10,000, or I55xxr — 20x? + 7x* — 2* = 
10, “HV - Bnt this is not the equation he reſolves; and, 


indeed, it is not a poſſible equation, becauſe the greateſt 
poſſible magnitude of the compound quantity 155 — 


20 + 7x* — x5 is that which it has when the infinitely 
fmall increment of the binomial quantity 20x? + x* be- 
comes equal to the contemporary increment-of the bino- 
mial quantity 15 5% + 7a*, that is, (if we put &, or © 
with a point placed over it, for the infinitely ſmall incre- 


ment of æ,) when 20 Xx 3 + 5 becomes equal to 
155 X 2x4 + 7 X 4, or when bor + gat is =: 


310» + 28, or when 6x; + 5 is = 310 + 28, or 
| „ when 


* 


(9 „%% ww OS Ky 


* 


2 


A 22 wm — 


mM 8 2 


. 
1 


wh 5 5 — 28 + Gox is = 310, or when ** — wr”. 
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2 8 * 


+ 12x is = 62, or when * — 5. Ge. 4 12x is = 623 
and that is when & is nearly = $5.53 at which time the 
compound quantity I55xx — 2033 + 7x* — x* will. be 
nearly equal to 2733, as will appear by ſubſtituting 5. 5 
inſtead of » in the terms of the ſaid quantity 155x7 — 


201? + 7x* — 15; and this quantity 2733 (which i is the 


greateſt poſfible magnitude of the compound quantity 
15 Sr — 20x) + 7a — 45,) is very much leſs than 


10,000, or the abſolute term of the equation 155xx — 


* 


20x* + 7 — x* = 10,000, and conſequently the ſaid 
equation is impoſſible. But Mr. Raphſon, though he 
ſets down this equation 155rx — 204? + Txt — x5 =- 
10,000, as the equation that is to be reſolved, yet really 
means to reſolve a quite different equation, to wit, the 
equation that reſults from ſuppoling x to be a negative 
quantity, or from ſubſtituting the powers of — x, to 
wit, + xr, — + a*, and — x', in the terms 


of the ſaid equation 15577 — 2045 + 74 = x = 


19,000, inſtead of the like powers of + x, to wit, + xx, 
+ +, + *, and + ; by which ſubſtitution the ſaid 


5 equation will be converted into the equation 155 X + 


* — 20 Xx - +7 X + 84 — I X — v* = 10,000, 
Or I55xr + 20 + 74 + * = 10,000, which is evi- 


dently a poſſible equation, and of which the root is 


4-544,195,72, or the ſame number which he obtains by 
his ſolution of the Problem, and which, with the ſign — 
prefixed to it, he calls the negative root of the propoſed 
equation 155xx — 20 + 7x* — 35 = 10,000, Now 
all this perplexity would have been avoided, if Mr. Raph» 

2 Sl fon 
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ſon had propoſed at firſt to find the root, or, in the lan- 


guage of modern writers of Algebra, the affirmative, or 


 pofutive, Not, of the equation 155 ＋ 20x? + 7x* + 
| * = 10,000, or * ＋ 7x* + 20x) + t55xx ==. 10,900, 
which equation is evidently poſſible, and can have only 


one root. And then all the ſteps of his ſolution would 


have been clear and eaſy, as will appear by reſolving this 


equation x* + 77 204 + 155 r = 10,000 accord- 
ing to the principles of his method; which may be done 
in the mannes following : 


_ The Reſolution of the Affected Equation 4 + 73% + 20x? 
+ 153zx = 10,000, by Mr. Rapbſon's Metled 9 


| Approximation. 


Art. 5. In conſidering this equation a? + 7x4 + 
20x? + 155xx = lo, coc, it is, in the 1ſt place, eaſy to 
ſee that x mult be greater than 1. For, if we ſuppoſe - 
to be = 1, we ſhall have & = 1, and 4* = 1, and a“ 


= 1, and x5 = 1; and conſcquently * + 74 + 2047 


+ 155 will be = 1 +-7 + 20 + 155 = 183; which 
is very much leſs than the abſolute term 2882555 Theres 
fore 1 mult be much leſs than e. 


In the ſecond place, if we ſuppoſe x to be = 10, we 
ſhall have xx = 1, and x* = 1000, and &“ = 1c,000, 
ES | Tons and 


2 


* 
#..% SS. 


n 
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and x = 100,002 3 ; ſo that x+ alone will be equal to the 
abſolute term 10, O00, and conſequently * + 5x* + 
20 + 155x mult be very much greater than the ſaid 
abſolute term; and conſequently 10 mult be much 
greater than . | | 


Thirdly, fince „ is leſs than 10 and greater than 1, 
let us ſuppoſe it to be equal to 5. Then we ſhall have 
xy = 25, and 33 = 125, and & = 625, and & = 
3125, and conſequently x5 + 7x + 20x? Þ+ 1554 (= 
3125 + 7 X 025 + 20 X 125 + 155 X 25 = 3125 
'+ 4375 + 2500 + 3875) = 13,875; which is greater 
than the abſolute term 10,000. Therefore 5 is greater 
than the true value of x in the equation * + 74 + 
20x? + 155xx = 10,000. | 

We will therefore, in the 4th place, ſuppoſe » to be 
' = 4. And then we ſhall have ax = 16, and x? = 64, 
and x* = 256, and x* = 1024, and conſequently * + 
7* + 2043 + 155 ( = 1024 + 7 X 256 + 20 * 64 
+ 155 X 16 = 1024 + 1792 + 1280 + 2480) = 65763 
which is leſs than the abfolute term 10,000. Therefore 
4 is lefs than the true value of x» in the equation & + 
7x* + 20x* + 155rx = 10,009, 


It appears therefore that the root of the equation æ&* + 
7 + 2047 + 15 Kr = 10,c0 is greater than 3, but 
leſs than 5. And either of theſe values might very well 
ſerve for a firſt near value of the ſaid root, or for the baſis 
of a further approximation to it. Mr. Raphſon makes 

eboice of 5, which is om than the truth, 
| 3 . Art. 6, 


Dr 
* R 
9 E - * \ 


yy & eee = 
1 70 . 
Foy 4 oF, 


— 4aigy/ chores 0-4 RE ——— 
* , xi * 
0 N ; 

3 N 


0 
* re 
. q © x „ 
1 
z Pf: 


mall have 13,875 = 10,000 + 54 + 28a'z + Coa's 
| „„ 
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Art. 6. Let us then ſuppoſe a, or the firſt near value 
of x in the equation x5 + * + 20x3 + 155xx = 10,000, 


to be = 5; and let z be the diſference by which it exceeds | 
the true value of x. Then will x be = @ , and con- 


ſequently xx will be (= a —=|*) = 44 _ 2az + Ke, 
and x* will be(=@—2] ö) = 2 — 3a Þ+ &c, and x* 


will be (= a — 24) = a* — 44 + Sc, and x* will 
be (= a—25) = 4 — 5a + &c. Therefore x* + 
7z* + 20x* + 155xx will be = 3 


5 | | . | : 
0G 5: + 7 X a* 42a + we; © . 


* 20 1 &, _ 
(1155 X aa = 2 T Te, RE 


| as — 5a˙8 + Ke, 
ſ + 74% — 28a + Ke, 1 
8 os 5 : _ 2043 — Goa?s + &c, = : 
: + 15 54 — 310as + Ke. | \ 


But x5 + 7x* + 204* ＋ 155x* is = 10,000. 
Therefore a* + 7a* + 20a? + 18544 — 5atz — 
284% — GO — 31043 + &co, will alſo be = 10,000, 


and conſequently (adding 54 + 28a%z + boa's +. 
31 caz to both fides,) we ſhall have a5 + 74 + 204? + 
155 = 10, c + 54% + 2842 + 6oa's + $Jlouz, 


or (becauſe @ is = 5, and conſequently a5 + 7a. + 20a 
+ 15 is = 13,875, as has been ſhewn in art. 5,) we 


P 


Sm r— WM 7 
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4 310az, and conſequently (ſubtratting 10,900 from 


both ſides,) 3875 = 54*%2 + 284% + GO + 310 _ 


= 2 X (ra + 284% + boa* + 31 02, Therefore z will 


„ —— ＋ "SIGN 48 
3875 | 8 
TEEEY T3 + 60 x 5 e 5 1 
3 . | 1 
N a x e + © e ee 
3 == 375 = . 


3123 + 3509 + 1309 Þ 1550 9675 
Therefore a — K, or x, will be (= a — 0.4 = 5.0 — 
o. 4) = = 4.6; and 4.6 will be a ſecond near value of the 
root of the equation x5 + 7 * + 20x* + 155xx 
= 1000. WOE. E. * 


We mult next try whether this ſecond near value of x 


is greater or leſs than it's true value; and for this pur- 
poſe we muſt ſubſtitute it, inſtead of x, in the companey 
quantity x + Jo” + 20x? + 155rx. 


Wor, if we ſuppoſe x to be = 4.6, we ſhall have wx (= 


: =) = 23,16; and æ! (= 4.9?) = 97.336, and æ (= | 
4.6] ) = 447.7455, aud a5. (= 45 = 2059. 62976, 


and 18 c (= 155 X 21.16) = 3274.80, and 20x3 (= 
m X 97.236) = 1946-720, and . (= 7 X 447-7456) 
= 3134-2192, and conſequently x* + 7 + 20a? + 
15 S (= 2059.62976 + 3134-2192 + 19. 6.720 + 
3279.80) = 18 36896; which is greater than 10, co, 
Us. | or 


' 


1 
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or the abſolute term of the equation x5 + 7x* + 207 


+ 155xr = 10,000. Therefore 4.6 will be greater 


than the true value of x in that equation. 


Art. 7. To find a third near value of the root of 
this equation, let a be ſuppoſed to be = 4.6, and z be 
the difference by which a, or 4. 6, exceeds the true value 
of the ſaid root. | 


Then ve ſhall have, as before, x = a — 25 and conſe- 


quently *r (= a - = 4 — 2az + &c, and x3 (= 
a — 23) = a* — 34% + &c, and x+ (= 4— 29 = = 


| | 3 — 
4 403Zz BY &c, and 5 (= 14 — 2 W) = 425 — 542 


0 ＋ Kc, and 7« (= 7 X a — 44's. + dc.) = 74" — 
284 2 ＋ &c, and 20 ( 20 X 4 — 3˙ĩts + Kc.) = 20a 
— 60a'z + &c, and ip (= 155 X 4 — 24 + Kc.) 


== 155aa — 3102 + &c, and as + pe 20 + 
155 π = | 


a 8a + Ke, 
+ 74 — 2842 + Ke, 
+ 2045 — boa?z + Ke, 
+ 15544 — 3loaz + Ke. 


> 


But a5 + 7x* + 20 + 155xx is = 10,00. 
1 kcrefore 


a” „ 
+ 74% — 28332 * &c, 
+ 20a — boa's + &c, 
+ 15548 — 310 + &c, 


will likewiſe bc 


6 
1 


«a 4 « 4 


+ 
t—_ ws +4 
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= 10,000, and conſequently (adding 5 + 284% + 
60a'z + 310az to both ſides,) a5 + 74 + 204 + 
155aa. will be = 10,000 + 542 + 284% + GO 
+ Z1Caz. ; i 


But it has been ſhewn in the laſt article, that a5 + 745 
+ 204 + 15 54, Or 4.65 + 7 X 4.0 ＋ 20 4.05 
+ 155 X 4.60, is = 10,420. 359896. 


Therefore 10,420.36896 will be = 10,000 + 5a*z + 
28:2 + boa'z + 310az; and conſequently (ſubtractiug 
10,909 from both ſides of the equation,) 420.36896 will 
be = ga*z + 2842 + boa*z + 31toaz (= 5 * 4.61? X 
z +28 X 4.0* Xz +60 X 4.0 X = + 319 & 46 
X2=5 X 447.7456 x 2 + 28 X 97.336 K z + bo 
* 21.16 * 2 + 310 & 46 X = = 2238.7280 * 2 + 
2725.408 * 2 + 1269.60 X z + 1426.0 X 2) = 7659. 


.7360 * 2, and conſequently z will be (= DID 3 


= 0.0548, or nearly 0.055. Therefore x, or a — =, or 
4.6 — , will be nearly (= 4.6 — 0.055,) = 4-545 3 
and conſequently this number 4. 545 will be a third near 
value of the root of the propoſed equation & + 7x* + 
20 + 15 54 10% %¶ĩ᷑ dꝶñ; „ 


Now let this number 4.545 be ſubſtituted inſtead of xx 
in the compound quantity x5 + 7x* + 2ca3 + 15 , 
in order to diſcover whether the reſult will be greater, or 

Ts lels;- .: 


Is ret? cd; 4 1 
« bY * — 6 * ye ret ets a en; 
— — — e rr rr 
4 X n 9 To JT. vs © at ke "RI be y 
_ 4 N ; 


rr — te ety 
5 L = 9 ; f e 
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leſs, than 10,020, or the abſolute term of the propoſed 


equation x5 + 7x* +.20x* + 1 188 = * 


Now, if & be ſuppoſed to be = 4. 8455 we ſhall _ 
Xx (= 4.540 ) = 20,657,025, and & ( 4.54550 = 
93 886,178,625, and x* {= 4.545) 426.712, 681, 


850, 625, and x5 ( 4.54505) = 1930. 309, 139,011, 
90, 525, and conſequently * (= 7 X 42.712,68, 


$50,625) = 298.988, 772,954, 375, and 204 (= 20 
* 93-886,178,625) = 1877-723,572,5c0, and 155 


+ 20 + 155 (= 1939-409,139,911,099,bz5 + 
2986. 988,772, 54,37 5 + 1877. 723, 5 72, 500 + 3201. 
838,875) = 10, 005.900, 350, 465, 40525; which is 


greater than 10, co, or the abſolute term of the equation 
as + 7.x* + 20x* + I55tx = 10,000. There fore 


4-545 will be greater than che true value of x in that 
Equation. | | | 


Art. 8. To find a fourth near value of the root of this | 


equation 25 + 7x* + 20 + 155xx = 19,0-c, let a 


be ſuppoſed to be = 4-545, and z be ſuppoſed to be the 


| difference by which @, or 4.545, exceeds the true value 


of the ſaid root, 


Then we ſhall, as before, have x = @ — 2, and conſe- 


quently xx» (= a — 2455 = aa — 232 + &c, and 43 C= 


= — z}) = 4 — 342 + &c, and x* (= 4 — 2) = 4* . 


— 44⁵⁊ + &c, and as (= 4 — 215) = 25 — 54, + &c, 
| | | .- "and 


1 


{ 
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| and 7 (= 7 X a* 4d ＋ &c, ) = 7a — 28 + &e, 


and 20x* (= 20 x — Je — 6045 


+ Ke, and 15 5. r (= 155 X 44 — 202 + &Cc,) = 13554 
— 310az + &c, and conſequently & + 7x* + 20x* + 
Ie =. | 


fs 425 — 5 + Se. 
+. 74“ — 28232 + Kc, 
I + 2043 — Goa?z + Ke, 


+ 155 31a + &c. 


But * + 7x* + 20 + I55xx is = 10,000. 


ö Therefore 45 + 74a“ + 20a5 + 15 54% — 54 + Kc, 
— 2842 + Kc, — boa + &c, — 310az + &c, will 
likewiſe be = 10,000; and conſequently (adding 542 
+ 2842 + 604*z + 310az to both ſides,) a5 + 74“ + 
. 2043 + 15 5a will be = 10, ooo + 54 + 28a? 2 + 

| boa + 31 . 


But it has beak hawk in the laſt article, that a5 + 7a* 
+ 2043 + 15 Jaa, or 4.545 5 + 7 X 4.545 + 20 X 


4-545)* + 155 X 4. 5451 is = 10, 005. 960,359,465, 
465.625. | 


e 10, oo 5. 960, 350, 465, 465, 625 will be = 
| 10,000 + 5a*z + 284 + boa'z + 3ioaz; and con- 
ſequently (ſubtracting 10,000 from both ſides,) 5.960, 
359,46 5,465,625 will be = 5a + 28a'z + GO 2 + 

| ; | 17 310 
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31002 (= 5 X 4549* X 2 +28 T5 X 2 + ba 


X 4 545K X. 2+ ‚ hin 5 X 426.712, 


68 1,8 50,625 X 2 + 28 X 93.886, 128 625 X 2 + 60 


X 20 657,025 X 2 + 310 X 4.545 „ 2 = 2133. 563, 
409, 253,125 X 2 + 2628. $13,001,500 X 2 + 1239-421, 
500 X 2 * 1408. 959 X 3) = 7410.747,010,753,12g 
X S. Therefore z will be 5 £9 —— ea5 gong 
14*C:747»9: 0275 33125 
== 8 and , or 4 — 2, or 4.545 — 2, will 


be (= 4.545, o,o — o. og, 804, 28) = 4.544,195,72. 
Therefore 4. 544,195, 72 will be a fourth near value of 


the root of the propoſed equation x5.+ 7 + 2043 + 


This number 4. 544, 1952, agrees with the number 


found by Mr. Raphſcn, in all it's figures, 


Art. 9. The foregoing reſolution of the equation 
x5 + 7x* + 2043 + 155 = 1 „00, has been per- 
formed at great length, in order to ſet forth, in as clear 

a manner as poſſible, the ſeveral rcaſonings upon which the. 
arithmetical operations uſed in it are grounded, as well as 


the ſaid operations themſelves. And by ſo doing the 


ſubject is rendered ſo much eaſier than in Mr. Raphſon's 


very conciſe and compreſſed way. of treating it, (in which 
all the reaſonings ure dropped, and only the arithmetical 


operations are exhibited) that, though the above reſo- 


lution of the {id equation is three, or four, times as long 
as Mr. Raphſon's, yet I am fully perſuaded that it may 


be read Sad underſtood in a third, or fourth, part of the 
| time 
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time that is neceſſary to a thorough comprehenſion of 
Mr. Raphſon's reſolution of itz even if he had not 
puzzled the matter by talking of the negative root of 
the equation — x5 + ir — 2043 + 155zrr = 10,090. 
But that this may appear- the more clearly, I will now 
repeat the foregoing reſolution of this equation in the 
ſtyle and manner of Mr. Raphſon, by omitting the ſe- 
veral reaſonings ſet forth in the foregoing articles, and 
making uſe of a Canon, or Theorem, for the purpoſe of 
computing the ſecond, third, and fourth values of z, in 
the ſame manner as Mr. Raphſon has done. 


Art. to. Since each of the three firſt ſucceſſive near 
values of x, or the root of the propoſed equation 45 + 
7x* + 20x3 + 155 = 10,000, from which the next 
near values of it are derived, to wit, the three numbers 
55 4.6, and 4-54 5, and which are ſucceſſively denoted by 
the letter a, is greater than the true value of » in the 
ſaid equation, or than the root of the ſaid equation, it 
follows that the ſecond, and third, and fourth near va- 
lues of & will, each of them, be ſucceſſively denoted by 
the reſidual quantity a — ; and conſequently, by ap- 
plying the reaſonings uſed in art. 6, in order to obtain 
the values of z, and of a — 2, or x, we ſhall find that z 
will be, ſucceſſively, nearly equal to the value of the 


. 45 + 7a* + 20483 + 1544 — 10,000 | 
. 3 , and, * 
HON d ger 2807 + Goa? + 3768 ee 
fore, that a — 2, or x, will be, ſucceffively, nearly 
equal to the value of the quantity a — the fraction 
45 + 74 + 20a + Ic 42 — 10, % ; > 
„ 5 . 0 This, then, 18 the 
50 + 2045 + Goa + 310g 
= | Theorem, 


— 
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Theorem, or Canon, by the application of which we are 
to compute the firit, and fecond, and third near values 
of a — , or the ſecond, and third, and fourth near 


values of », after taking 5 for the firit near value of 8 


it, or for the firſt value of a. 


Now, if @ is = 5 we ſhall have = = the fraction 
45 + 74 + 2043 + 15544 — 10,000 3875 | 
54 + 2543 + C0 + 3102 9675 TY 
Therefore a — z will be (= 5 — 0.4) = 4.6; which 
Will therefore be the ſecond near value of », or of the 
root of the equation * + 74 + 2043 + 155xx == 


10,000. 


Secondly, if a be = 4.6, we ſhall have 2 = 
＋ 7 + 2083 + 18544 — ro, 429.3896 
"5a + 284* + GD + 31 85 7059.70 
0. 05 48, or, nearly, 0.055. Therefore a — 2 will be 
{= 4.6 — 0.555) = 4-3453 which will therefore be 
the third near value of x, or of the root of the equation 
Ms ge? + 2045 + 155 der = 10,009; 


| Thirdly, if a be = 4-545» we ſhall have > = 
25 + 74+ 2013+ 15 540 10,990 _ 5-9" o, „309.5 408,46 8.628 
54 + 2823 + boa? +310. | 7419474791047 339125 * 
= O. $00,804,289. Therefore 4 — 2 will be (= 4.548 
— O.CCO, 804, 28) = 4.54 1441059723 which will there. 
fore be the fourth near value of , or of the root of the 
Equation * + 7 * 2043 + 155 π = 10,000. 


Q Et. | 


: Art. 11. 
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| Art. 11. Mr. Raphſon's Canon, or Theorem, for the 


value of z, is expreſſed more conciſely than the foregoing 


a3 + 54% + 20a? + 155aa — 10,005 
5. 7 2807 © boa? + 31084 7 

For he uſes the letters , c, d, and /, for the co-efficients 7, 

20, and 15 5, of the fourth, third, and ſecond, power of x 


Theorem, 2 = 


in the equation x5 + 7x* + 2943 + 155xx= 10,000, and 
for 10,009, the abſolute term of that equation, reſpee- 


| tively; which eee the following Canon, or Theorem, 


F t l f, t t, 2 = 
or the value of z, to wit, F ＋ C 3c ＋ 2d 


But it appears to me that, though we may ſeem to gain 


| ſomething in point of brevity by uſing this very general 
notation, we loſe as much in the article of perſpicuiiy, 
which is a matter of much greater importance. How 
ever, this latter refolution of the equation x5 + + 7 + 
2043 + 155zu = 15,000, which is expreſſed in Mr. 
Raphſon's conciſe ſtyle and manner, and the foregoing 
more explicit reſolution of it in art. 5, 6, 7, and 8, (in 
which the reaſonings, on which the ſeveral arithmetieal 
operations are grounded, are diſtinctly ſet forth and re- 
: peated,) are, both of them, the ſame in ſubſtance, and 
are, as I believe, the very beſt method that can be taken 
for diſcovering the root of the ſaid equation. 


Of the Reſernblance of Mr. Raphyon's 1 Herbe of Keſolving 


Numeral Equations by Approximation to Sir Iſuac Nexvte:,” If 
Method of wing the ſume thing. 


Art. 12. It has been obſerved above in art. 2, that 
Sir Iſaac Newton's method of reſolving numeral equations 


a5 + Ja + ca3 + da* -f 


— 
7 
_ * C * 1 1 N 
Wi ah 1 n POS. | : 1 
r een re lp rs AR? Fre 
” — 
: 54 N n 
4 a b 
— Wi „ l 


be: 
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by approximation differed but little from Mr. Raphſon's, 
both methods being founded on the ſame principle of 
conſidering the new, or transformed, equation, (reſulting 
from the ſubſtitution of a + ⁊, or @ = 2, inſtead of , 
in the original equation,) as a mere ſimple equation, or 


neglecting, or omitting, all the terms of it which involved 


in them any higher power of = than it's ſimple power; 
which reduces the refolution of all equations, of whatever 


orders, to the reſolution of a ſimple equation, or, rather, 


to the reſolution of ſer eral ſucce ſſive ſimple equations, by 
which we make continual approaches to the true value of 
the root of the original equation. In this grand principle 
Sir Iſaac Newton's method and Mr. Raphſon's method 
perfectly agree; and, in finding the ſecond near value 
of x, or in making the ſirſt approximation to the true 
value of æ, aſter having obtained, by conjecture, or trial, 


or in ſome other manner, the value of what has been 


kere called a, or a firſt near value of x, or the root 
ſought, there is not the ſmalleſt difference between them. 


But in the inveſtigation of the third, and fourth, and 
other following near values of x, there is a little differ- | 
ence in, their manner of proceeding, which the reader 


may be glad to ſee examined. I ſhall therefore now 
compare the two methods together, in the caſe of a very 
eaſy equation, by which Sir Iſaac Newton himſelf has 


thought proper to iurats his method. 


A cou. 


1 „ 
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A COMPARISON BETWEEN SIR ISAAC NEWTON'S 
AND MR. RAPHSON'S METHODS OF RESOLVING 
NUMERAL EQUATIONS BY APPROXIMATION. 


Art. 13. Six Isaac NRwTOox's method of reſolving 
numeral equations by approximation, is explained by 
himſelf in his curious little Tract, intitled, Analyſis per 
LEquationes Numero Terminorum Infinitas, (which was 
written in the year 1666, and communicated to Dr. Iſaae 
Barrow, and to Mr. John Collins, and to other learned 


men of that time, in the year 1669.) by an example; 
which is as follows: 5 


Art. 14. Let it be required to reſolve the cubick 
equation x? — 2x 5. | 

Here, in the firſt place, it is eaſy to ſee that is ſome- 

what greater than 2, but much leſs than 3. For, if x 18 
taken equal to 2 we ſhall have 2x = 4, and x* = 8, and a 
conſequently x? 2 (= 8 — 4) = 4; which is leſs 
than 5, or the true value of x* — 2x in the propoſed 
Bat : and, if x is taken equal to 3, we ſhall have 
= 6, and & = 27, and conſequently * — 2 (= 
27 — 6) = 21; which is very much greater than 5, or 
the true value of à˙ —.2x in the propoſed. equation. 
Therefore the true value of * in that equation muſt be 


X much 
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much leſs than 3, and a little greater than 2. Let it 
therefore be ſuppoſed to be equal to the quantity 2 + z, 
in which z denotes the unknown quantity by which the 
true value of x exceeds 2. And let 2 + 2 be ſubſti- 
tuted, inſtead of .v, in the propoſed equation x* — 2x 
= 5. his may be done as follows: . | 


Since x is = 2 + 2, we ſhall have * (="213 + 3 * 
2*xXz+3X2X2z+#3=8+3X4XxX2z+ 3 
X 222 + 2*) = 8 ＋ 122 + 68 + 2, and 2x (= 2 
N 2 T ) = 4 + 22, and conſequently x? — 2x ( 
8 + 122 + 6 + Z* — 4 — 22) = 4 + 102 + 6zz | 
+ z*. But & — 2 is = 5. Therefore 4 + 102 + 
| Gzz + 2 will alſo be = 5, and conſequently (ſubtract- 
ing 4 from both ſides,) 1cz + 622 + 2 will be = 1; 
and, (ſubtracting bzz + 2 from both ſides,) 102 will be 


1 — OZYZ — 23 


| — I — 622 mo 23, Therefore 2 will be — 


| 10 
I 6 = + 23 — 622 = 2 £ : 
10 T 1 | 
622 + 23 . 


Maes 2. t , 
leſs than —» or O. 1, by the quanti y _ 


Therefore x, or 2 + 2, is leſs than 2 + or 2+0.1z 


G + 23 . | 
- 3 Which, on ac- 
= 


or 2.1, by the ſaid quantity 
count of the ſmallneſs of 2, (which is leſs than . 


will be a very ſmall quantity in compariſon of z, or 
| I. of 
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os 3 8 
of Sig and, 2 Jortiori, in compariſon of 2, and con- 


ſequently may be neglected. And therefore 2.1 will be 
a ſecond near value of x, or the root of the propoſed 
equation à — 2x = 5, that will be a little greater than 
it's true value, but nearer to it than any other number 


that conſiſts of only two places of figures. & E. I. 


This is the firſt ſtep of Sir Iſaac Newton's approxima- 


tion to the root of the equation x* — 2 = 5, after the 
aſſumption of the number 2, by conjecture and trial, for 
it's firſt near value. And in this firſt ſtep of the ap- 
proximation Sir Iſaac Newton's and Mr. Raphſon's 
methods exactly co-incide. | 


Art. 15. But in the next ſtep of the approximation 


to the value à, in the ſaid equation & — 2x = 5, the 


two methods are ſomewhat different from each other, 


though the number of new figures of the true value of x, 


that are exact in the next near values of it reſulting from 


both methods, is the ſame. The difference between the 
methods in this ſecond ſtage of the ene is as 
follows: 


Mr. Raphſon corrects the value of u, or the root of 
the original equation .r3 — x = 5, already found, to 
wit, 2.1, (and which is known to be ſomewhat greater 
than the truth,) by ſubtracting from it the unknown 


quantity by which it exceeds x, and which we may call v, 


and ſubſtituting 2.1 — v inſtead of x in the ſaid original 


_ Equation, 43 — 2x = 5, whereby it is transformed into 


X 2 Kt another 


att L3H a5 
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another cubick equation, in which 2 will be the only 
unknown quantity; and then he finds a near value of v 
by reſolving the ſaid transformed equation as if it were 
only a ſimple equation, or by neglecting the terms which 
involve the ſquare and cube of- v, on account of their 
ſmallneſs, juſt as we. before neglected the terms 6zz and 
23 in the foregoing transformed equation 102 + 62 + 
z* = 1 for the fame reaſon. But Sir Iſaac Newton takes 
no further notice of the original equation x? —- 2x =. 5, 
till he has compleated the whole procefs of his approxi- 

mation; but, initead of the ſaid original equation, he 
conſiders the former transformed equation, 10 + 62x 
+ 2 = 1; which was derived from it, and inveſtigates 
the value of it's root, =, to a greater degree of exactneſs 
than that to which it was before obtained. And this he 
Joes i in the manner” following: 


8 it has been ſeen that 2 is leſs than ©.1, let the 
quantity by which 0.1 excceds it be called v, fo that ⁊ 
ſhall be = C. 1 — v; and let 0.1 — v be ſubſtituted, in- 
Read of a in the transformed equation 10 ＋ (22 + 23 
e may be done as follows: : 


Sine we i v, we mall have 


and 23 = —— = "0.001 — 3X 0.01 * vn xo. i x vv 


) = 0.001 — o. ogv + o. 3 - v3, 


and 10z (= 10 Xx 0.1 — v) = I — 10, 


and 6 1 6 * 0.01=0.2v +vv) = 0.06 —- 1. 2v + G, 


and con{ -quendly 
10 
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102 JJ. 1.00 — 10.00 
+ 622 = + 0.96 — 1.20v + 6vv 
+ 23 CT + 0.0091 —- 0.93v. + o. 30 — v3 


= 1.091 — 11.23v + 6.3zvv = v3, 


But 102 + 628 + 23 is = I. 


ES. 4 1 i : 4 
Therefore 1.061 — 11.230 + 6.3 — 2 will like- 
wiſe be = 1. And conſequently (adding 1 1.230 to both | 
fides,) we ſhall have 1.061 + 6. 3 — 5 = „„ 
and, (cubtracting I from both ſides,) we ſhall have 0.06r 
+ 6.3vy — v3 = 11.23v, and (neglecting 6. 3vv and v3 


as inconſiderable in compariſon of 0.061 and 11.23v) we 


ſhall have 0.061 = 11.23v, or 11.23v = 0.061; and con- 


ſequently (dividing both ſides by 11.23,) we ſhall have 
v (= 


be (=-0.1 — 0.0054) = 0.2945, and conſequently x; 
or 2 + , will be (= 2 + 0.0946) = 2:0940. | 


CE, I. 


0.061 
11.23 


a ” 
#. £5 


In this manner r Sir Iſaac Newton finds the root of the 
propoſed equation 2 brine 2x = be equal to 2. 0046, 
which is as near the truth as ſive figures can expreſs it. 


Art. 16. He then carries the inveſtigation one ſtep 


further, by which he obtains the value of x exact to nine 
places of figures; and for this purpoſe he proceeds in the 


manner follow in g: 


S 0.0054 Therefore z, or 0.1 — 5 will 


—— 
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The laſt transformed equation was 11.23v = 0.001 + 

6.3vv — v3; from which it follows that wv is accurately 
: 1 ) w 7 $ = a avs 

ou! W 125 + =, or 0.00 54 + — N 
which is greater than 0.0054 alone, becauſe b. 30 v is 
greater than v3. Since, therefore, v is greater than 
0.0054, let us ſuppoſe it to be = 0.0054 + w; and let 
this binomial quantity be ſubſtituted, inſtead of v, in the 
transformed equation 11.23v = 0.061 + 6.3vy — 93, 
or, rather, in the equation 11.23v — 6.3vv + 43 = 
0.061, conſiſting of the ſame terms as the former, but in 
which the terms involving the unknown quantity v are 
all brought to the ſame ſide of the equation, and ranged 
according to the powers of v, beginning from it's loweſt 
power, or the ſimple power of v. This may be done in 
the manner following : 


? 


Since v is = o. cori + u, we ſhall have 


v (= 0.0954 +] = 0.005FY* + 2X 0.0054 X ww?) | 
= 0.000,029,16 + 0.0108 Xx w + w?, 


and v3 (= 0.0054+43 = o. oo + 3 x 0.0054)? x ww 
+ 3 X 0.0054 Xx w? + ay | 
= o. ooo, ooo, 157, 464 + 3 * 0.c00,029,16 x w_ 
+ 0.0162 Xx z + ) 
= 0.000,000,15 7,464 * o. O00, 87,48 X 0 
0.0162 x w* + w3, | 


and 11.23 (= 11.23 * 0.0054 + w) = 0.060, 642 + 
11.23 X W, 


and 6.3% (= 6.3 X 0.500, 029, 16 + 0.0108 * w + 9 
= o. ooo, 183, 708 ＋ 0.068,04 x w + 6.3wwz 


and 


LA 
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and conſequently 11.23v — 6.3vv + v3 will be = 


| 0.960.642 + 11.23 * w_ | Fey 
| 1 009,183,708 — 0.068,04 X 0 63 * TW j | 


+0 900,000, 157,464 +0. e * W-þ0. orG2w* +4) 


—0. 090,183,708 — 0.068 ,04 X W —6.3 * ww? 


{ 0.060,642,157,494+11. 230,087,48 Xaw+0. —. 


== ©; 260,458,449-464 + 11. 16907 * — 6. 28 nog + 202. 


But Et, 239 — 6.30 + v3 is = 8665 


T 18 0.060,458,449,464 + 11.162,047,48 X ww 
— 6.2838 X ww + 43 will likewiſe be = 0.061 : and 


conſequently (ſubtracting 0.062,458,449,464 from both 


ſides,) 11.162,047,48 X 20 — 6.2838ww + a will be 


(= 0.061,000,000,000 — o. 060, 458, 449,46) = o. ooo, 


541, 550, 536; and (neglecting the terms C. 283 8 2 and 
203, as inconſiderable in compariſon of 11. 162, 047,48 


X,) we ſhall have 11.162,047,48 X w = 0.00.,541, 
0.9900,541,550,5 26 _— 


550,536, and conſequently w (= "Tie 


C. ooo, o38, 5 2. Therefore v, or 0.0054 + w, will be 


- 0.C054 * o. ooo, o48, 52) = O. 005,448, 52, and 2, or 


0.1 — v, will be (= o. 100, ooo, o — o. o05, 448, 58) = 


o. 094. 5 51,48, and x, or 2 + K, will be (= 2 + 0.094, 


881,8) = 2. 094255148 3 ; that is, the root of the pro- 
poſed equation y3 — "2x = 5 will be = 2.094,55 1,48. 
Q E. I. 


This number 2,994,551, 48 is — in all the figures, | 


28 will be ſhewn in a ſubſequent Article. 
X 4 : | Art, 17. 


- 
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Art. 17. Having thus ſet forth Sir Iſaac 'Newtan's 
method of inv eſtigating the root of the propoſed equation 
x3 — 2x = 5 to nine places of figures, we muſt now 
perform the ſame thing by Mr. Raphſon's method, in 
order to make a compariſon between the neceſſary opera- 
tions of the two methods. | 

Now Mr. Raphſon's method of approximating further 
to the root of the equation x3 — 2x. = 5, after having 


622 — 23 


found it to be equal to 2 + 0.1 — or to be 


ſomewhat leſs than 2.1, is to put v for the unknown 
quantity by which i it falls ſhort of 2.1, and then to ſubſti- 
tute the refidual quantity 2.1 — » in the terms of the 


original equation x3 — 2x = 5. whereby the ſaid e qua- 
tion wi! be transformed into another cubick equation, in 


which v ill be the only unknown quantity ; and then 

he determines the value of v by reſolving the ſaid tranſ- 
formed <quation as if it was a mere ſimple equation, or 
by negleCting the terms in which the ſquare or the cube 
of v occur. This may be done in the manner fol- 
lowing ; | | 


Sinee 1 2.1 — „, we ſhall have | 
te 17 D = 2] —2X 24 X v + &c) 
= 4-41 — 4-29 + &cz 
and a3 (= 21 — 21% 3 K 2 I= ö A & 
= 9.266 — 3 X 441 * + &) 


=. 9-201 = — 13.23 X v + &c, | 
* 5 | and 
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„ 4.2 — 2, 
and conſequently x3 — 25 {= 9.261 — 13.23 50 «+ 
> — 4-2 + 20) = ann 


But 43 — 2x is = 5. 


Therefore 5.061 — 11.23 X v &c, will likewiſe be 


= 5, and conſequently (adding 11.23 X v to both ſides,) 
we ſhall have 5. C61 = 5 + 11.23 X , and (ſubtracting 


5 from both ſides,) we ſhall have 11.23 Xx v = dc. 061, 


and conjequently V (= 600 ) = 0.0954+ Therefore x, 


11.23 


or 2.1 — v, will be ( 2.1 — ©. 0054) = 2.0946; or 


2.0946 will be a third near value of the root of the pro- 
poſed equation a3 — 2x = 5 . k. 1. 


This third near value of x is the very ſame with the 
third near value of it obtained above, i in art. 15, * 
Sir Iſaac Newton's method. 


Art. 18. In this ſtep of che approximation, Ta which 
we obtain the number: 2.0946 for the third near value of 


the root of the propoſed equation a3 — 2x = 5, the 


principal difference between the two methods ſeems to 
conſiſt in this, to wit, that by Mr. Raphſon's method we 


are obliged to raiſe the two firſt terms of the powers of 


the compound quantity 2-1 — v, and conſequently to 


raiſe the powers of the number 2.1, which conſiſts of 
two figures; whereas in Sir Iſaac Newton's method of 
proceeding, we had occaſion only to raiſe the powers of 


. — 


* f 
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4 


the compound quantity 0.1 — v, and confocccntly t to 
raiſe the powers of the number 0.1, which conſiſts of 
only one figure; which is ſomewhat eafier than to raiſe 
the powers of 2.1. But both opcrations are ſo eaſy, that 
the difference of the labour of performing them is hardly 

worth conſidering. And, with reſpect to the ſimplicity 
of conception in the two methods, Mr. Raphſon's me- 
thod ſeems to be preferable to dir Iſaac Newton's , be- 
cauſe the former always refers to the original equation 
* — 2x = 5, whereas the latter method refers to the 
preceeding transformed equation Icz + G22 + 23 = 1, 
which has more terms and larger co-efficients than the 
original equation a3 — 2 = $5, | 


Art. 19. But in the next ſtep of the approximation by 
Mr. Raphſon' s method, we ſhall find the labour of raiſing 
the powers of the vaiue of x already found, to wit, the 
powers of 2.0946, to be conſiderably greater than that 
of raiſing the powers of the laft precceding ſupplement 
of it according to Sir Iſaac Newton's method, that ſup- 
plement being only the decimal fraction 0.0054, in 
which there are only two ſignificant figures. This will 
appear by performing this ſtep of the approximation by 
Mr. Raphſon's method; which may be done as fol- 


lows: 


Art. 20. The laſt near value we found for. x, or the 
root of the equation 43 — 2x = 5, by Mr. Raphſon's me- 
thod, was 2. 0946, Now this near value of is greater 
than it's true value. For, if we ſuppoſe to be = 2.0946, 


we ſhall have x3 (= 2. 2.59 4⁰ 5) = E 189,741, 350,530, and 
; a | 2.1 
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2x (= 2 X 2.0946) = 4.1892, and conſequently a3— 2x 
{= 9.189,741,550,536 — 4-1892) + 5.000, 541, 550, 5 363 
which is greater than 5, or the abſolute. term of the 
| equation x3 — 2 = 5: and conſequently 2.0946 muſt 
be greater than the true value of the root of the ſaid 
equation. 


We will therefore ſuppoſe x to be — 2.0946 — 1. 


and ſubſtitute this reſidual quantity inſtead of x in the 
terms of the equation x3 — 2y = 5. _ 


Now, ſince x is = 2.0946 — wv, we ſhall have 


ax {= 269% =" = 2.0940 _ 2X 2.0946 x w+&c 
= 4-387,349,16 — 4.1892 Xx w + Ke, 
and x3 (= 2.0946 — 20 = 2.5945 — 3 x 2.0340 x w+&c 
= 9.189,741,530,536 — 3 X 4-387,349,16 x w+ &e) 
= 9.189,741,550,536 — 13.162,047,48 X 20 + &cz 


and 2x (= 2 X 2.0940 — 59 = 4.1892 — 2, 


and conſequently a3 — 2x = 


9.189, 74 1, 5 50, 536 — 13. 160475, 48 x w + & J' 
Y..-; 41392 + 2. ooo, ooo, oo X 20 


=_ 5.000, 541,550,536 — 11.162,047,48 * ww + &c. 
But 33 . 2x is = 5. 
Therefore 5. ooo, 54 1, 580,6 36 — IT. 162,047,48 * 20 


+ Ke, will be = = 5; and conſequently (adding 11.162, 
| 047,46 
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| 047548 X.w to both kides,) we ſhall have 5. 1 50, 
536 = 5 + 11. 162, 047,48 * w, and (ſubtracting 5 
from both ſides,) o. ooo, 541, 5 50, 536 = 11.162,04), 48 
X w, or 11. 162,047, 48 & w = o. ooo, 541, 550, 530. 
Therefore wv will be (= — — 
11. 162,047,438 
523 and conſequently 4 or 4. 0946 - — 2, n be ( 
2. 094, 00, oo — o. ooo, 48,52) = 2.094, 551,48. 


) 0.000,048, 


Therefore 2.094,551,48 will be a fourth near value of x, _ 


or the root of the propoſed equation x3 — 2x = 5. 


This fourth near value of x is the very ſame with 
the fourth near value of it obtained above, in art. 16, 
by Sir Iſaac Newton s method. | 


Art. 21, In this laſt FE of Mr. Raphſon's approxi- 
mation to the root of the propoſed equation +3 — 2x = 5, 
we have been obliged to raiſe the powers of the number 
2.0946, which couliſts of five places of figures; whereas 
in Sir Iſaac Newton's way of proceeding we only raiſed © 
the powers of the decimal fraction 0.0054, which con- 
tains only two ſignificant figures. But then in that way 
of proceeding we were obliged to multiply v, or c. oo 
+ wv, into 11.23, and vv, or the trinomial quantity 
0.000,029,16 + o. oi X ww + w}, into 6.3; whereas 
in Mr, Raphſon's way of proceeding we have only to 
multiply x, or the binomial quantity 2.0940 — , 
into the very ſimple co efficient 2. S0 that, upon the 
whole, the difference of the labqur of computation in 
the two methods is not very confi werable, though it is 

rather 


— 
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rather leſs in Sir Iſaac Newton's method than in Mr. 
Raphſon's. But in point of ſimplicity of conception 
Mr. Raphſon's method ſeems much ſuperiour to Sir 
Iſaac's, becauſe it never loſes fight of the original equa- 
tion x3 — 2x = 5, which is to be reſolved. 


And, further, we may obſerve, in favour of Mr. Raph- 


ſon's method, that it never requires us to raiſe any more 
than the two firſt terms of the binomial and reſidual 


quantities 2 + 2z, and 2.1 — , and 2.0946 — ww, 
- which are ſubſtituted inſtead of & in the original equa- 


tion x3 — 2x = 5; whereas in Sir Iſaac Newton's me- 
thod it is neceſſary to raiſe the other terms of the bino- 
mial and reſidual quantities 2 + , and 0.1 — v, and 
0.0054 + w; which increaſes the number and intricacy 
of the operations of the inveſtigation. And therefore, 
upon the whole, I conſider Mr. Raphſon's method of 
approximating to the values of the roots of ſuch equa» 
tions as preferable to Sir Iſaac Newton's. 


4 Proof of the Exatneſs F the Number 2-0945 51,48, 


that has been found by the for going Methods of Ap- 
proximation 1” the Roct of the Fquaticn a3 — 2x 5. 


Art. 22. It remains that we prove the with" to have 
been rightly performed, or that we  ſhew that the laſt 
number 
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number. 2.094,551,48, obtained by both theſe methods, 
is a very near value of the root of the propoſed equa- 
tion x3 — 2x = 5, and that we determine to how 
many _—_ it is exact, 


Now the Mlaineſ and beſt method of doing this is to 
ſubſtitute the number 2. 094, 551,48, inſtead of x, in 
the compound quantity * —.2x, in order to diſcover 
whether the quantity reſulting from this ſubſtitution will 
be greater, or leſs, than 5, or the abſolute term of the 
propoſed equation x3 — 2x = 5: and, if it ſhall ap- 
pear that the ſaid reſult is greater than 5, we may con- 
clude that the ſaid number 2.094,551,48 is greater 
than the true value of - in the ſaid equation; and, if 
it ſhall appear that the ſaid reſult is leſs than 5, we 
may conclude that the ſaid number is leſs than the true 
value of x. And, when this has been thus diſcovered, 
we muſt, in the next place, endeavour to determine 
to how many figures this number 2. 094,551,48 co- in- 
cides with the more accurate value of *: and, for this 
purpoſe, we muſt, if this number be leſs than æ, in- 
creaſe it by the addition of an unit in the laſt place of 
figures; and, if it be greater than x, we muſt diminiſh _ 
it by the ſame ſmall quantity, and then ſubſtitute the 
new number thereby obtained, to wit, 2.094, 551,49, 
or 2.094,551,47, inſtead of », in the compound quantity 
a3 — 2x, And, if it ſhall appear that the value of that 
compound quantity reſulting from ſuch ſubſtitution is 
greater, or leſs, than 5, we may conclude that the 


number 2. ©9495 5149, 0 . 0945 551,47, is accordingly 
greater, 
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greater, or leſs, than the true value of x, in the equa- 
tion x? — 2x = 5, and conſequently that the ſaid true 


value is of an intermediate magnitude between 2.094, 
551,49 and 2.094,551,48, or between 2.094,551,48 
and 2.094,55147- | 


Now, if we take æ = 2.094,551,48, we ſhall have 


* = 4. 3 ; 145,9002,370,190, 4, 
and x? = 9. 189,102,942, 585,417,810, 201,792, 
and 2x = ER 


and. conſequently 


e, 26. 4-999,999:982,785,417,810,201,792 3 
which number is ſomewliat leſs than 5, or the abſolute - 
term of the propoſed equation a5 — 2x = 5. There- 
fore 2.094, 551, 48 mult be ſomewhat leſs than the true 
ralue of x in the ſaid equation. 


Secondly, ſince x is greater than 2. 04, 551,48, we 
muſt now compare it with 2.094,551,49, by ſubſtituting 
that number inſtead of it in the compound quantity 
22 wm 2X, - | | Rees 


Now, if » is taken = 2. „ or 2.0945 and 


+ o. ooc, ooo, oi, we mall have x3 (= 2.094,55 49 
+ 3 X 2.094 551948) * X 0.000,000,01) + 3 X 
2. 0945551, * X o. 000, 000, 1 + 9. 000, O00, 01 


7 4 —— * be = «a 9 . 9 n — FOR N — 2 * 4 » 1 
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=9. 189, 102,942, &c, + 3 X 4.38, 145,902, & 
* 0.000, 000,01 + o. ooo, ooo, ooo, & + o. ooo, 
ooo, ob, & = 9. 189, 12,942, &c + 13. 161,437, 
ones 0.000,000,01 +. n + 


00,1 31, he + o. ooo, Coo, oc, &c + o. ooo, ooo, ooo, 


&) = 9189, 103,73, &cz and 2x (= 2 X 2.094, 


55 1,49) = 4-189,1c2,98 ; and conſequently x3 — 2.5 
(= 9-189,103,07, &c - 4.189, 102,98) = F. ooo, oo, , 


| &c; which is greater than 5. Therefore 2.094,55 7,49 


2 be pays than the true value of x in the equation. 


But i it 3 been hewn that 2.094,55 1,48 is leſs than 


the ſaid true value. 


Therefore the true value of & in the equation 47 = 2x 
= 5, will be of an intermediate magnitude between 


2:0944551,48 and 2.094, 55 1,49; and conſequently all 


the figures of the number 2.094,55 1,48, which we found 


by the foregoing proceſſes of Sir Iſaac Newton's and 


Mr. Raphſon's methods of approximation ſor a fourth 
near value of the root of the equation * — 2 5, 


are exact. | 1 Do 


Of 
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Of the Difficulty of finding a, or the Firft Near Value of. 


the Rect of an Aﬀedted Equation, in certain Caſes. = 
| 5 : 7 FLA ” * 4 1 Cj | 0 1 | 


g* 


Art. 23. There is another difficulty that occurs ſome- 
times in reſolving high equations by approximation, 
whether by Sir Iſaac Newton's method or by Mr. Raph- 


ſon's; Which indeed are ſubſtantially the ſame. The 
dithculty I mean, is that of finding the firſt near value 


of the root ſought (which we have called @ in this dif- 
courſe,) to one, or two places of figures, in order to 
make it the baſis of a further approximation to the true 
value of the root by either of theſe methods of approxi- 
mation. Now, when the equation is known to have but 
one root, that is, but one real and affirmative root, (for 


all other roots are not worth conſidering,) this difficulty 


will not be great; becauſe it will always be eaſy to find 
a tolerably near value of the root by conjectures and trials, 
and particularly by ſuppoſing x, or the root of the propoſed 
equation, firſt to be equal to 1, and 2dly, to be = 10, and 


3dly, to be equal to ſome ſhort intermediate number be- 
tween 1 and 10, conſiſting of only one figure, or, if the root 


appears to be greater than 10, by ſuppoſing it to be equal 
to 100, or 1000, and afterwards ſuppoſing it to be equal 
to ſome ſhort intermediate number conſiſting of two fi- 
gures; as was done above in art. 5, in finding the firſt 
near value of x in the equation & + 7x* + 20x? + 


L _— _ 
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155 = 10,000. But, when the equation conſiſts of 
terms connected together partly by the ſign +, and 
partly by the ſign —, and conſequently it may, for 
aught we know to the contrary, have two, or three, or 
four, or more real and affirmative roots, which may be 
of very different magnitudes, the aforeſaid method of 
conjectures and trials (though by no means uſeleſs,) is 
leſs expeditious and ſatisfactory in aſſiſting us to find the 
firſt near value of one of the roots than in the former 
caſe ;z and we are often puzzled to know which of the 
roots it would be moſt expedient to begin to inveſtigate. 
Now, in moſt of theſe caſes, I believe, it will be adviſa- 
able to begin by inveſtigating the leaſt root, and for that 
purpoſe to expunge from the equation all the terms that 


have the ſign — preſixed to them, and to ſind, to about 


two places, or, at moſt, to three places, of figures, the 
root of the remaining equation. For this root will al- 
ways be leſs than the leaſt root of the original equation, 
it really has (as it appears to have,) more than one 
real and affirmative root; or it will be leſs than the only 
root of the Original equation, if (notwithſtanding the 
appearances to the contrary,) it really has but one root. 


When the root of this ſecond, or curtailed, equation, 


has been diſcovered, it may be called a, and made the 

ground-work of an approximation to the leaſt root of the 
original equation, and the binomial quantity a + z may 
be ſubſtituted in the original equatien inſtead of x, and 
the transformed equation thence ariſing may be reſolved 
as if it was a mere ſimple equation, agreeably to Mr. 
Raphſon's method of approximation ; and the value of 2 
thereby obtained, being added to a, will give us a known 
| value 
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value of a + 2, or a ſecond near value of the leaſt, or 


the only, root of the propoſed equation: after which we 


may proceed to find the ſaid leaſt, or only, root of the 
propoſed equation by a further proſecution of Mr. Raph- 
ſon's method of approximation above-deſcribed, untill we 
have determined it to the degree of exactneſs that we 
think neceſſary. This method of finding a firſt near 
value, a, of the leaſt root of a propoſed equation that 
ſeems to have more than one real and affirriiative root, is 


explained more at length in the third volume of the 
Collection of Mathematical Tracts, called Scriptores Lo- 


garithmici, in my Diſcourſe on the Reverſion of Infinite 


Serieſes publiſhed in that Volume, in pages 724, 725, 726, 
727, &c, - - - to page 761; which pages will be re- 


printed in the ſubſequent part of this preſent Collection 
of Tracts. And, with this improvement of it in the caſe 


of equations that have, or ſeem to have, more than one 


real and poſitive root, I believe it may ſafely be affirmed 


that Mr. Raphſon's Method of Reſolving Affe ted Equa- 


tions is the beſt general method of effecting that purpoſe 
in all equations above quadraticks that has hitherto been 
diſcovered. 


| End of the Obſervations on M.. Raphſon's Method of 


Neßolving Acfected Equations by Approximation. 
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of any Poſſible Equation i In Numbers, cither 
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A JOHN KERSEY. 


4 3 4 ö 5 2 5 N # | ; 


BEING THE TENTH CHAPTER or THE SECOND BOOK or 
MR. KERSEY'S ELEMENTS OF ALGEBRA, 


Article 1. EQUATIONS Lalling ne any of the 
*” forms in the. fourteenth and fifteenth 
chapters of the ſirſt book of theſe Elements, are capable 
(as hath there been ſhewn) of perfect reſolutions in num- 
bers; viz. the value of the root or roots ſought in any of 
| thoſe equations may be found out and expreſſed exactly, 
either by ſome rational or irrational number or numbers; 
but the perfect reſolution of all manner of compound 
equations in numbers, I have not found in any author: 
and ſince an expoſition of the general method of V ieta, 
the rules of Huddenius and others to that purpoſe, would 
make a large treatiſe, and after all leave the curious 


% 


Analyſt diſatisfied, I ſhall not clogg theſe Elements with 
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2 tedious diſcourſe upon thoſe difficult rules, (which 
at the beſt are exceeding tedious in operation, and ſome 
of them uncertain too,) but rather purſue my firſt deſign, 
which was to explain fundamentals, and ſuch rules as are 
certain and moſt important in this profound art, How- 
ever, I ſhall lead the induſtrious learner a few ſteps 
farther in order to his underſtanding the reſolution of all 
manner of compound equations in numbers, and in this 
Chapter ſhall explain Simon Stevin's General Rule, 
which, with the help of the rules in the following Ele- 
venth Chapter, will diſcover all the roots of any poſſible 
Equation in numbers, either exactly, if they be rational, 
or very nearly true, if irrational. 


QUESTION I. 


is the number a? _ | 


RESOLUTION. 5 


| Tus equation not falling under any of the three 
forms in Sect. I. chap. xv. book 1. cannot be reſolved by 
any of the canons in that chapter, and therefore according 
to Simon Stevin's general method I ſearch out the num 
ber 4 by trials, thus, viz, | 


1. 1 
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3 Lee 23 1 
Thence it follows tha! = aaa = 1 | 
And = - — 2256 = 26 | 
Thereſore = - aaa + 26a = 27; | 


i 8 . . 5 : 4 

Rt 4 « | a - 
PP eee e e whe cine nt ie TS ere. L " 
BEE Es . A Prone, rs ONSET IIS a 


Which 27 ought to have been 40188, but it's too little; 
whereby I find that, by ſuppoling a to be 1, I did not hit 
upon the true number @; and therefore I make another 
trial, in like manner as before, viz. | : 
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2. 1 ſuppo fe 


—— Thence it follows that aa = 1000 
MOT PO OY — BY - - 26a = 260 
| Therefore > a + 26a = 1260 


Which 1260 being yet too little, I make a third trial, 


VIZ. | 


3. I ſuppoſe = - - a = 100 


on r 


Thence it follows, that aaa + 26a = 1,002,609 


Which 1,002,600 exceeds the juſt reſult, or abſolute 

number 40,188 in the latter part of the equation firſt 

propoſed, and therefore the true number @ is leſs than 
100; but the ſecond trial ſhews it to be greater than 10, 
and therefore the whole number which expreſſeth the 

exact, or, at leaſt, par of the value of a, muſt neceſ- 

ſarily conliſt of two characters, and conſequently the firſt 

(towards the left hand) muſt be one of theſe nine, 1, 2, 3. 

4, 5, 6, 7, 8, 9. But, becauſe, by the ſecond inquiry, 

L „„ „„ 10 


15 
= 
| 
| 

| 


nas IHE TENTH: CHAPTER OF 


10 was 3 too little, J now make trial with 2 for the 
firſt hgure of the root a, Viz. 


. 1 ſuppoſe = > 26 


Thence — — _eaa + 264 = 8520 


Which reſult 8520 being yet leſs' than the juſt reſult 
40,188, 1 make trial 1 viz. | 
N Fuppole: e . dt 2 5 30 
Thence | - . - 22 T 26a 2 


| W hich i is yet too little; ; therefore, 
6. I 8 5 — 95 > 10 
Thence - = 'aca + FAY = 65,040 


| Which 6 5,040 being _— than . it news me 
that tlie true root or value of à is leſs than 40 3 but by 
the fifth trial it is greater than Zo, and conſequently the 


firſt 9 of he root is 3. 


2 Now the bd character of the root muſt neceſſarily 
be one of theſe, viz. o, I, 2, 3, 4, 5, 6, 7, 8, 9; and be- 
cCauſe it hath, been diſcovered that the true value of the 
root @ is greater than 30, the ſecond character cannot 
be 0: I therefore make trial with 1, and ſuppoſe a = 315 
which proving too little, I make trial with 32, 3, 34, &c. 
ſeverally, in like manner as before, and at length I find 
34 to be the true number 4 ſought, by which the equa- 
tion propoſed may be expounded; en, if a * 34. then 


conſequently aca + 26a = 490196... | 5 
Art. 2. 
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Art. 2. But if after trials made (as before) the value 
of a, the root ſought, happens to fall between two whole 
numbers that differ by unity ; then trials are to o be made 
with the leſſer whole number increaſed with 4, Fes Fes 


Kc. until you have found the value of @ in ſome mixt 


number conſiſting of a whole number and ſome. certain 


tenth parts of an unit: But if the ſaid value of a happens 


not to be expreſſed exactly by the ſaid leſſer whole num- 
ber increaſed with certain tenth parts, then you are to 
make trials with the ſaid leſſer whole number increaſed 
with a decimal fraction having for it's numerator a 
number greater than 10, but leſs than 100; and for it's 
denominator 100, as with , -**., &c. and by proceed- - 
ing in that manner you may find the exact value of the 
root a when it's fractional part is exactly equal to ſome 
decimal fraction, or elſe approach infinitely near to the 
ſaid exact value when it is irrational or ſurd, as in this 
following: 


QUESTION n. 


IF - - - aaaa + Soa is = i 6801; (or, 
184,63 CESS what i is the number of - 


RESOLUTION. 


FrrsT, I ſuppoſe a = ; but this proving too little, 1 
put a = 10; this alſo proving too little, I aſſume a co, 
which after trial I find to be greater than the true num 
ber a, and conſequently the number a falls between 10 
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and 100; then, making trial with 20, I find it too little; 
but making trial with 3o, I find this too great; and there- 
fore the true root @ falls between 20 and 30. Again, 
making trial with 21, I find it too great: but 20 was 
before found too little; therefore the true root @ is de- 
tween 20 and 21; then I make trial with 20.1, (that is, 
20 ;) 20.2; 20.3, &c. and at length find 20. to be 
the true number @ ſought; for if a = 20.7, (that is, 
20 W] it will make aaaa + 50a = N C801 the 
equation propoſed *. 


| But if 20.7 had proved too little, and 20.8 too great, 
then trials muſt have been made with 20.77, (that is, 
20 fh 3) 20-723 20.73, &c. In like manner, if 20.7 had 


deen too little, but 20.71 (that is, 20H s) too great, 


then trials muſt have been made with 20.701, (that is, 
20472; 3) 20.70; 20.703, &c. This will be partly ex- 
empliſied in reſolving the equation in this following 


QUESTION III. 


IF.- - = aaa + 204 = 1954, YR: is the number a? 
Af. --a=8. 305, &c. found out by trials, as before. 


This method of * is very convenient for oh 
the two firit figures of the value of @ ; but then it will be ex- 
pedient (for the ſake of greater diſpatch,) to have recourſe to 
Mr. Raphſon's method of approximation, which will uſually | 
double, or nearly double, the number of figures in the value of 4 
at every operation. See his Analyſis Æquationum Univerſalis. 


A.. 3. 


— 
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Art. 3. When the value of (a) the required root of 
an equation happens to be leſs than unity, then trial is to 
made with 8; but if this prove too great, then with 
1% &c. Now ſuppoſe .1 (that is, n) be too great, but 
.O1 (that is, 45;) too little; then trial muſt be made with 
-02 f. o3 | .04 | &c. until you have found out the greateſt 
figure that muſt ſtand in the ſecond place of the decimal 
fraction expreſſing the root ſought ; ſuppoſing then ſuch 
figure to be found 8, viz. that .08 (or 289) is leſs, but. og 
(or +2;) is greater than the root, trial muſt be made with 
.O81, (that is, T8) . 82 | .o83 | &c. as in this fol- 


Jowing— 
_ . . QUESTION IV, 


Ir - aaa + 32404 is = 269, what is the number 22 
Anſw. - a is = .c83, &c. that is, cs &c. 


Art. 4. The preceeding examples may ſuffice to ſhew - 
the uſe of this general method when all the terms of the 
unknown part of an equation are affirmative, (viz. when 
+ is prefixed to each term,) in which caſe there is but 
one afhrmative root; in the ſearch whereof by trials (as 
before) if the numbers aſſumed ſeverally for the value of 
the root ſought do aſcend, or become greater and greater, 
then the abſolute numbers reſulting from ihoſe aſſumed 
values will likewiſe aſcend ; and contrary, if the aſſumed 
roots do deſcend from a greater to a Jeſs, the reſults will 
likewiſe grow leſs and leſs : whence, by comparing an 
abſolute number reſulting from an aſſumed root with the 
| Juſt abſolute number of the equation propoſed, you may 
2 certamiy 
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| certainly know (if the ſaid reſult and juſt abſolute be 
not equal to one 2nother) whether you are to take a 
number greater or leſs than that laſt before aſſumed. 


But when the unknown part of an equation conſiſts of 
_ affirmative and negative terms mingled one with another, 
then the ſearch by trials will be more intricate and doubt- 
ful than before; for ſometintes it will be hard-to diſcern 
whether a following aſſumed root muſt be taken greater 
or leſs than that which was taken next before. More- 
over, a compound equation of this latter kind may hap- 
pen to be ſuch, that it may be expounded by as many 
ſeveral aſfirmative roots as there be unities in the index 
of the higheſt unknown power, viz. a cubical equation 
may be ſo conſtituted that it ſhall have three different 
affirmative roots, a biquadratick equation four ſeveral 
roots; and ſo of higher equations, as will be ſhewn in 
the following Chap. 11. But, in what manner ſoever 
any poſſible equation is conſtituted in rational numbers, 
this general method will always find out one affirmative 
root, either exactly true, or at leaſt very near the truth; 
as will farther appear by the following queſtions: 


QUESTION V. 
Ir - - - - aaa — 224 + 1574 = 360, what is the 
number 4? Es 
oe 4 RESOLUTION. 


1 ſuppoſe V 
Thence it follows that aaa — 22a@ + 1574 = 136 
| 5 . Which 
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Which 136 is leſs than the j uſt abſolute number 360, 


and therefore I make another trial, viz. 


2. I ſuppoſe DR — a 1 
Thence it follows that aaa — 22 +1574 = 370 


Which 370 exceeds the juſt abſolute number 360, and | 


therefore I conclude there is one affirmative value of a 


(either rational or irrational) between 1 and 10, which 


value, after trials made with 2, 3, 4, 5, I find to be 5: 


this will conſtitute the equation propoſed B for if a = 55 


then add — 224 + 1574 will exactly make 360. 


But there are two other roots or values of a, to wit, 
8 and 9, each of which will likewiſe conſtitute the equa- 
tion firſt propoſed ; but how they are found out will be 
ſhewn in Sect. 9. of the following Chap. 11. 


QUESTION VI. 


Ir 3200 — aac = 46,577 _ what i 18 


the number 4? 


© RESOLUTION. 
7. I ſuppoſe - <- a=1 : 
Thence = 3200a — aaa = 3199 (leſs than juſl.) 


2. I ſuppoſe 10 
Thence - 32004 — aaa = 31000 (leſs than juſt.) 
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3 I ſuppoſe = - 2 = 100 


 Thence 3200 — aaa = — 680,000 (leſs than jus. 


Now becauſe the ſerond feſult (or abſolute number) 
+ 31Q00 is affirmative, and the laſt reſult = 680, ooo is 


negative, I make trials with numbers betweeu 10 and 100 
for the value of a; fot, if the equation propoſed be poſ- 
Gble, before the afhrmative reſults fall off to negatives, 
there will be a root, or value of a, producing an affirm- 
ative reſult either exactly equal, or very near to the juſt 


- reſult 46, $775 therefore, 


L foppoſe - - 4 = 20 
Tbence = 3200a — 4 = . (greater than 19 5 I 


Now dess by taking 20 ſor the value of a, the re- 
ſult 56,000 exceeds the juſt reſult 46,577 ; but by taking 


10 for a, the reſult 31000 happened to be leſs than the 
faid 46577 ; it ſhews that there is one affirmative root or 


value of @ between 10 and 20, which root, after trials 


made with intermediate numbers (as in former examples) 


- will be found 15.7, & c. Moreover, becauſe, by ſuppoſing 


@ = 20, the reſult 56,000 happened to exceed the juſt 


reſult 40, 577, but, by putting a = 100, the reſult 
— t800 o proved to be. leſs than the ſame 46,577, it 
ſheus there is an affirmative value of a between 20 and 
co, which value after trials made will be found 472 ſo 
that there are two affirmative roots or values of a found 
out, to wit, 15.7, &c. (or 157, &Cc. and 47 ; the former 
of which will 3 and the latter ane conſtitute the 
equation propoſed. "Th 


Art. 5. | 


oc 
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Art. 5. Florimond de Beaune in the latter of two ſmall 
treatiſes printed in 1659, concerning the nature, conſti- 
tution and limits of equations *, ſhews how to find-out 
limits within which the roots of all compound equations 
not aſcending above the biquadratick kind are confined z 
which limits, when they may be diſcovered without much 
trouble, and are not very wide aſunder, will help to leſſen 
the trials in the general method before delivered : As, in 
the laſt Example, where 


3 equation propoſed was 32004 — aaa = 46, 577 


Firſt, becauſe aaa muſt be) 
ſubtracted from 32000 and 
leave a remainder equal to 
46,577, it preſuppoſeth AI 

Fherefore, by dividing : | bb 

- - 4 2 3200 
each part by s, « = ” | 

And by extracting they. ER” 
ſquare-root out of each part, -- - a 56.5, &c. 
it follows that | 5 
Again, from the equation 1 5 | — 
propoſed, by tranſpoſition it > 32004 — 46,577 = aae 
is evident that 1 


Whence it is alſo manifeſt = 32004 C 46,577 
And conſequently, by di | _ 
viding each part by 3200, } 7 s 


* This tract of M. de Peaune is ve y clear and very uſeful. 


It is printed with Mr. Schooten's Comment on Des Cartes's 


Ccometry. 
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Thus it is found that the value of à the root ſought is 
greater than 14.5, &c. but lefs than 56.5, &c. and there- 
fore trials according to the general method aforefaid need 


| not be made with any numbers that are not within thoſe _ 


From the premiſes it is evident, that this general method 


finds not a perſect root of an equation, unleſs ſuch root be 


a whole number, or elſe a fraction exactly equal to ſome 
decimal fraction; or laſtly, a mixed number compoſed of 
a whole number and a perfect decimal fraction. 


Note. When the co-efficients or known numbers multi- 


plied into any of rhe unknown powers under the higheſt, 


(which mult have no co-efficient but unity,) are vulgar 
(not decimal) ſractions, or mixt numbers whole fractional 
parts are vulgar fractions; likewiſe, when the abſolute 


number that ſolely poſſeſſeth the latter part of the equa- 


tion propoſed is a vulgar fraction, or a mixt number 
whoſe fractional part is a vulgar fraction; all thoſe vulgar 
fractions mult be reduced to decimal fractions, or elſe the 
equation muſt be reduced to another equation in integers 
(by Sect. 7. in the following Chap. 11.) before you enter 


upon the reſolution by trials as aforeſaid. 
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A REMARR on an Error in the Reaſoning of 
the late learned French Mathematician, 
Monſieur CLairRavurT, in that Part of his 
ELEMENTS OF ALGEBRA in which he 
endeavours to prove the Rules of Multipli- 
cation laid down by Writers on Algebra 


— 


concerning Negative Quantities. 


5 5 I 
ko £ ? a 
$4 8 F 


THERE is one writer of Algebra who has treated the 
ſubject with uncommon care and elegance, and, 
throughout the firſt part of his work, with great perſpi- 
cuity likewiſe. I mean Monſieur Clairaut of the French 
Academy of Sciences, in his Zl2mens 4 A'gebre publiſhed 
at Paris in the year 1749. But even this writer has been 
| betrayed into a moſt remarkable inſtance of falſe reaſon- 
ing, by his defire of explaining to his readers that which 
in it's nature is not capable of being explained or under- 
ſtood, to wit, the propoſition © zhat, if a negative quan- 

tity be multiplied by a negative quantity, the product will be 
an affirmative quantity.” This propoſition he has at- 
tempted to demonſtrate in the Goth Section, or Article, 
of his book, page 73, in the following manner: He had 
already in Art. iii, page 4, explained the ſign — to ſig- 
nify the ſubtraction of the quantity to which it is prefixed 
from the quantity which immediately preceeds it, in theſe 
ro WE words: 
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words: « Prenant le carafere — gut fe prononce moins, 
pour faire reſſcuvenr que la quantite qu'il precede doit Etre 
retranchee de celle qu ' ſuit.” And in Articles xlii, xliii, 
liv, xlv, xlvi, pages 48, 40, 50, 5 f, 52, 5 3, 54, he ex- 
Phains the manner of multiplying compound quantities, 
(which he calls des qudntités complexes ou polynomes, ou 
quantitts composees de pluſe eurs termes,) by each other, and 
exemplifies it by the multiplication of the compound 
quantity 205 — Sa + 6a* by the compound quantity 
abb — 46cd. And thus far he reaſons juſtly and clearly, 
uſing the ſign — only in the ſenſe of his firſt definition 
of it in Art. iii, page 4, as the ſign of the ſubtraction 
of the quantity to which it is prefixed from that which 
goes before ir, in which firſt part of his book he ſeems 
to ſuppoſe all along that the quantities to be ſubtracted 
are leſs than thoſe from which they are to be ſubtracted. 
But then, when he has thus ſhewn clearly that, in the 
multiplication of compound quantities by compound 
quantities, the rule holds good, that — into — gives +, 
or that thoſe members of the product of the two com- X 
pound quantities which ariſe from the mulophcation of 
any two members of the compound quantities themſelves 
that are both marked with the ſign —, will be marked 
with the ſign +, he endeavours, in Art. Ix, page 73, to 
extend this concluſion to the product of two indepen- 
dent, or ſeparate, negative quantities, or quantities 
which are marked with the ſign — without being pre- 
ceeded by any other quantities from which they are ſub- 
tracted. This Ixth Article is in theſe words: : 


Naur nous aſſurer que la Ko ©: OE de — bar — dat 


toſijours donner + au en, vojons quelle lumicre nur 
8 e 
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peuvont tirer de la methode generale des multiplications donnte 
dans P Art. xlu. Suivant cette methode on voit tres claire- 
ment que le produit d'une quantité telle que a — b par une 
autre Cc — d doit ftre ac — be — ad + bd; et on wait 
par consfquent en mme temps que le terme bd, qui </t venus 
par la multiplication de b et de d, a le figne +, tandis que 
er produiſants b et d ont le ſigne =. Il ne refle donc plus ' 
3 2 fgavair fi, lorſque deuæ quantites negatives, telles que 
b et d, ne ſeront precidies d*aucune quantits Poſitive, leur 
produit fera encore + bd. Or c'gſt ce dont il oft facile de 
reconnoitre la weritt, puiſque la mithode par laquelle on a 

| decouvert que le produit de a — b par c d etoit ac — 
be —ad + bd, ne ſpecifiant aucune grandeur particuliere 
ni dani dc, doit avoir encore lieu lorſque ces quantities ſont * 
tgales 2 giro. Or, en ce cas, le produit ac — be — ad 


+ bd ſe-reduit 2 + bd. Donc —b Xx —@d gt = Þ bd. 


Now in theſe words there is an obvious fallacy. For, 
though a and c arc not particular numbers, or quantities 
which have a fixt relation to b and d, but they may be of 
many different magnitudes with reſpect to þ and dj yet 
they muſt always be ſuppoſed to be greater than þ and d 
reſpeQively. For otherwiſe it will not be poſſible to ſub- 
tract & and d from them, ſo as to produce the quantities 
a —b and c — 4; the author not having hitherto given 
us any other idea of the ſign — but that of it's denoting 

the ſubtraction of the quantities to which it is prefixed _ 
from thoſe which go before them; in order to which it 
is neceſſary, and is conſtantly ſuppoſed in all the fore- 
going part of the book, that the ſaid quantities, to which 
the ſaid ſign is prefixed, ſhould be leſs than thoſe that go 
| 84% before 


2 
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before them. It follows therefore that a and c can never 
be ſuppoſed to be either equal to, or leſs than, b and d, 
reſpectively, though they may be of any magnitudes that 
are greater than “ and d. It is not therefore poſſible for 
a and c to become equal to ©, as the author ſuppoſes ; 
and conſequently the compound quantity ac — be — 
ad + bd, (which is the product of the multiplication of 
a — band - d into each other) can never become 
equal to + d by the vaniſhing, or annihilation, of it's 
three firſt members ac, bc, ad, as the author concludes 
from the ſaid falſe n that a and c may be taken 
' equal to ©. 


The author on this occaſion ſeems to have forgot his 
own definition of the hgn , by which he made it to be 
a mark of the ſubtraction of the quantity to which it is 
prefixed from the quantity that goes before it; from which 
_ definition it is plain that the ſaid ſign always ſuppoſes the 
exiſtence of two different quantities, of which the one is 
to be ſubtracted from the other, and conſequently that it 
can have no meaning when applied to a ſingle quantity, 
as b or d, independently of ſome other and greater quan- 
tity, as 4 or c, from which it is to be ſubtrated. There 
cannot thereſore exiſt any ſuch quantities as — 56, or 
— 4; and conſequently no propoſitions concerning them 
can be either true or falſe. Conſequently the propoſition 
which the author there endeavours to demonſtrate, to 
wit, © that — 5 Xx —d is equal to + bd, when — 6 
and — d are not preceeded by two greater quantities a 
and c from which they are ſubtracted, but are conſidered 
as ſingle and independent quantjlies,” is ſo far from 


being 
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being true that it is not even intelligible according to the 


only idea of the ſign — which the author has given us 
in all the preceeding part of the book. 


Such is the obſcurity and confuſion in which even this 


very able writer (who not only had a great deal of genius 
and ſagacity in the mathematical ſciences, but alſo an ele- 


_ gant taſte in his manner of treating them,) has involved 


himſelf by his attempt to explain the nature and properties 


of negative quantities. And other writers who have made 


the like attempt, have fallen into ſimilar abſurdities ; 


amongſt whom we may reckon the celebrated Mr. Leon- 


cok in his laſt work, called The Elements of Algebra, 


in tw d large volumes, octavo, which has been commended 
by ſome perſons as a very eaſy and clear treatiſe on that 


ſcience. But, upon examining it, I have found the firſt 


volume of it to abound with errors and difficulties ariſing 
from a moſt compleat adoption and very frequent uſe of 
this perplexing and abſurd doctrine of negative quantities, 
for which he ſeems to have an uncommon attachment. 


After ſeeing that ſo able a mathematician as Monſieur 
Clairaut could be ſo far blinded and puzzled by this ſtrange 
doctrine of negative quantities (unneceſſarily introduced 


into the otherwiſe clear and ſimple ſcience of Algebra, or 


Univerſal Arithmetick,) as to reaſon ſo very weakly in 
ſupport of it as we have ſeen he did in. the foregoing 
paſſage, it is ſurely high time for every true lover of this 
ſcience, who is zealous for the honour of it's purity and 
perſpicuity, to exclaim as the good Archbiſhop Tillotſon 
did with reſpec to the Athanaſian Creed, & I wv jb abe 
were fairly rid 2 5 3 | 
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A GENERAL METHOD | 


* INVESTIGATING THE TWO, OR THREE, FIRST 
FIGURES OF THE LEAST ROOT OF AN 
EQUATION THAT HAS MORE 
THAN ONE REAL AND 
AFFIRMATIVE | 
ROOT. 


y FRANCIS MASERES, By. 


EURSITOR BARON OF THE COURT OF EXCHEQUER. - 


A Genera, Meruor of inveſtigating the 


Two, or Three, firſt Figures of the leaſt 


Root of an Equation that has more than 
One real and Mrmative Root. 


[Reprinted from the Third Volume cf the Scriptores Logarithnici, 
Pages 725, 726, &c - = 767 4 


Article I. 1x the foregoing Appendix to Dr. Halley 8 
Tract on the Reſolution of High Equa- 
tions by Approximation, I have endeavoured to illuſtrate 


his method by a very full and diſtinct reſolution of the three 
- equations which he has choſen for examples of it, and to 
compare it with Mr. Raphſon's method of reſolving the 
| like equations, (which alſo proceeds by repeated approxi- 


mations to the true values of the roots ſought,) by ap- 
plying the latter method to the reſolution of the ſame 


equations which had before been reſolved by Dr. Halley's 
method; and the reſult of the compariſon was, that Mr. 


Raphſon's method appeared to me, for the moſt part, 
more convenient than Dr. Halley's. But in the applica- 
tion of both theſe methods of reſolving theſe equations a 
difficulty may ſometimes occur which it will be expedient 
to endeavour to remove. For, when the terms of an 
equation have many changes of their ſigns from + to — 
and from — to +, it may, perhaps, have many different 
roots, (I mean, real and affirmative roots, ) of very dif- 
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ferent magnitudes from each other, and we may find 
ourſelves at a loſs to determine which of theſe ſeveral 
roots we ought to begin by, or go firſt in purſuit of, 
This difficulty, indeed, will not always occur in equations 
of this kind, becauſe it will ſometimes happen that the 
conditions of the problem from which the equation is 
derived, will point-out to us ſome limits to that root of 

the equation which is neceſſary to the ſolution of the 
problem, and which therefore ought to be the object of 
our inveſtigation; and. in theſe caſes it is evident we muſt 
make uſe of theſe limits as our guides in our firſt con- 
jectural approximation towards the value of the root that 
lies between, or near, them. But, when the conditions 
of the problems do not afford us ſuch aſſiſtance, we may 
be a good deal puzzled to know which of the ſeveral 
roots which the equation poſſibly may have, we ſhould 
endeavour to inveſtigate firſt. And in theſe cafes, I 
believe, it will often be found convenient to begin with 
the inveſtigation of he leaf? of the ſeveral different roots 
of the equation. The method of doing this, and the 
reaſons for chuſing to begin with the leaſt root in theſe 
caſes in preference to any of the other roots, will be the 
ſubject of the preſent diſcourſe. 


. Art. 2. ts many id of all degrees, it 1s eaſy to 
| perceive that they can have but one root, that is, but 
one real and affirmative root. For, as to negative roots, 
they are in truth the real and affirmative roots of other 
equations conſiſting of the ſame terms, or members, as 
the equations of which they are ſaid to be the negative 
roots, but In. connected with each other by the 
ſigns 
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ſigns + and —, or by addition and ſubtraction: and, as 
to impoſſible roots, they are mere imaginary quantities, of 
which the mind can form no idea; and they are called 
roots of the equations they belong to, only becauſe, if 
they are ſubſtituted in the ſaid equations inſtead of a, 
they will make the left-hand ſides of the equations be 
equal, or, rather, ſeem to be equal, to their ſeveral abſolute 
terms reſpectively; ; or, in other words, becauſe, if they 


are ſquared, and cubed, and raiſed to the fourth, or fifth, 


or other higher, powers, and the ſaid ſquares, and cubes, 
and other powers of them, are multiplied into the co- 
efficients of the ſame powers of x in the equations to 
which they belong, they will make the left-hand ſides of 
ſuch equations be equal to their ſeveral abſolute terms 


reſpectively. But it is impoſhble to ſquare, or, cube, or | 


multiply, a quantity that cannot exiſt, or a non-entity z 
and therefore all that is ſaid about theſe impoſſible roots 

is little better than ſtark nonſenſe, and. tends only to 
darken and diſgrace the Science of Alze&a. Nor can I 


conceive the ſmalleſt reaſon ſor ' ever. mentioning theſe 
roots, or indeed negative roots, in books of Algebra, 


unleſs it be to ſupport the truth of a ſavourite poſition 
concerning equations that has been laid down by modern 


writers of Algebra, to wit, “ that every Algebräick 


equation has as many roots as there are units in the index 
of the higheſt powers of & contained in it;“ which poſi- 


tion would, without the admiſſion of negative and im- 
poſſible roots, be moſt eminently falſe. For many equa- 
tions of all degrees have in truth only one root, or 
quantity, really exiſting, and of which we can form a 
clear conception, that, being ſubſtituted inſtead of x in 
the terms of the left-hand fide of the equation, will make 

| 9 5 the 
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the reſult of them be equal to the abſolute rerm of the 
equation. And it is often eaſy to perceive that theſe 
equations can have but one ſuch root, though their terms 


may involve in them the cube, or the fourth power, or 


the fifth power, or any higher powers, of the unknown 
quantity æ; of which I will mention two, or three, of 
the moſt remarkable inſtances. ; 


Art. 3. In the firſt place, when all the terms on the 


lefr-hand fide of the equation, or that involve in them 


any powers of the unknown quantity x, are added to 
each other, or connected together by the ſign +, it is 
obvious that ſuch an equation can have but one root. 


Thus, for example, if the equation be x* + 36 25 * 


44 * = 1, it is evident that x can have but one value. 
For, if x were to increaſe from it's. firſt value, or the 
value which it has when the compound quantity x* + 
36 x* + 44 becomes firſt equal to the abſolute term 1 4 
to any greater magnitude, each of the three quantities x?, 
36 * and 44x would, at the Tame time, increaſe con- 
tinually, or without ever decreaſing, from it's firſt value 
to a greater quantity, and conſequently their ſum *“ + 


36 * + 44x would alſo increaſe continually, or without 


ever decreaſing, from it's firſt value, or 1, to a greater 


quantity, and therefore could never become a ſecond | 


time equal to 1. 


And, in like manner, the biquadratick equation x* + 


80 * + 1998 * + 149937 # 5ooo can have but one 


root. = or, if x were to increaſe from it's firſt value, or 


the 


* 


A - a mA 


A w ouAanr ©o© 5 - 5&5 ww 
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the value it has when the compound quantity a4 + 805 


_ + 1998 * + 14,937 4 is firſt equal to 5000, to any 


greater quantity, each of the four terms &, $0x?, 1998, 
and 14,937 would increaſe at the ſame time continually, 


or without ever decreaſing, from it's firſt value to ſome 


greater quantity; and conſequently their ſum, or the 
compound quantity & + 80x* + 1998 * + 14,937 4, 
would alſo at the ſame time increaſe continually, or 


without ever decreaſing, and therefore could never be- 


come a ſecond time equal to the abſolute term 5000. 


And the like would be evident in any other equation 
whatſoever, in which all the terms on the left-hand fide 


of the equation, or all the terms that involve in then 


the powers of x, were added to each other, or connected 
together by the ſign +. Therefore every. ſuch equation 
can have but one root. 


Art. 4. Secondly, when the term that involves the 
higheſt power of x is greater than the ſum of all the 


other terms on the left-hand fide of the equation, and 


the exceſs of the ſaid term above the ſaid ſum of all the 


other terms on that fide of the equation is equal to the 


abſolute term of the equation, (as, for example, if x* is 
greater than 36 xx + 44x, and & — 36x* — 44x is 
equal to 1; or, if x+ is greater than 80x* + 1998 xx + 
14,937 x, and x4 — 80 K* — 1998 xx — 14,937 x is 
equal to 50003) the equation can have but one root. 
And this root will be greater than the value of æ that 
would reſult from a ſuppoſition that the abſolute term of 


the equation was equal too. „ 
0 Thus, 
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Thus, for example, the root of the cubick equation 
a3 — 36 * — 44x = 1 muſt be greater than the 
root of the equation a3 * 36 * — 44x = o, or than 
the root of the quadratick equation xx — 36x — 44 
= o, or xx — 36x = 44; and the root of the bi- 
quadratick equation & — 80 * — 1998 * — 143937 * 
= $5000. will be greater than the root of the equation 


* — 80 * — 1998 xx — 14,937x = o, or than the 


root of the cubick equation x* — 89 x x — 1998 x — 
14,937 = ©, or * — 80 r — 1998 * = 14,937- 


Art. 5. The truth of theſe poſitions will be evident 
from conſidering the manner in which the ſeveral terms 
involving the powers of + in any of theſe equations 
will increaſe while æ increaſes from o ad infinitum. 


For, when x is very ſmall, all the other terms on the 
left-hand fide of the equation, which will involve à, 4, 
4, &c, will be much ſmaller than x, the ſaid powers of 
x being continued proportionals to 1 and æ. And x may 
be taken of ſo ſmall a magnitude that the proportion of x 
to & ſhall be greater than any ratio of majority that ſhall 
have been aſſigned. But, as x increaſes, the other terms, 
(which involve x, *, 2, &c,) will increaſe ſaſter than æ; 
and the ratio of x to & will decreaſe continually, from 
having been a very great ratio of majority, till it becomes 
a ratio of equality when x is equal to 1. And at this 
time all the powers of x, to wit, *, x3, a%; x5, &c, will 
be equal to each other and to 1. And, when  increaſcs 
further from 1 to a greater magnitude, a“ will be greater 
than xy and likewiſe than æ and 4, and it's iacrement 
| N in 
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in any given portion of time will be greater than the 
contemporary increment of x, and likewiſe than the 
contemporary increments of either of the other powers 
of x that are lower than itſelf, to wit, x* and *.. And, 
by this means, *, from having been leſs than either 
14,937 x, or 1998 * 4, or 80z*, will gain ground upon 
them, and, at ſome one point of time, become equal to 
the ſum of all the three together; and at this time the 
compound quantity x* — 80x3 — 1998 x* — 14,937 * 
will be equal to o, and the value of x will be the root of 
the biquadratick equation 4 — 80 2 — 1998 * — 
14,937 «„ = ©, or the root of the cubick equation x? — 
Box? — 1998 * — 14,937 = o, or x3 — 89 «** —- 
1998 x = 14, 937. And, when « increaſes further from 3 
this value ad infinitum, the increment of * (which has 
already been greater than the ſum of the contemporary 
increments of 80 43, and 1958 42, and 14,937 x, fo as : 
to enable &, from having been at firſt leſs than either of 
the three quantities, to become equal to all the three put 
together,) will continue to be greater than the ſum of 
the three contemporary increments of thoſe three quan- 
tities, 80 x?, 1998 *, and 14,937, and in 2 continually- 
increaſing ratio of majority. And conſequently the com- 
pound quantity * — 80 r — 1998 — 14,937 K, 
or the exceſs of the ſingle quantity 2˙ above the ſum of 
the three quantities 80 #3, 1998 „*, and 14,937 x, will 
increaſe continually, or without ever decreaſing, from © 
ad infinitum, while x increaſes from being equal to the 
root of the cubick equation x3 — 80 * — 1998 K K 
14,937 ad infinitum. Therefore the ſaid compound 
quantity ** — 80x? — 1998 x* — 14,937 * will, at 
Eg: e Aa ſome 
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ſome one iuſtant or time during it's ſaid increaſe from o 
ad.infinitum, become equal to the abſolute term 50, or 
to any other giren quantity whatſoever; but it will be 
equal to ſuch quantity only once during it's ſaid increaſe 
from o d inſinitum. And conſequently the equation 
* — 8043 — 1958 — 14,937 x = 5000 can have 
but one root, and that root muſt be greater than the root 
of the biquadratick equation x* — 80 — 1998 — 
14,937 x = ©, or than the root of the cubick equation 
239 85x* — 19,8 r 14,937 Q. k. b. 


; # * * 0 e 
— f —— 1 — 2 + 4 . 7 x+ 


Lo 


"And it is evident that the ſame things will take plate, 
in any other equation whatſoever, i in which tlie term that 


involves the higheſt power of « is greater than the fum 
of all the other terms of the equation that involve the 

other, or inferiour, powers of x, and it's exceſs above 
the | ſaid ſum is equal to the abſolute term, or in which all 
the terms on the leſt-hand fide of the equation, except 
that which inv volves the kigheſt pow er 5x, Are ſubtract- 
K from that term, and conſegyently marked with the 


5 1 . 
> 207 vinowps} 3 3 | 
{bus 6. In the third place, had the term that involves 

8 higheſt power of * in the equation is added to the 
next term, or term involving the next power of x, or to 
the twoinext,. or the three next terms, or any greater 
nuinber of. the terms next following it, and their ſum is 
greater than the ſum of all the remaining terms on the- 
left-hand. fide of the equation, or than all the other 
terms that: involve the-lower powers of x, and the latter 
moe! | Fe | ſum 
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ſum is ſubtracted ſrom- the former, the equation can have 
but one root. Ot _— 


52185 ; 


20 hut for example, the N * + 9 — 
1998 x — 14,937 x = Sooo, and the equation wy 46 
$2.57 + 19,8 * — 14,037 x = 5009, can have but one 
root a piece. And all the following equations will have 
| but one root a piece, to wits 


47 + 346 {he 5x5 PU 7.14 44 047 — 111 nn 134 = 15, 1 
an a? + 5% + 5 — e. 0 1. 3 16 
and u + z + 5 + 7 = 9 13-1 8 13x 15, 
and & + 3 + 525 + 7 + 9x3 —- 11** — t13x'= 18757 
and x7 + 3% + 545 + 7 + r' + l= — 13% = 15. 


This will eaſily appear from reaſonings concerning tie 
manner in which the ſeveral terms involving the powers of 
er increaſe, and i in which the exceſs of the ſum of the terms 

involving the higher powers of & above the ſum of the 
terms involving the lower powers of x increaſes, exactly 
ſimilar to the reaſonings uſed in the foregoing article. 
And therefore I do not think it neceſſary to be more | 
particular inthe proof of it. 


Art. 7. And then are ſome other caſes in which we 
may be ſure before-hand that an equation has only one 
real and affirmative root, though the ßigns of the terms 
on the left-hand ſide of the equation ſhould vary from . 
to — and from — to + two or three times, or oftener. 
But theſe caſes are more difficult to diſtinguiſh. and aſcer- 
tain than the three caſes before- mentioned. And there - 
fore I ſhall ſay nothing: further concerning them. 

| WEE Art. 8. 
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Art. 8. In all the caſes above- deſcribed, and in all 
others where we know before- hand that the equation 
that 3s to be reſolved has only one real and affirmative 
root, the beſt way of beginning the inveſtigation of the 
value of it's root, in order to approximate further to it 
afterwards by Mr. Raphſon's method above-mentioned, 
(if the conditions of the problem from which the equa- - 
tion is derived do not themſelves point out certain limits 
of the magnitude of the faid root, which will afford us 
a ſufficiently near value of it to begin our approximation 
with, which they often will be found to do,) will be 
that invented by Stevinus, a mathematician of Bruges _ 
in the Spaniſh Netherlands, who flouriſhed in the begin- 
ning of the laſt century, and died in the year 1633. 
This method i is as follows : 5 


Since the propofed equation can have but one real and 
affirmative root, it is evident that the whole compound 
quantity which forms the left-hand ſide of the equation 
will increafe continually, or without ever decreaſing, at 
| the ſame time that x increaſes. Therefore, if we ſubſti- 
tute any particular value for & in the ſaid compound 
quantity, and we find that the value of the faid com- 
pound quantity ariſing from ſuch ſubſtitution is greater 


than the abſolute term of the propoſed equation, we may 


conclude with certainty that the ſaid ſubſtituted value of 
1s greater than the value of x in the propoſed equation, 
or than the root of the ſaid equation: and, if the value 
of the ſaid compound quantity ariſing from ſuch ſubſti- 
tution is leſs than the abſolute term of the equation, we 


marx 
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may conclude with certainty that the ſaid ſubſtituted 
value of x is leſs than the root of the ſaid equation. 
Let us therefore ſirſt ſubſtitute 1 inſtead of » in the ſaid 
compound quantity, and try what the reſult will be; 
and, if the reſult is much leſs than the abſolute term of 
the equation, and conſequently 1 is much leſs than the 
true root of the equation, let us in the next place ſup- 
poſe x to be equal to 10, or to 9, or to 8, or to 7, or 
ſuch other number conſiſting of one or at moſt two 
figures, as we conjecture to be neareſt to the true 
value of æ in the propoſed equation; and let this ſecond 
conjectural value of x be ſubſtituted inſtead of æ in the 
ſaid compound quantity which forms the leſt-hand fide 
of the equation. And thus, by a few eaſy trials, we 
ſhall ſoon find a value of x that will be true to at leaſt 
one figure, and without much difficulty we may find a 
value of it that ſhall be true in the two firſt places of 
figures; and we ſhall know at the ſame time whether 
the faid value is greater or leſs than the true value of » 
in the propoſed equation, becauſe it will be greater, if 
the reſult of the ſubſtitution of it in the aforeſaid com- 
pound quantity, which forms the left-hand fide of the 
equation, is greater than the abſolute teri of the equa- 
tion; and it will be leſs, if the ſaid reſult is leſs than the 
ſaid abſolute term. And from this firſt near value of x, 
ſo obtained by theſe eaſy trials, or ſubſtitutions, we may 
begin our approximation to a more exact value of x in 
the manner deſcribed by Mr. Raphſon, and which has 
been exemplified above in the Appendix to Dr. Halley's 
Tract. Nothing more therefore need be ſaid on the re- 
| | 1 ſolution 
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ſolution of equations of this kind, which we know before- 
hand to have but one r-al and atarmative root. 


The foregoing method of finding the two firſt figures 
of the root of an equation of this kind is very fully il- 
luſtrated by julicious examples by the learned Mr. John 
Kerſey, in his excellent Treatite of Algebra, publiſned 


in the latter part of the laſt century, in the years 1653 


and 1674, in two volumes, folio, than which, | believe, 
there is not a better. | reatiſe on that ſubject to be met 
with “. See Vol. I, Book II, Chapter 10, pages 265, 
266, 267 which 16th chapter ts alſo reprinted: above in 
the foregoing part of this preſent work, pages 325, 326, 
180 -- - 0 | 
| PH 9. ay: when we meet with a cubick, or a biqua- 
dratick, equation, or an equation of any higher order, 
in which there are two, or more, changes of the ſigns 
+ and — that are prefixed to the terms that involve the 


powers of x, and in which conſequently there are, or, 
at leaſt, may be, for aught we know to the contrary, two 


or more real and affirmative roats, or different values of x, 


* The learned Dr. John Wallis, in the Preface to the Latin 
Edition of his Algebra, in the 2nd volume of the Collection of 
all his Works publiſhed at Oxford in the year 1693, ſpeaks of 
Mr. Kerſey's Algebra in theſe words: Suaſerim ut Lector con- 
fulat ex noflris- (preter alios,) Kerſæum noftrum; qui duobus 
voluminibus iniegram Algebræ traftationem exbibuit, qusè quidem 
et perſpicut traditam. (ro nemo Wige quaftiones Diophantæas 


ſlucida vi 
which 
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which, being ſubſtituted inſtead of in a6 terms that 
form the left-hand fide of the equation, will make the 
reſult of them equal to the right-hand. fide. of it, or it's 
abſolute, or known, term, it is often difficult to know 
which root we had beſt begin to inveſtigate. And, if 
we make conjectures concerning the middle values of æ, 
or if we make conjectures concerning it's values in ge- 
neral ;—and the quantities we pitch upon for one of it's 
values are greater than it's leaſt value and nearer to one 
of it's middle values e we ſubſtitute one of theſe 
quantities inſtead of v in the compound quantity that 
forms the left-hand ſide of the equation z—and we find, 
after ſuch ſubſtitution, that the value of the ſaid. com- 
pound quantity thence ariſing is greater than the abſolute 
term of the equation ;-—we ſhall not be able to conclude 
from thence that the ſaid conjectural value of x is greater 
than it's true value; nor, vice verſd, if the value of the 
ſaid compound quantity reſulting from ſuch ſubſtitution 
is leſs than the abſolute term of the equation, ſhall we be 
able to conclude that the ſaid eonjectural value pf x is 
leſs than it's true value. For, in theſe equations Which 
have more tlian one real and afhrmative root, the com- 
pound quantity which forms the left-hand ſide of the 
equation will ſometimes decreaſe at the ſame time that a 

increaſes, as may be ſeen in Chap. X, pages 71, 72, KG 
= 9, of my Diſlertation on the Uſe of the Negative 
Sign in Algebra. In theſe equations therefore, which 
have, or ſcem to have, more than one real, and affirma- 
tive root, there js often a good. deal of faculty, in 
knowing how to ſet about the reſolution of them by Mr. 
Kaphſon's method of approximation. And, I believe, it 
MIA | * a 4 | will 
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will uſually be found expedient in theſe caſes to confine 
ourſelves to the inveiligation of the leaſt root, or value 
of x, in the equation. For, from the foregoing reaſon- 
ings concerning the increaſe of x from o ad infinitum, 
and the contemporary increaſe of each of the terms in 
the equation that involves x, and the contemporary in- 
creaſe, or decreaſe, of the whole compound quantity 
that forms the left-hand fide of the equation, it is evident 
that in the firſt part of the increaſe of æ from o ad infi- 
nitum, or while it increaſes ſrom o till it becomes equal 
to the leaſt root of the propoſed equation, the ſaid com- 
pound quantity will increaſe with it continually, or with- | 
out ever decreaſing, though afterwards, when x is greater 
than the ſaid leaſt root, the ſaid compound quantity will, 
if the equation has more than one real and affirmative 
root, ſometimes decreaſe while x increaſes. This cir- 
cumſtance will enable us to make our conjectural ap- 
proaches to the value of the ſaid leaſt root of the equa- 
tion with more facility and perſpicuity than to the other 
roots of it, and will enable us to conclude with cettainty 
| whether the value we have either aſſumed by a conjecture, 
or found by any previous method of inveſtigation, for the 
aid leaſt root of the equation, or leaſt value of 50 - 
greater, or leſs, than it's true value. And on this ac- 
count I am much inclined to think that the beſt way of 
reſolving an equation of this kind is to begin with the 
inveſtigation of it's leaſt root. And the method I would 
recommend for this purpoſe is a very ſimple and eaſy one, 
being grounded on the following obvious propoſition : 


A LEM- 
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A LEMMA. 


Art. 10. Ir there be any equation involving ſeveral 
different powers of the unknown quantity x that are 
connected with each other both by addition and ſub- 


traction, or by both the fgns + and —, ſuch as the 


equation & - e + [x5 — mat + na3 — px? ＋ 2 r; 
and there be another equation that has the ſame abſolute 
term 7 as the former equation, but has only ſo many 
terms in the left-hand fide of it as there are terms 
in the left-hand ſide of the former equation connect- 
ed together by the ſign +, which are four, to wit, 
„*, ix, ur, and gx; and, if the unknown quantity 
contained in this ſecond equation be called y, and the 
powers of y involved in theſe terms of the ſecond 
equation are the ſame as the powers of x involved in 
the ſaid terms of the firſt equation which are con- 
nected together by the ſign + ; and, if the co-efficients 
of the ſaid powers of y in the ſecond equation are the 
| ſame as the co-efficients of the fame powers of x in the 
firſt equation; and, laſtly, if all theſe terms of the ſaid 
ſecond equation involving the ſaid powers of y be added 
to each other, or connected together by the ſign + : 80 
that the ſaid ſecond equation ſhall be y? + % + ny* + 
7 = . — hen will the value of y, or the only root of 
the ſecond equation 57 + 5 + ny* + gy r, be leſs 
than the leaſt root of the firſt equation 47 — E + Is 
= n + na3 — pr ＋ ga Dr. | „ 
DE- 
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DEMONSTRATION. 


Ir there be two equations 7 + 1 + n + qr = 
+ D, and y! + {5.+ ny? + gy = , in both which the 
terms which form the left-hand ſides of the equations are 
connected together by the ſign +, and involve the very 
ſame powers of the two unknown quantities x and y 
multiplied into the very ſame co-eſficients 1, /, u, and , 
but the abſolute term of the former equation exceeds the 
abſolute term of the latter equation by any given quantity 
called D, it is evident, from art. 3, that x, or the only | 
root of the former equation * + IX + 3 + gx = 
+ D, will be greater than 5, or the * root of the 

latter equation 5 Lis 17 ny3 + 93 = 


— 


Now let the three terms 1e, ma, and px* in the 
ee 7 — KEA + [235 — ma? 1 nx3 — p + g D r, 
which are marked with the ſign —, be added to both 
ſides of the equation. I hen, it is evident, we ſhall have 
x7 + Ir + ur + g = A bx5 + Hit T pr?; which 
Will have the very bame bootö us the former equation 
** - bx* + [a5 — may + nx) — px + qv r, 'be- 
cauſe it is only the ſame equation under another ſorm. 
I hereſore the leaſt root of the equation a7 + Is + nas 
* = n+ A* + mat + pa* will be allo the least 
root of the equation x7 — n + {x5 — mr ＋ 223 — 
pat ＋ gr = r. 4 ; . 


Leet the leaſt root of this equation 37 — þ15 + Ix5 — 
ma“ + ur; — br + qu =r be called a, and it 5 other 


* 1 


3 
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roots, if it has any other roots, be denoted by the letters 
5, 5 d, &c. 

Then it is evident that the trinomial quantity L* + 

me + pr will have as many different values as there are 


Ow values of æ, or different roots of the equation 


— te + [x35 — mn“ + nx3 — px? + 4 = 7, or of 
| he equation a + * + 113 + qu = r las + ma 
e, and will be equal either to the trinomial quantity 
4.5 + ma* + pad, or to the trinomial. quantity 25% + 

md + pb, or to the trinomial quantity c“ + mc“ + pc, 
or to the trinomial quantity dd + md* + pd, &c; and 


the equation * + 15 + u ＋ gy = r + hx* + mat 


82 pars will repreſent as many different equations, having 
one root a-p! ece, as it has different roots, to wit, iſt, the 


equation x! + * + u + g = r + las + ma + pa 4 
which | will have ony one root, to wit, az and, 2dly, the 


equation x7 +135 + na? + 7 '=r + BW + mb + pb}, 


which will haye. only one root, to wit, 5; and, in like 


manner, the equations x7 + lxs +.n83 + gu = r + IS 
"> me*. + Fes, and a7 + Ix5 + u + gu = r + k4* + 
nds + pa, Ke, which have each only one root, to wit, 
c, and d, &c, reſpectively. Therefore, if we wo 
inſtead of the trinomial quantity kx* + mr* + px, any 
one of is particular values, 4 + ma“ + pas, or E + 
m + p5*, or I + mc* + he or de + md + pd, &c, 
in the equation x7 + [x5 + 113 ＋ gu = r + kx? + mx 
+ px*, the equation thence ariſing will not have ſeveral 


different roots, as the ſaid equation & + I + nx* + gr 
= 1 ＋ la + mx* + pa* had, but only one root, to wit, 
that root of the ſaid general equation which was ſubſti- 
tuted inſtead of * in the + £r3pomial quantity ** + mas 
+ P's 


5 i271 


- 


r 
— 


* 
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Let us therefore ſuppoſe the trinomial quantity I + 
mat + pr to be equal to the trinomial quantity la + 


ma* + pas, which is it's leaſt value; and let 15 + ma 2 


+ be be denoted by the letter D. | 
+ "Then will 7 + I n + qu be = 7 + D; and 


his equation will have but one root, which will be equal 
to 4, or the leaſt root of the equation * + r + nx? + 


gr = r + þx* + mx+* + ps, or of the equation * — Ie 
+ las — ma* P weil” or . 


Baut it has been obſerved above, that the root He the 
equation x7 + / + u + ge = rf + D will be greater 


than the root of * culo * TH + +g = r. 


Therefore the leaſt root of the equation x7 + bss + 
na + qr=r + * + mr 4. pas, or of the equation 


: x7 a + [x3 ma* + Ma? — p — * = r, will be 


greater than the root of the equation y7 + {35 + ) + 
go r; or the root of the equation 57 + ) + 733 + 


9 = r will be leſs than the leaſt root of the equation 
Hrs a7 — ls + . — me. + 1 — pu? + * = 7r. 


Q. E. De 


The Application of the foregeing Lemma to the Inveſtigation 
of a near Value of the Leaſt Root of an Equation that bas 


more than One real and affirmative Roct. 


—— 
Ng — —— 


Art. 11. This Lemma being perfcQly underſtood, 1 


would * to begin the reſolution of any equation of | 
| 3 1 the 


.... . m.. ̃—o»iAX Ae een net ns 


_—_ 


— 
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the foregoing form x7 — Er + [15 — mx* + 2 . 
px* + gx = &r, (or in which there are two, or more. 
changes cf the ſigns, + and —, of the terms that in- 
volve the unknown quantity ,) by finding the ſole root 
of the equation y7 + /y* + ny3 + gy r, which is de- 


rived from the former equation by dropping all the terms 
that have the ſign — prefixed to them, and by ſubſti= 


tuting y inſtead of in the remaining terms. This root 


I would find in the manner preſcribed by Stevinus and 


Kerſey, to about two places of figures, and would denote: 


it by the ſmall Greek letter a, to diſtinguiſh it from a, 
or the true value of the leaſt root of the original equa- 
tion x? — A + I — mx* + nx) — pr ＋ gr = ry 
or x7 + {a + ur + g = r + ki* + mx* + pr, or 
of the ſole root of the equation x? + As ＋ 4 + ax 
= r + % + ma* + pa*; than et by the foregoing 
Lemma, it would neceſſarily be leſs. And this quantity 


a | would conſider as the firſt. near value of a, or the | 


leaſt root of the equation ** — re + I n! + nx* 
— oy 85 gx = F7 . we are e 


As. 12. In the next place 1 would ſubſtitute a inſtead | 


of x in the compound quantity x? — þx* + [x5 — . 


+ * — pr + gx, (which forms the leſt-hand fide of 


the equation a? — la + I — mt + na — px? + 
gu = r,) in order to find how far the value of the ſaid 


compound quantity reſulting from this ſubſtitution, or ; 


how far the compound quantity a? — fas + la — mat 
+ na — pa* + ga, (which will neceflarily be leſs than 
the abſolute term v,) will fall ſhort of the abſolute 
term r. And, if I found that the ſaid compound quan- 


z 
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tity a — las + la — ma* + na — pa” + ga was 
confiderably leſs than the abſolute term , as, for ek 


ample, not more than two third parts of it, I would 
ancreaſe the abſolute term er of the equation 37 + 6 + 
ny + gy = r by the addition of the three terms las, 


ma?, and pat, and would ſeek the root of the new equa- 


tion thence ariſing, to wit, the equation 57 + “ + 1) 
+ gy == r + la + ma* + ga, to two places of figures, 
by the method of Stevinus and Kerſey, in the ſame 
manner as we had before found the root of the equation 
* ＋ 17⁵ + nys + 77 =r; and this root 1 would denote 
"7 _ ſmall Greek letter C. 9 


* 


8 13. This quantity e, being the wie root of 1 


equation 5 +45 + m* +gy = r la + ma* + po, 


would be greater than a, or the ſole root of the equation 
* ＋ 1 + ny} + gy = 7, becauſe the abſolute term 
r + ba* + ma* + fa of the former equation is greater 
than e, or the abſolute term of the latter equation. And 
it will be leſs than 4, or the ſole root of tlie equation 
a7 +15 + ur + qr = r + ha® + ma* + pa', becauſe 
the abſolute term r ＋ lab + mat + pa is leſs than the 


. abſolute term r + e + mu* + pa* Therefore it will 


be, of an intermediate magnitude between & and a, and 
will approach nearer to-a than the quantity a did, and; 
conſequently may juſtly be called the ſecond ncar value 
of a, or of the ſole root of the equation a? + {a + 


1 ＋ gx = r + ha® + ma⸗ + pat, or of the leaſt root 
of the equation a7 ＋ [x5 + 1 + % = r + I 


mx + pr, or of the original equation à — tre + J 
— M ＋ n — px, +igr r.. 227 
WIE. | : 26. I4- 
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Art. 14. Having thus found theſe two near values, 


& and e, of a, or the leaſt root of the original equation” 


i ma + nx3 — pa* + qu = 75 by re- 
ſolving the two equations s$ M. + 93 + gy = r rand 
y + 95 "+ * + gy = r + La + ma ＋ oa* in the 
manner preſcribed by Stevinus and Kerſey, I would de- 
note the difference by which the ſecond of theſe near 
values of a, to wit, &, falls ſhart of la, or the leaſt root 
of the equation x? — A“ + Ir — ma* + nx — px* 
+ 4% Ar, by the letter z, and would ſubſtitute © + 2 
inſtead of x in the faid equation, omitting all the texms 
that Would involve in them any powers of 2 except the 


ſimple power fit, or a itſelf, agrecably to the directions 


of Mr. aphſon in his Anaiy 77 LE quationum Univerſalis 
abbve.:mentibnel; and would" reſolve the new equation 


reſulting tom felt ſubMitdtion;” AS A ' imple equation J 


by which we ſhould obtain a' near ed 3 z, Which, 


being adged. t to e, would-give.us. the value of & +: , or 
2 Third near value of - 45 or of the ſole root. of the equa- 

tion, r K + 193, ＋ 4 +; "hat, = ma- + be 
| or of the leaſt root of the, equation, 37 +, Io + ng; +; 
| Ts LES Tx + Exe + mat. + 2 „or, ot the equation x7 1 40 

+, 175 — mat. HY 143. 5 px? oe 955 = r: And then we 
might goon to find a. ſourth, and a fifth, and other fol- 
lowing, near values, of a, or the laid Icaſt root of the, 
equation 27 — ha” 954 [xs — mac +. ua — p + 4% =, r: 
by Mr. Raphſon' O ; method of approximation, in the manner 
exemplified above in the Appendix to Dr. IIalley' $ Trad, 
till we had found it to as * ne: of cxactneſs as we 
dehred. Nat a: dot one a 


„ 1 ) 20 


fv method * pibeecding "will be better underſtood 
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by applying it to the maten of two or . . 


cular * 
ö 8 : | | 


45 Example of the Reſolution of a Cubick Equation „ 
tze Merbod nn 


** 
8 * -——_ 


1 


Art. I 5. Let it be required to find the leaſt root of 


the cubick equation x3 — 39 * + 479 = = 1881, 


This equation has 3 real and n roots, of 


which we will now endeavour to find the leaſt in the 
manner juſt now deſcribed. : 


Ins the firſt place, we muſt ſeek by the method of Ste- 
vinus and Kerſey, the ſole root of the equation 3 + 
4795 = 1881; which will be leſs than the leaſt root of 
the propoſed equation x3 — 39x* + 479x =. 1881, or 
43 + 479x = 1881 + 39-?, or (if we put à for the 
| leaſt value of x in this equation,) than the ſole root of 


the equation x* + 479xr = 1881 + 39a% Now the 


ſole root of the equation 33 +. 4795 = 1881 may be 
found by the method preſcribed oy Stevinus — . 


by e as follows: 


If y is = 1, the compound quantity 33 + 4799 will 


de (=1+ 479) = 480; which is leſs than 1881. 
Therefors 1 will be leſs than the true value of y. 
| Secondly, 
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Secondly, if y is BR 10, - thin compo quantity 55 + 
4797 will be (= 1000 + 4790) = 5790; which is 
greater than 1881. Therefore 10 will be greater than 
the true value of y. | | 


Thirdly, ſince y is greater than 1, but leſs than 10, + 
let us ſuppoſe it to be equal to 5. Then we ſhall have 
33 + 4799 (= 125 + 479 X 5 = 125 + 2395) = 
2520; which is greater than 1881. Therefore 5 will 
be greater than the true value of y. 


Fourthly, ſince y is leſs than 5, let us ſuppoſe it to 
be = = 4. Then we ſhall have 53 + 479y (= 64 + 479 
K 4 = 64 + 1916) = 1980; which is greater than 
1881, Therefore 4 is greater than the true value of 9. 
But the difference cannot be great. 


. Fifthly, ſince ) is leſs than 4, but pretty nearly equal 
to it, let us ſuppoſe it to be =,3-8. Then we ſhall have 


* + 4799 (= 3.803 + 479 X 38 = 54.872 + 1820.2) 
= 1875.0723 which is a little leſs than 1881. There- 
fore 3.8 will be a little leſs than the true value of y in 
the equation y* + 479y = 1881. This value of y, or 
of the ſole root of the cubick equation y3 + 479y = 
1881, is near enough to it's true value for our preſent 
purpoſe. We muſt therefore conſider 3.8 as the firſt 
near value of @, or of the leaſt root of the original 
equation & — 39xr + 479x = 1881, or of the equation 
43 + 479x = 1881 + 39xrx, or of the ſole root of the 
equation x3 + 479x = 1881 + 39+ This firſt near 


value of the ſaid root, or a, we will denote by the ſmall 


Greek letter a. 
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Art. 16. We muſt now proceed to find the value of 
the ſole root of the equation. y* + 479y = 1881 + 
39a", (or y* + 47 = 1881 + 39 X 3.807, or y* + 
479y = 1881 + 39 X 14.44, or y* + 479 = 1881 

+ 563.16,) or y* + 479 = 2444-16 * the 1 888 of 
Stevinus and 1 


Now we have ſeen already that, if y is = 5, we ſhall 
have 4* + 479 = 2520; which is greater than 2444.16. 
Therefore 5 will be greater than the true value of y. 
But the difference between them will be but ſmall; fo 
that there will be no occaſion to determine the value of 5 
in this equation to any greater degree of exactneſs. We 
may therefore confider 5 as the ſecond near value of 4, 

or of the leaſt root of the original equation x — 39x* 
+ 479x = 1881, or of the equation * + 479x = 
1881 + 397, or of the ſole root of the equation & + 
479x = 1881 + 39a% This ſecond near value of the 


ſaid root, or 4, ve will denote by the ſmall Greek 


letter e. 


Ari. 17. Having thus obtained 5 for the ſecond near 
value of the leaſt root of the original equation x* — 


Zr + 479x = 1881, we may proceed to inveſtigate 
the ſaid root to a greater degree of exactneſs by Mr. 


Raphſon's method of approximation, by putting 2 ſor 


the difference by which 5 falls ſhort of the true value of 


the ſaid leaſt root, and ſubſtituting 5 + 2 inſtead of x 


in the ſaid equation, with an omiſſion of all the terms 
which involve any powers of 2, except the ſimple power 
of it, or z itſelf This may be done as follows : 


' | | Since 
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Since x. is =; + =, we ſhall have 
xx (= 5 +2) = = +$2x55 + a6) = 
+ 10z + &, 


d (S5 T2 = A 4 3 x6 + 80 = 
125 +3 X 25 X 2 + Kc) = 125 + 

752 + &c, | 

and 39xr (= 39 X 25 + 10z + &c = 39 * 25 + 39 
X 102 + &c) = 975 +399 Xx 2 + &c, 


and 47/0 (= 49 X F+= mn 
| = 2395 + 47923 
and conſequently * — 9 + 40 = = 


| 125 + 7% fg Þ 

| ee Ws — 390 — & i | 

| + 2395 + 4798 . 

. | 2520 * 554% + &c EE 5 
9 2 ( 9 


= 1545 + 1642 Ke. 
But * — 30 + 47% is = 1881. 
Therefore 1545 + 1642 &c will alſo be = 1881. 


And conſequently 164z will be (= 1881 — 1546) © 


= 336, and 2 will be = = 2 = 2.0 &c. 


Therefore *, or 5 + z, will br @ 5 +2.0& = 
7.0 &e, or will be greater than 7. = 
B b 2 ; Art. 18. 
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Art. 18. Now let 7 be ſubſtituted inſtead of & in the 
compound quantity x* — 39x* + 479x, in order to 


diſcover whether the reſult will be greater, or leſs, than 


1881, or the abſolute term of the equation & — 3g.a* 


+ 47x = 1881 ; and conſequently whether 7 is greater, 


or leſs, than the true value of the leaſt root of the ſaid 
equation. By this ſubſtitution we ſhall have x? — 39x* 


+ 479z (= 1 —39 X 5Þ* + 479 X 7 = 343 


— 39 X 49 + 3353 = 3696 — 1911) = 1785; 
which is leſs than 1881. Therefore 7 is leſs than the 
. * value of the leaſt root of the * ien 


— 39 + * 1881. 


Art. 19. Let us therefore ſuppoſe * to be = _ + = 


and ſubſtitute 7 + v inſtead of * in the - equation 
* — 39 + 479r = 1881. And we ſhall have 


xx (= 7 + v\) = 71? +2 X7X 0+ &c = 
| 49 + 14v + Ke, 
and * (= 7 Tv = I- + 3X7] XxX v +. &c 


S HITTING Xx + &c) = 
343 + 147 X v Ke, 


and 39 (= 39 X 49 + 14v + Xe = 39 K 49 +39 
 X 14v + &c) = 1911 + 546 X v +&c, 


| and 479* (= 479 X7+v=479X7 +479 * v) 
10 ö = 3353 + 479, 
and conſequently * — Joxx + 4798 = 


343- 
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343 + 147 Xx v + & | 
{ — 1911 — 546 x v —- &c | 
+ 3353 + 47 x » + &e 
| 3696 + 626 x v + Ke 
= 1 — 95 — $90 6 þ 


= 4 + 8 x v Ke. 
But & — Z + 479x 18 = 1881. 


Therefore 1785 + 80 X v &c will alſo be = 1881. 


And conſequently 80 X v will be (= 1881 — 1785) 


= 96, and v will be = 22 = 1.2. Therefore x, or 


7 + v, will be-(= 7 + I.2) — 8.2. 


Art. 20. Now let 8.2 be ſubſtituted inſtead of x in 
the compound quantity * — 39x? + 479x, in order to 


diſcover whether the reſult will be greater, or leſs, than 
7 1881, or the abſolute term of the propoſed equation 
a? = 39x + 479% = 1881, and conſequently \ whether 


8.2 is greater, or leſs, than the true value of the leaſt 


root of that equation. 


By this ſubſtitution we ſhall have & — 39 + 479 
(= 8.2 — 39 x 8.21* + 439 x 8.2 = 551.368 
; — 39 X 67.24 + 479 Xx 8.2 = 551.368 — 2622.36 

+ 3927.8 = 4479-168 — 2622.36} = 1856.808 z 
which is leſs than 1881. Therefore 8.2 is leſs than the 
true value of the leaſt root of the equation * — 39x# 


+ 479% = 1881. 


8 a 
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Art. 21. Let us now denote the unknown A enen 
by which 8. 2 falls ſhort of the true valne of x, by the 
| letter Wo = | | 


Then we ſhall have * — 8.2 + , 


d r (= ga. = Ba) +2 & B. X , e = 
67.24 + 16.4 X w + & « 

| and &* (= 8.2+w\* = 8.20 + 3 x 8.2 2 X w + & 

. = 551.368 + 3 X 67.24 X w + Kc) 

= 357.368 + 201.72 X w + Ke, 


and 275 (= 39 X 67.24 + 16.4 X 0 Ne = 39 * | 
67.24 + 39 X 16.4 & w + &c) = 

| 2622.36 + 639.6 X w + &c, 
and 479 (= 479 X 82 + w = 479 X 8.2 + 479 
* w) = 3927-8 + 479w, : 
and conſequently * — 39 r + 479 = 


— 2622.36 — 639.6 Xx w — & ; = 
＋ 3927.8 + 479 


| 4479.163 + 680.72. Xx w + & | 
1 — 2622.36 — 639.6 Xx w — & \ 


T 


551.368 ＋ 201. ry * wv + & 
| , 


= _—_ - _ * 5 Ke. 


But * — 30 a * 479% 3s us 1887. | 


Wherefore 1856. $8 + 41-12 X 20 will allo be 


— 1887. | 
| Therefore 
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Therefore 41.12 X wv will be (= 1881 — 1856.808) 


34-192 
4613-7 


= 24-192, and conſequently ww will be 


a IU 


0.588. Therefore æ, or 8.2 + 2, will be (= 8-2: $ 

0.588) = 8.788; that is, the leaſt root of the equation 

* 39 + 479x = 1881 will be nearly equal to 
8.788. | 8 | 


Art. 22. This laſt number 8.788 is not much leſs than 
8.8. 1 ſhall therefore now ſubſtitute 8.8 in the com- 
pound quantity * — 39xx + 479x, in order to diſcover 
whether the reſult will be greater, or leſs, than 1881, or 
the abſolute term of the equation x? — 30 + 479x 
= 1881; and conſequently whether 8.8 is greater, or 
leſs, than the true value of the leaſt root of the ſaid 
equation. = 


By this ſubſtitution we ſhall have a? — 39xx + 479x 
(= 841 — 39 X 8.8]? + 479 Xx 8.8 = 681.472 — 
39 X 77-44 + 479 X 8.8 = 681.492 — 3020. 16 
＋ 4215.2 = 4896.672 — 3020.16) = 1870.512; 
which is ſomewhat leſs than 1881. . Therefore 8.8 muſt. 
be ſomewhat leſs than the true value of the leaſt root of 
the equation 43 — 39xx + 470% = 1881. 


Art. 23. Let us now denote the unknown difference, 
by which 8.8 falls ſhort of the true value of x, by the 
Greek letter 6. . And we ſhall then have 


Bb4 — 
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* 8.8 + 9, | | 
and xx (= . T = -d +2x88X0 + &) 
= 77.44 + 17.0 X % + Ke, j 
and x* (= 8.8+8p\* = 8.81* Xx 3x 8.8)* Xo + &c 
= 681.472 + 3 X 77-44 X o + & c) 
= 681. 472 + 232.32 X 9 + ke, 


and 39xr (= . 39 K 
77.44 + 39 & 17. x % + &) = 
3020.16 + 686.4 X @ + &c, 


and 479 (= 479 X88 +0 = 479 & 8.8 + 479 X P) 
| | = 4215.2 + 479 X 0, | 
and conſequently & — 39xx + 479x = 


1 6 681472 + 232.32 X $ + &c 
| — 3020.16 — 685.4 * 9 — Ke | = - 
| 


P 

+ 4215-2 + 479 Xx @ + & 
2 
” 


me 4896.672 + 733-34 x: PF we 

1 — 3020.15 — 686.4 Xx 8 — Ke | 5 
_ = 1876.512 + 24.92 Xx S Ke. 

But af — 29 + 479x is = 1881. 


Therefore 1876. 512 + 24.92 X @ will alſo be == 
1887. 
Therefore 24.92 X # will be ( 1881 — 1876.12) 


= 4-488 z. and conſequently p will be = — — = 0.48. 


N Therefore 
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Therefore &, or 8.8 + e, will be (= 8.8 + 0.18) 


= 8.98, or the leaſt root of the propoſed equation x3 — 


39xx + 479x = 1881 will be = 8.6. & z« 


Art. 24. This value of the ſaid leaſt root will be very 
little leſs than the truth. Fc or, if we ſuppoſe æ to be = 


x 98, we ſhall have xx {= 8.9s]*) = 80.6404, and 


* (="8.g8}') = 724.150, 702, and 30 (= 39 & 

80.6404) = 3144-9790, and 479% (= 479 & 8.98) = 
4301.42, and conſequently x* — 39xx + 479r (= 
724-159,792 — 3144-9796 + 4391-42 5025. 570, 


792 — 3144-979,6) = 1880. 59441923 which is very 


little leſs than 1881, or the abſolute term of the propoſed 
equation x — 39 + 479x = 1881. And conſe- 
quently 8. 98 muſt be very little leſs than the true value 
of the leaſt x root of the ſaid equation. | 


Art. 25. Since 8.98 is very little leſs than the true 
value of a, or the leaſt root of the propoſed equation 
x3 — 39xx 4 470 1881, it ſeems reaſonable to 


_ conjecture that it's true value may be the whole num- 
ber 9. And fo, upon trial, we ſhall find it to be. For, 


if we ſuppoſe x to be = 9, we ſhall have xx = 81, and 
= 729, and 3gxx (= 39 X 81) = 3159, and 479xX 
(= 479 X 9) =- 4311, and conſequently x* — 39xx 
+ 479x (= 729 — 3159 + 4311 = 5eqo — 3159) 
= 1881. Therefore g is the true value of a, or of the 
leaſt root of the propoſed equation x? — 39 + 479% 
= 1881. . E. v. 


Art. 26. 
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Hr1. 26. Nn thus found one of the roots 4 the 
cubiek equation * —-3gxx + 479r = 1881, we may 
reduce the equation to a lower degree, or convert it into 
2 quadratick equation of which the roots ſha!l be the ſame 

with the remaining roots of the ſaid cubick equation, by 
proceeding 1 in the manner following : 


Let à be put, as before, for 9, or the leaſt root of the 
ſaid equation; and let repreſent each of the other two 
roots of it, if it has two other roots, or the only re- 
maining root of it, if i it has but one other root. 


Then, fince 2? — 39gaa + 4794 1s = 1881, and x? — 
29xx + 479r is alſo = 1881, we ſhall have a — 30 
+ 4794 = * — 39.7 + 479x, and conſequently (add- 
ung 39x to both fides,) 43 + 479a + 3gxr — 29aa = 
* + 47, and (ſubtracting a + 4794 from both ſides 
of the equation,) 39xx — 30a = 43 — 4 + 47% — 


47a, or 39 * a ** — 4 = — 43 + 479 X & — aà, 
and (dividing both ſides of the equation by the reſidual 


quantity x — 4,) 29 Xr T xx + xa + ca + 479, 
or 39% + 302 = xv + ar + aa + 479, and (ſubtract- | 
ing xx + ax from both ſides,) 39x + 394 — ax — K* 
= aa + 474, and e 39a from both. ſides,) 
n — 2X e, of (becauſe 
is = 9.) 39 — 9 — 4 = 479 +81— 39 X 9, 
a or — tx (= 0m gy Rog = 560 — 351 
= 209 3 which is only a quacratick equation. 
| Q. E. F. 


Ari. 27 
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Art. 27. This quadratick equation, 30x — aw = 209, 
will have two roots, which may be found in | the manner 
following : 


% 


Subtract both ſides of the equation 3ox — xx = 209 
from 225, or the ſquare of 15, or of = , or of half the 


co efficient of x in the ſaid equation. And we ſhall have 
225 — 3ox + xx (= 225 — 209) = 16. Therefore 
the ſquare-root of the trinomial quantity 225 — 30 
+ xx will be equal to the ſquare-root of 16, that is, 
to 4. But the trinomial quantity 225 — 30x + xx has 
two ſquare-roots, to wit, 15 — * and x — 15. There- 
fore 15 — x will be = 4, and conſ2quently 15 will be 
=4+x and + will be = 15 —4 = 11. And + — 15 
will alſo be = 4, and conſequently » will be = 4 + 15 
= 19. Therefore 11 and 19 will be the two roots of 
the quadratick equation 3or — xx = 209, and conſe- 
quently will be the middle and greateſt roots of the pro- 

poled cubick equation * — 39xx + 479x = 18S1. | 
| En. * E. I. 


And ſo, upon trial, we ſhall find them to be. For, if 
we ſuppoſe x to be = 11, we ſhall have ax = 121, and 
a? = 1331, and 39 ( 29 X 121} = 4708 
47% (= 479 X 11) = $269, and conſequently * — 
39 * ＋ 479x (= 1331 — 4719 + 0 6500 — 

4719) = 1881, 


3 if we ſuppoſe x to be = 19, we ſhall have 
ar = 361, and a3 = 6859, and 39 ON 39 * 361) 
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= 14, 0%, and 479x (= 479 * 190) = 9101, and con- 
ſequently x3 — 3oxx + 479r (= 6859 — 143079 — 
9101 = 15,900 — 14,0) = 3001. 


Therefore both 11 and 19 are roots of the propoſed 
equation x? — 39 + 479x = 1881, and conſequently 
the three roots of that equation are 9, 11, and 19. 


RR I ee ee. 


Another Example of the Refolution of an Equation that, by 
the Form of ie or the Changes of the Signs + and — 
prefixed to it's Terms, feems capable of having more than 
One re al ard affirmative Ret, by means 6f the foregoing 
Precefſes deſcribed above in Art. 9, 10, 11, 12, and 3 « 


Art. 28. Let it be required to reſolve the equation 
x5 — 7 + 20 r — 155xx = 10,000 (which riſes to 
the fifth power of ,) by means of the ſaid proceſſes, 


This equation is cf ſuch a form as to be capable of 
| having three real and affirmative roots, if the co- efficients 
of x5, *, x*, and r, to wit, 1, 7, 20, and 155, and the 
abſolute term 10,000, are of the proper relative magni- 
tudes with reſpect to each other for that purpoſe. But 
af theſe roots, (whether they be three in number, or 
fewer chan three,) I now m_— to inveſtigate only one 

root ; 3 
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root; and that will be the leaſt of them, if thats are 
more than one: and this root I ſhall denote by the 
letter a. 


Art. 29. Now, ſince ** — 7 + 20 — 155 
is = 10,000, we ſhall have x5 + 20 = 10,000 + 
7 + 155zx; and conſequently (becauſe @ is equal to 
one of the values of x, to wit, the leaſt value of it, if it 
has more than one value,) as + 20a3 will be = 10,000 
+ 7a* + 155ag. We mult therefore endeavour to find 


the root 4 of this equation as + 2043 = 10,000 + 


7a? + 155 f. 


Nov the root of this equation will be greater than the 

root of the equation y* + 2055 = 10,000, becauſe the 
. trinomial quantity 10,000 + 7a* + I55aa is greater 
than the ſingle quantity 10,000, We will therefore, as 


a firſt approximation to the value of a, or the root of 


the equation 'a* + 2043 = 10,000 + 7a* + 15 Sa, 
ſeek the value of y, or the root of the equation y5 + 
| 2075 = 105 0. 


Art. 30. Now, if we ſuppoſe y to be equal to 1, we 
ſhall have 55 = 1, and 55 = 1, and 20% (= 20 X 1) 
= 20, and conſequently y5 + 2033 (= 1 + 20) = 21 
which is much leſs than the abſolute term 10,000. 
Therefore 1 mult be much leſs than the value of y in the 
equation 5 + 2033 = 10,000. | 


\ 


Secondly, if we ſuppoſe y to be = 10, we ſhall have 


55 = 1000, and yi = 100,009, and 2033 = 20,000, and 
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* + 20z* (= 100,000 + 20,000) = 120,000; which 
is much greater than the abſolute term 10,000. 'There-, 
fore 10 muſt be much e than the value of y in the 
n yg + _ = 10,000. 


We will therefore, in the 3d place, ſuppoſe y to be 
equal to . And then we ſhall have „* = 125, and 55 
= 3125, and 20y* (= 20 X 125) = 2500, and y5 + 
203* (= 3125 + 2500) = 5625; which is leſs than the 
abſolute term 10, co). Therefore 5 muſt be leſs than 
the value of y in the equation y5 + 20) = 10,000. 


We will therefore, in the 4th place, ſuppoſe y to be 
equal to 6. And then we ſhall have 33 = 216, and 


| 55 = 7776, and 2055 (= 20 X 216) = 4320, and con- 


ſequently 35 + 20) ( = 7776 + 4320) = 12,996 z 
which is greater than the abſolute term 10,000. There- 
fore 6 muſt be greater than the value of y in the equation 


We will therefore, in the fifth place, ſuppoſe y to be 
equal to 5.8. And then we ſhall have 5 = 195.112, 
and y* = 6563.56768, and 2093 (= 20 8 195.112) 
3902. 240, and conſequently 55 + 20) (= 6563.56763 
+ 3902. 240) = 10, 465. 80763; which is ſomewhat 
greater than the abſolute term 10, 0, Therefore 5.8 
muſt be ſomewhat greater than the value of y in the 
equation y5 + 2053 = 10, 0. But the difference will 
be but ſmall, and conſequently we may conſider 5.8 as 
the root of the ſaid equation y* + 1c) = 10,000, and 


| 
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as the firſt near value of à in the equation a* + 2043 = 
10, 00 + Ja* + 155. „5 


4 
— 


An. 31. Let this quantity 5.8 be called a. And let 
us, for a ſecond near value of , find the root of the 
equation y5 + 20y3-= 10,000 + 7 a + 155a* For 
this root will be greater than a, or 5.8, or the root of 
the equation y5 + 2033 = 10,000, becauſe the trinomial 
quantity 10,000 + 7a# + 15 5 is greater than the ſingle 
quantity 10,000; but it will be leſs than a, or the root 
of the equation a5 + 204 = 10,000 + 74 + I55aay 
becauſe the trinomial quantity 10,009 + 7a* + 15 5 
is leſs than the trinomial quantity 10,000 — 74 
+ 1554. A ET 


Now, fince a is = 5.8, we ſhall have -a* (= 5.3) = 
33.64, and a+ (= 5.1*) = 1131-6496, and 524 {= 7 
X 1 131.6406) =. 7921.5472, and 1552 (= 156 X 
33.64) = 1850.20, and conſequently 10,000 + 7. + 
155 (= 10,000 + 7921.5472 + 1850.20} 
19,1771.7472. Therefore we ſhall have y* + 2053 (= 
10,000 + 72* + 155a?) = 19,771-7472 3 of which 
equation we muſt now endeavour to find the root. | 


Art. 32. Now we have ſeen above, that, if y be ſup- 
poſed to be = 6, the compound quantity y* + 2043 will 
be = 12,0963 which is lcſs than the abſolute term, 
19,771.7472, of the preſent equation 35 + 209% = 
19,771.7472. Therefore 6 mult be leſs than the root 
of the ſaid equation. — 

. We 
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We will thevefon ſuppoſe y to be equal to 7. And 
then we ſhall have 33 = 343, and 55 = 16,807, and 
conſequently 209? (= 20 X 343} = 6860, and y* + 
2053 (= 16,807 + 6860) = 23,667 ; which is greater 
than the abſolute term 19,77 1.7472. Therefore 7 mult 


be greater than the root of the equation 5 + 2033 = - 


19,771-7472- 


| We will therefore, in the next place, ſuppoſe y to be 
equal to 6.7. And then we ſhall have 33 = 300.763, 


and y =.13,501.25107, and conſequently 20) (= 20 


X ob = 6015. 260, and 23 (= 13,501. 


25107 + 0015. 260) = 19,5 16.5 1107; which is very 


little leſs than tlie abſolute term 19,771. 7472. T here- 


fore 6.7 muſt be very little leſs than the root of the _ 
| on 5 + 2035 = 19,771-7472. We may therefore 


conſider 6.7 as the ſecond near value of a, or of the root 
of the equation a + 20a? = 10,000 + 7a* + 155aa, 
or of the equation 4 — Ja* + 2043 — 1554 = 


10,000, or of the leaſt root of the propoſed equation 


xX — 7x* o 2013 — I55xx = 10,000. 


Art 23 This ſecond near value of 4, or of the leaſt 


root of the propoſed equation x5 — 7 + 2013 — 
15 5 = 10,000, is conſiderably leſs than it's true value. 
For, if we ſuppoſe x to be equal only to this ſecond near 
value of a, to wit, 6.7, the two terms x5 + 2c43 will be 
leſs, inſtead of being greater, than the two terms 7.1* + 
Ig5xx, which are to be ſubtracted from them. For, 
upon this ſuppoſition we ſhall have xr = 44.89, and 
* = 300.763, and &. = 2015-1121, and as = 13,501. 

| 25107, 


THAT HAVE MORE THAN ONE ROOT. 2 385 
2510), and 7 (= 7 X 2015-1121) = 14,105.7847, 
and 20x* (= 20 X 300.763) = 6015. 260, and 15 


(= 155 X 44-39) = 6957.95, and #5 + 20x* ( = 
13, 50 1.25 107 + 6015.260) = 19,516.51107, and 7+ 


+ 155xx (= 14,105-7847 + 6957.95) = 21, 63.7347; 


which is greater than 1955 16.5 1107, or x5 + 2035, 


Therefore x muſt be conſiderably greater than 6.7, in 


order to make x5 + 20x* become, not only greater than 


Ja + 155zxx, but greater by an exceſs equal to 10,000; 
| * i | | | 


We will therefore ſuppoſe x to be equal to 8. And 
then we ſhall have xx = 64, and & = 512, and æ = 
4096, and x5 = 32768, and conſequently 7* (= 7 X 
4096) = 28672, and 20x* (= 20 Xx 512) = 10240, 
and 155 (= 155 X 64) = 9920, and * = 7 + 
2cx3 — 155 (= 32768 — 28672 + 10240 — 9920 


| =" 43,008 — 38,592) = 4416; which is leſs than 


10,000, or the abſolute term of the propoſed equation 
x5 — 7 + 20 — Ig = 10,000. Therefore 8 
will be ſomewhat leſs than the leaſt root of the ſaid 
equation. | | 


We will therefore now ſuppoſe # to be = 8.5. And 


then we ſhall have xv = 72.25, and æ = 614.125, and 


x* = 5220.0025, and x* = 44370.53125, and conſe- 


quently 7x* (= 7 X 522.0625) = 30540-4375» and 


20x3 (= 20 X 614.125) = 12282.500, and 15 π%˖n (= 
155 * 72.25) = 11,198.75, and x5 — 7x* + 20 
— I55xx (= 44,370-53125 — 36,540-4375 + 
12,282.500 — 11,198.75 = 56,653.03125 — 47739 

5 ? e — 41895) 


— 
— 
* 


Cc 


* 
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1875) = $8913.84375 z which is leſs than the abſolute 
term 10, coo. Therefore 8.5 will be leſs than the leaſt 

root of the propoſed equation x5 — 74 + 2043 — 
I55ry = 10,000. But the difference between them will 
not be great, becauſe 8913.84375 is not a preat deal 
leſs than 10,000. Therefore 8.5 will be ſufficiently near 
to the true value of the ſaid leaſt root to be the ground 


of a further eee to it by Mr. Raphſon' s me- 
Mod. . | 


Art. 34. Let us therefore ſuppoſe x to be = 8.5 + 2. 
Then we ſhall have 


xx (= 8.5 TD. = 8.5)* +2 x 8.5 * 3 ＋ &c) 
| = 72.25 + 17.0 X 2 + &, 


and . (= $5FD > =BV + 3X85} X + &c 
| = 614.125 +. 3 X 72-25 X 2 + &c) 

; = 614.125 + 216.75 X 2 + &c, 
and & (= 8.5+2)4 = 8.5 +4X 85 K * ＋ K e 
ſy 5220. 0625 + 4 xX 614.125 X 2 + &c) ” 

= $220.0625 + 2450. 500 * 2 + Ke, | 


md of (= 653 5 = B95 + 5s * 8.514 X 2 + & 
= 44,370-53125 + 5 X 5220.0625 X 2 


| + Kc) = 44379-53125 + 26, ene 
XA Ne. 


8 : 
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Therefore 7x* will be (= 7 X — 
3220.0625 + 2456-500 X z + &c = 7 X 5220. 0625 
+ 7 * 2456. 50 0 Xx z + &c) = 36540-4375 + 
17195.500 X X + Ke, and 20x* will be (= 20 N 
614-125 + 210.75 X z + &c = 20 X 614.125 + 20 
X 216.75 X z + &c) = 12,282.500 + 4335-00 
* 2 + Ke, and 155zx will be (= 155 * 
72.25 + 17.0 X 2 + Kc = 155 X 72.25 + 155 X 
17.0 X z + Ke) = 11,198.75 + 2635-0 X 2 + &c, 
and conſequently * — 7x* + 20 — 155xx will 
be = 


 444370-53125 + 26, 109.3125 x 2 + &, 
235, 540.4375 — 1,195.5 x = = & 
+ 12,282.50 + 4335-00 X * Þ+ Kc 
| — 11,198.75 — 2635.0 X z — &c 


"i 


| | 56,65 3.0312; + 30,435-3125 X 2 + &e J 
928 1 — 47,7 39.1875 — 19,830. 5000 X z — &, 


. 35,01. $4375 4 10, 604.8125 „ 2 &e. 
But x5 — 7x* + 20x) — 1 15 15541 is = 10,000. 


Tharhee 8,913. 84375 + 10,604. way. Xx 2 + & 
will alſo be = | 10,000. | 


And 3 29 X 2 will be ( = 
19,000 — 8, 913.84375) = 1086. 15625, and 2 will 
_ 1086.15625 | 5 
10,504.82 
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Therefore 8.5 + = will be (= 8.5 + o. ro) = 8.60, 
or 8.6, and conſequently x, or the leaſt root of the pro- 
poſed equation * — 7x* + 201 — 155 == 10,000 
will be, nearly, = $8.60, or 8.6. q. E. 1. 


Art. 35. Now let 8.6 be ſubſtituted inſtead of » in the 
compound quantity x3 — 7 + 203? — 155zr. And 
we ſhall have xr (= 8.0) ) 73.96, and 33 = 
636.056, and x* = 5470.0816, and & = 47,042.701,76, 
and conſequently 7x* (= 7 X 5470.0816) = 33, 290. 
3712, and 2013 (= 20 X 646.056) = 12,721.120, and 
155 (= 155 X 73.96) = 11,463.80, and x5 — 7 
+ 20 — 15 5 (= 47,042.701,76 — 38,290.5712 + 
12,721-120 — 11,463.80 = $9,763-821,76 — 49,754- 
3712) = 10,009.450,56 ; which is a little greater than 
the abſolute term 10,c00. Therefore 8.6 muſt be a 


little greater than the true value of the leaſt root of 


the propoſed equation x5 — 7a“ + 2047 — Ig55xx = 
10,000, 5 1 


Art. 36. We have now ſeen that, when x is = 8.5, 
the compound quantity x5 — 7x* + 20x? — 155xx will 
be equal to 8913.84375 z and that, when x is — 8.6, the 
faid compound quantity will be equal to 10,009.45056. 

Therefore, while x increaſes from 8.5 to 8.6, the com- 
pound quantity x5 — 7x* + 2043 — 155xr will increaſe 
from 8913-84375 to 10,909.45056. Therefore there will 
be ſome point of time, during the increaſe of x from 8.5 
to 8.6, at which the compound quantity 4x5 — 7x4 + 
20 — I55xx will be equal to 10,000, which is of an 
| V intermediato 
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intermediate magnitude between 891 3.84375 and 10 co. 

45056; or, in other words, the root of the equation 
x5 — 7x* + 20 — 155xx will be of an intermediate 
magnitude between 8.5 and 8.6. But it will be much 

nearer to 8.6 than to 8.5, becauſe. 10,009.450 56 is much 

nearer than 8913-94375 to 10,000. 


| We will therefore Tool © , to be = 8.6 — v. 
Aud then we ſhall have „ | 
: ; XX (= 8.6—v]? = 8.61? — 2 „ 8.6 X v —+ Con, = 
73.96 — 17.2 & v + K 
and (= T= = £6 — 3x VX v + &. 


= 636.056 — 3 X 73-96 X u + &c) 
= 636.056 — 221.88 X v + Ke, 


and x* {= .- = $.0* —4 X 8.61* Xx v + &c 
= 5470.0816 — 4 X 636.056 X v+ &c) 
=. 5470 o. 0816 — 2544-224 & v + xc, 
and 1 6 * = 8.0 — 5 x 8.8 X v + &c 
= 47.042. 70170 — 5 * 5470. 0816 * 
vv Kc) = 477042. neee 8 
* v. 4+. N 
and * 7* (= 7 * 


5470. 0810 — 2544-224 X v + NC = 7 * 

5470.0816 — & X 2544-224 X v + Kc) 

= = 38,290 5712 — 17,809. 1 X v Ke, 
| Cc 3 and 
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5 


and 20* (= x 636: 056 — 221.88 X v + ** 
REES KIT x 5 + he 
12,721.120 — 4437. 60 Xx v + &, 


and 15 Sr r ( 155 X 7396 — 17.2 XvX K = 
155 X 73-96 — 155 X 17.2 X v 4 Kc) 
= 11,463. 80 — 2666.0 X v + &c, 


* 


and ** 280 Es + 208? « _ 155xx = 


— 38, 290.51: + 15,809.56 x v Ke 
+ 12,721,120 — 4,437.60 X © + &c 


47042. 70176 — 46 388.6090 x v + xe | ©] 
— 11,463.80 + 2,566.60 XxX L Ke | 


. 59,763.82 1,76 = 32, 88.0080 x v + K 
— 9 49,7 54371, 2 + 20, 475.568 x v & 55 


= 10, 00. 450, 56 — 12, 312.4400 X v &c, 
But x5 — 8 + 20 — 15S is = 10,090. 


Therefore 10,009. .45%%56 — 12,312-4400 X v will 
likewiſe be = Io, oO. ö | N 


And 1 3 will be = 10,000 
+ 1253 12.4400 * v, and 12, 312.4400 Xx v will be (= 
10, oog. 450, 56 — 10,000) = 9.450, 56, and v will be = 


9.450, 56 


= o. 000, 757, 5. 


: Therefore 
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Therefore 8. 6 - — will be (= 8.6 — o. O00, 767,5) 
= 8.599, 232,5; and conſequently x, or the leaſt root of 
the propoſed equation a — 7x* + 20 — I55zx = 
10, O00, will be = 8.599, 232,5. & E. 1. 


1 37. This nia 8.599,232,5 is exact in either 
all it's figures, or all but the laſt figure 5. But the trial 
of it by ſubſtituting it inſtead of x in the compound 
quantity x5 — 7x* + 204? — 155xx would be attended 
with a good deal of labour. However, it may be per- 
formed with a tolerable degree of exactneſs, though not 
with perfect exactneſs, by the help of logarithms, without 
any great trouble, 1 in the manner following : 


The 3 of 8. 590, 200, o is ets and 
the logarithm of 8.599,300,0 is 0.934,403,1, which ex- 
ceeds the former logarithm by 0.000,005,1. Therefore 
the logarithm of 8.599, 232, 5 will be of an intermediate 
magnitude between o. 934, 458,0 and o. 934, 463, 1, and its 
exceſs above o. 934,458, o is to be found by the following 
proportion, to wit, As 8. 59, 300, — 8. 599, 200, o is to 
8. 599,232, — 8.599, 200, o, ſo is 0. 934, 463,51 — 
0. 934,458, 0 to the exceſs of the logarithm of 8. 50, 232,5 
above o. 934,45 8, o, that is, as o. oco, 100, o is to 0.000, 
032, ł5, fo is 0.000,005,1 to the ſaid exceſs, or as 1000 
to 325, fo is o. O00, O05, i to the ſaid exceſs.” Therefore 


the ſaid exceſs will be „ _ ©.001,6575 
1000 5 1000 


55 0.000,001,61 j 5 conſequently the logarithm of 


8. 599123235 will be ( = o. 934,45 8, + o. ooo, oo! 6) 
Cc 4 = 
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"—JO 3 934,45056. Fa if r be ſuppoſed to de 
equal to 8.599, 232, 5, the logarithm of xx will be (= 2 
x 0.934, 459,6) = 1.868,919,2, and the logarithm of 
' will be (= 3 X o. 934, 459,6) = 2.803, 378,8, and 
the logarithm of x* will be (= 4 X 0.934,459,6) - 
3.73778 38, 4, and the logarithm of +5 will be (= 5 X 
0. 934,450, 6) = 4.072, 298,0. Therefore xx will be = 
_ 53-946,702,7, and x3 will be = 635.885,294,1, and x+* 
will be = 5468.125,000,0, and x5 will be = 47,021. 
663,04 2,4. Therefore 7“ will be (= 7 X 5468.125, 
ooo, o) = 38,276.875,000,0, and 2043 will be (= 20 
Xx 635-885,294,1) = 12,717.705,882,0, and 155 xx 
will be (= 155 X 73-946,762,7) = 11,461.748,218,5, 
and x5 — 7x* + 20x3 — 155xx will be (= 47,021.663, 
043,4 — 38,270.875,000,0 + 12,717-705, 882,0 — 
11,461.748,218,5 = 59,739-368,925,4 — 40,7 38.623, 
218,5) = 10,000.745,706,9;z which exceeds 10, ooo, or 
the abſolute term of the propoſed equation x5 — 74 + 
20x? — 155x3 = 10,000, by leſs than an unit, or the 
10,000th- part of the ſaid abſolute term. Therefore 
$.599,232,5 muſt be very nearly equal to the root of the 
faid equation. Q. E. D. 


Art. 38. This number 8.59, 232,5 is the only root 
of the propoſed equation x5 — 7x* + 20 — 155xx 
= 10,000. For, if we ſhould ſuppoſe it to have any 
other root greater than a, or 8.59, 232, 5, an impoſſible 
concluſion would follow from ſuch a ſuppoſition; as may 
be ſhewn in the manner following : 


Let 
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Let b denote the other and greater root of the pro- 


poſed equation x5 — Ix* + 20 — 1 * = 10,000 
if it can have tuck other root. 0G 


Then will 1 the compound —_ þ5 —46* + 2083 
— 15546 be = 10,000 ; and conſequently it will alſo 
be equal to a — 7a* + 20a — 155aa. Therefore 
(adding 76 and 15555 to both ſides,) we ſhall have 
1s + 2083 = 4 + 7% — 74 + 2085 + 155hb — 
55 aa; and (ſubtracting a5 + 2043 from both ſides) we 
ſhall have 4 — 45 + 2063 — 20a = 754 — 7a* + 
155bb — T; aa, or b5 — 4 + 20 * b3 — a3 = > IX 


* —a* + 155 X bb — aa, and conſequently (divid- ; 


ing both ſides of the equation by, ? — az) b* + 134 + 
b*a* + 523 + a* + 20.X bb + ba + 42a = 7 X 
| 77 + ba + ba + a* + 155 * 7 + az or b* ＋ Ba + 
ba* + bas + a* + 20bb + 20ba + 20 =" 756" + 
757 + 7ba* + 743 + 1556 + 1554. Therefore, if we 
ſubtract 743 + 155a from both ſides of this equation, we 
ſhall have 7535 + 54% + 75 + 15556 = b* + ba + 
ba? + ba + 206b + 20ba + 42 — 74a + 2044 — 
— 155a; and, if we ſubtract 34 + 13a + 57 + ba? 
+ 2066 + 20ba from both fides, we ſhall have 76* + 


7¹ + 7% + 153% — , — ÞBa — 5 — bo 


20⁰“˙ — 20ba = 4 — 749 ＋ 20 — 15 54, or 


* 


1556 = 205 4 733 — 4 
20ab + >alb — abs : 
7a²² — 4²⁶ | 333 
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91 1 a5 2 — — 
4 


10,000 


12 0 (if we ſubſtrate 8.6 for , to which it 


is very nedely-oquel 5 


A LL + xt... 
_ 20 x 8.66 + 7 * 8.655 — 8.652 


ny 76% { 


639.056 x 6 
= Oz w 1262 7, Or 


+ 155h — 20 + 7 * ½ = \ 
— 472.0 * 5 + 60.260 — 8.6 x 63 
* $7I2ce * = 73.9685 bs +. US 


== aner | 
| 672.72 * 5 — 93.9606 + 783  þ+ 
{ — 808.056 x 5 + 60.2 bb — 86x6 | þ 


= 1162 73 chat is, if boi the three terms 672.72 * 


5 + 60.2 X bb + 75063 we ſubtract the four terms 


808.056 X h + 93.96 X bb + 8.6 X Þ* + 3% the re- 
mainder will be equal to 1162.7. But the ſaid four 


terms 808.056 X 6 + 03-96 Xx bb + 8.6 X 6* + 6+, 


are greater than the ſaid three terms 672.72 X b + 60.2 - 
* bb + 76), and therefore cannot be ſubtracted from. 


them. Therefore the ſuppoſition, : from which it followed _ 
that 


* a 
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that the ſaid four terms would be leſs than the ſaid three 
terms, and might be fubtracted from them, and that the 
remainder would be equal to-1162.7, or the ſuppoſition 
that the equation * — 7+ + 20x* — I5 gry = 10,009 
had a ſecond real and affirmative root, b, that was 
greater than a, or 8.6, could not be a true ſuppoſition. 


We may therefore conelude that 8.6, or 8.599,2 32,5, is 
the only root of the propoſed equation ans” bs 20x) | 


en 155 = . l 2 E. D. 


Another Example of the Reſolution of an Equation that, by 


the Form of it, or the Changes. of the Signs + and '— 

prefixed to it's Ter ſeems capable of having more than 
One real and affirmative Root, by means of the foregoing 

Preceſſes deſeribed above in Art. 9, 10, 11, 12, and 13. 


7 


Art. 30. Let it be required to reſolve the equation 
x* + Ar? — x5 — lor + S* — 52% — lor — lor 
= 5, (which riſes to the eighth power of æ,) by means 
pf the ſaid prooefſes, | 


This equation is taken from Sir Iſaac Newton's Arith- 


metica Univerſalis, page 276 of the ſecond edition, and 
1s ING higheſt numeral equation mentioned in that learned 


treatiſe. 
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treatiſe. It is of ſuch a form as to be capable of having 
three real and affirmative roots, if the co-efficients of the 
ſeveral powers of æ, to wit, 1, 4, 1, 10, 5,5, 10, and 10, 
and the abſolute texm 5, are of the proper relative mag- 
nitudes, with reſpect to each other, for that purpoſe. 
But of theſe roots (whether they be three in number, or 
fewer than three,) I now propoſe to inveſtigate only one 
root; and that will be the leaſt of them, if there are 
more than one: and this root I ſhall denote by the 
letter a a. 


Art. 40. Now, fince . +447 44. — 1045 + 51% 
— 5 — IOxzx — lo is = 5, we ſhall have * + ga 
+ 5x* = 5 T* + 1045 + 5x3 + 1exx + 10x, But 
4 is equal to one of the values of x, to wit, the leaſt. 
Therefore we ſhall alfo have a* + 447 + 54 = 5 o+ 45 
+, 1025 + 543 + icaa + 103. We mult therefore en- 
deavour to find the root « of this equation a* + 47 +: 
yo” 6. + a® - I Cat © 5423 + 1oaa 4 8 I Oa. | 


Now 5 root of this equation will be enter than the 
root of the equation y* + 457 + 53* = 5, becauſe the 
fextinomial quantity 5 + 4 + 1945 + 5a3 + 1caa 
+ ea is greater than the ſingle quantity 5. We will 
' therefore, as a firſt approximation to the value of a, or 
the root of the equation a* + 4a? + 54 = 5, + af + 
1045 + 5a3 + 104* + 10a, ſeck the value of y, or the 
root of the equation y* + 497 + 5y* = 5. 


Art. 41. Naw, if we ſuppoſe 5 tÞ be =. 1, we ſhall 
have, 37 = 1, and 571 = 1, and z* = 1, and conſequently 
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* ＋ 4% ＋ 5 (=r+4+5) = 10; which is 
greater than the abſolute term 5. Therefore 1 muſt 


be greater than the true value of y in the — Uh + | 


. 85 TP OY al. 


We will 3 in the ſecond place, ſuppoſe y to 
be = 0-7. 


And then we ſhall have yy = 0:49, and 9? = 0.3433 
and y* = 0.2401, and y5 = 0.168,07, and y* = . 1175 
649, and y? =" 0.082,354,3, and y*% = o. 05 7, 648, ol, 
and conſequently 4y7 (= 4 X 0.082, 35 4,3) = 0.329, 
41%, and 5y* (= 5, X 0.2401) = 1.2005 and y* + 
4 + 5 (= 0.057,648,01 + 0.329,417,2 ＋ 1.2005} 
_ = 1.587, 565, 31; which is leſs than the abſolute term 5. 
Therefore 0.7 muſt be leſs than the value of y in the 
eduation 9 + * + 9 = 


We will eee in the 3d _ ſuppoſe y to be 
= 0.9. 


And then we ſhall have yy = ©. 87 and * = „ 
and y* = 0.6561, and y5 = 0.59049, and 3 = 0.531, 
441, and 57 = 0.478,296,9, and y* = o. 430, 467, 21, 
and conſequently 4y7 ( = 4 X 0.478, 296, 9) = 1.913, 
187,6, and 55 (= 5 X 0.6561) = 3-2800, and y* + 
497 + 55 (= 0.430,467,21 + 1.913:187,6 + 3.2800) 
= 5.623,654,8t z which is ſomewhat greater than the 
abſolute term 5. Therefore 0.9 muſt be ſomewhat 
_ than the root of the e A 

: . 
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= 5. But the difference will not be great; and conſe- 


quently we may conſider this quantity 0.9 as the firſt 
near value of a, or of the root of the equation a* + 


4a? + 54. = 5 + 45 'T 106? + 56" + 10a" + koa, of 


1 we are in ſcarch. 


Art. 42. Now let @ be put for 0.9, or the ſaid firſt 
near value of a. And, as a ſecond near value of it, let 
us ſeek the root of the equation y* + 4y7 + 5y* = 5 + 
c 5 10a + Fa + 1c + la; which will be grcater 
than a, but leſs than a, becauſe the ſextinomial quantity 
5 + a + 10as + 5a + 10a* + 10x is greater than 
the ſingle quantity 5, but leſs than the ſextinomial quan- 


1 e + 10a. 


* 
Now, bessa & 1 = 0.9, we ſhall be as (= ole) 


= 0.531, 441, and ic (= 10 X 0.59949) = 5.9049; 
and 523 (=5 X 0.729) = 3.645, and 10a* (= 10 X 0.81) 


= 8.1, and ics (= 10 X 0.9) = 9, and conſequently 
5 + a* + 10@* + 5423 + la! + 10 (= 5 + 0.531,441 


+ 5.9049 + 3645 + 8.1 + 9) = 32.181,341; and 
therefore the equation y* + 457 + 75 = 5 + as + 
1ca* + 543 + 10a* +. 1 will be y* + 457 + 5y* 
32-181,341, or (neglecting the decimal fraction o. 187 
341) „ + ay? + 5% = 32. Of this equation we are 
now to find the root. x 


Art. 43- Now let y (which we "$200 to 3 greater | 
than a, OT a9): be OY to be 1a. 


r 
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Then we ſhall have 3) = 1.44, and 53 = 1,728, and 
y* = 2.0736, and ys = 2.488,32, and y* = 2.985,984, 
and 57 = 3.583,180,8, and y* = 4.299, 8 16,96, and 
conſequently 457 (= 4 X 3.583, 180,8) = 14.332, 23,2, 
and 5y* (= 5 X 2.0736). = 10.3680, and 5 + 497 + 
55“ (= 4.299, 816, 90 + 14.332,723,2 + 10. 3680) = 
29.000,5 40,16 ; which is ſomewhat leſs than the abſolute . 
term 32. Therefore 1.2 is ſomewhat leſs than the root 
of the equation y* + 4y7 + 5 = 32. But the differ- 
ence between them is not great. And therefore we may 
conſider 1.2 as the ſecond near value of the root of the 
equation 4 + 4a? + 5a* = is + 4s + 1045 + Sa" + 

10a? + 10a, of which we are in ſearch. >> AX 


Art. 44- Now * 0 * put for 1. 2, Or. this . near 
len of the root a of the ſaid equation a* + 4a +; Sat 
= 5 ＋ a5 + 1045 + 54% ＋ 109% + Ia. And for a 
third near value of it, let us ſeek the root of the equa- 
tion 5 + 4y7 + 5) = 5 + © +106 + 56 + Ic 
+ 10%; which, will be greater than e, or the root of the 
equation y* + 437 + 5y* = 32, or of +497 + 57 = 
5 +& + cab + 5 + 10a + 10%, but leſs than a, 
or the root of the equation a* + 447 + 5 = 5 + av 
+ 1045 + 5a3 + Iou? + 10a, becauſe the ſextinomial 
quantity 5 + 6 + 1c65 + 563 ++106* + 106. 18 greater 
than the ſextinomial quantity 5 + &* + Icas + 5 o+ 
10 + 10a, but leſs than the ſextinomial quantity 5 + 
46 + roa + 5a? + ca + 104. 5 2 . 


Nov, becauſe eis = 1. 2, we ſhall. have 66 (=) 


* 2. 985,984, and 106 (No x 1.245 10 X. 
2.488,32) 
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2.488, 32) = 24.8832; and 3 (= 5 * Ta = 4 
1.728) = 8.640, and Ice? (= 10 * 1.2] = 10 X- 
1.44). = 14.4, and 10g (= 10 X 1.2) = 12, or con- 
ſequently S + © ＋ 1065 + 585 + 1c8? + 108 (= s + 
| pages + 24-8832 + 8.640 + 11. 125 
67.909, 184. Therefore the equation y* + 457 + 55* 
= 5 1 + 108 +58 + 108* + 7 will be y* + 
„ + S = 67. 909,184, or, nearly, y* + „ 
= 68. This equation we muſt now endeavour to re- 


folve. 


Att. 45. Now let ) (which we know to be greater 
than ©, or 1.2,) be ſuppoſed to be = 1.3. Then we 
hall Hare 55 (= 1.3] = 1.69, and y* (= 1 137 = 
2.197, and y* = 2.8561, and 5˙ = 3.712,93, and 5% = 
4.826,809, and 5 = 6.274,851,7, and y* = 8.157; 
306, 82, and conſequently 4y7 (= 4 Xx 6.274,851,7) = 
'26.099,406,8, and 55“ (= 5 X 2.8561) = 14.2805 
and j* + ay! + 55 (= 8:157,506,82 + 26.099, 406,8 
4 14.2805) = 48.537,213,62; which is leſs than the 

: ack term 68, Therefore 1.3 will be leſs than the 
root of the equation Jy + 49" + 5 = 68: 


B r nn — 2 IEA = 
> 9 3 ya an. 2 — 8 * r + Axe f , ? _ ö * $ * 
* el . - $ Cs 2. 7 P 8 to 5 2 N e e v1 7 2 

F ; N * 5 


L 2 PI 
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— 2 ů— ᷑ — — Pen 
. — Ne —— e 
3 


"Now let 5 'D ſuppoſed to be = 1: * . 


Spun AER, 19 v9) G27 
—— et ge 
© 


i 
l | And then we ſhall have 3y = 1.96, and F = 2. OY 
| dy = 33416, and f* = $,37836, thd j* = 7:520,536 

3 and 57 10.541, 350,4, and y* 14.757, 890, 36, and 

i conſequently 4357 (= 4 X 10. $41,359,4) = 42.165; 
| 401,6, and 53% (= 5 X 3.8416) = 19.2080, and y* + 
| . | | | | | 47 


De es a RIA. tne mer EA yt Pre A Et ee — 
8 * Y 4 N 3 nn 
. F ; þ 


. 
P a E443 Nt AA te 
e p 4 
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3 + 5 ( = 14-757,890,56 ＋ 42.165,01, + 
19. 2080) = 76.131,292,16; which is greater than the 
abſolute term £8. T herefore 1.4 will be greater than the 
root of the equation y* + 757 + 5y* = 68. But the 
difference will not be great. And therefore we may con- 
ſider 1.4 as a third near value of the root of the equation 
85 + ga? ＋ 544 =, 5, ＋ 4 + 1008 + 5a* + 10a* + 10a, or 
as a third near value of the leaſt root (if it has more thug 
one root,) of the equation * + 437 + 5 = 5: +" 8 
+ lo ＋ S* +. 2927 + 10x, or of the propoſed 
equation * + 4x7 — 4 — 10 + gat 5d lo 
— 10 = 5. 0 9 Aw = 7 


Art. 46. Now let 1. 4 be ſubſtituted inſtead of ini the 
compound quantity ** + 4x7 — 4 = 10x5 ＋ ga% = 
5x — 10x* — io; and it will be = 14.757, 890, 56" ＋ 
4 X 10.541,350;4 — 7.529.536 — 10 X 6.37824 + 
5 X 3.8416 — 5 X- 2.744 — 10 * 1.96 — 10 -X 
1.4 14.757, 890, 56 + 42. 165, 40, — 7. 520,536 
— 53.7824 ＋ 19.2080 — 13.720 — 19.6 — 14 
76.131, 292,16 — 108. 6319364 by which it appears 
that the three terms x* + 4x7 ＋ r, which ought to 
be greater than all the five terms & + 10* ＋ 34 + 
10 * + lor, and to exceed them by the number 5, will 
be leſs than the ſaid five terms. Therefore 1.4 will be 
leſs than the value of x in the propoſed equation & + 
I fo tk 10 + 3* — n de, 6 loæ 

= RS 


Art. 47. We will therefore ſuppoſe æ to be = 1.6. 
; Di” hens” And 


3 
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And thon we ſhall have xx = 2.56, and x* = . 096, 
and x = = 6.5536, and a5 = 10.48576, and a = 
16.777, 16, and x? = 26. 843,545,6, and & = 42.949, 
572,96, and conſequently 44 (= 4 x 26.843, 545,6) = 
10%. 374, 182, 4, and 1045 (= 10 X 10.48576) = 
104.8576, and 5* (= 5 X 6.5536) = 32.7680, and 
S* (= 5 X 4.096) = 20.480, and 10 (= 10 X 
2:56) = 25.6, and tox (= 10 X 1.6) = 16, and * 
+ 4x7 — * — 1025 + 53* — 5x* — 1c — Io 
(= 42-949,672,96 + 107.374,182,4 — 16.777,216 — 
104.8 576 + 32.7680 — 20.480 — 25.6 — 16) = 
383.091,855,36 — 183.714, 816; of which quantities 
the latter, to wit, 183.714, 8 6, (which is equal to x* + 
10 * + Fr + 102 + 10 ,) is greater than the former, 
to wit, 183. 091,8 55,36, (which is equal to a* + 447 + 


5) and therefore cannot be ſubtracted from it, as it is . 


ſuppoſed to be in the propoſed equation & + 4x? — * 
— 1025 + 53* — $23 — 10z* — 10s = 5. Theres 
fore the root of that equation muſt be ſomewhat greater 
than 1.6. | 


Ari. 48. Let us therefore ſuppoſe * to be = 1.6 + 2, 
and let us proceed to inveſtigate the value of 2 by Mr. 
Raphſon's method of Approximagion. „ 


Then, ſince x is = 1.6 + x, we ſhall have 

xx (= 1.642 2 ＋ 2 & 1.6 * 2 + &c) 
„ 

and a* (= 1.6+2z\* = 1.0] + 3 * 1.61? * 2 + & 


= 8 + 3X 2.56 K 2 + &) = 


4.096 + 7.68 * 2 + dc, 
and 


and a (= 6X 2)* = 1.614 + 4 X 1.03 Xx = + Ke 


= 1:0* + 4 * 4-096 X * + &c) = 
6.5536 + 16.384 X 2 +- "wy . 


| and x* (= 16428 = 120% ＋ 5 X 1 d. N = + &e 
| | 7.6] + 5 & 6.5536 X 2 + &c) = 
_ 1684460 gh 7680 X 2 + &c, 


(x48 z\* = © 4 6 x» a6 


ac. "5 +6 X 10.48576 * 2 + &c) . 


| = 16.777216 + 62.91456 * 2 + &c, 
and x7 (= 1,6+ 27 =TOV + 7X Tü X = + Ke 


= IQ + 7 X 16.771,216 X + Ae) | 
* 26. 843,545, + 117. 4 812 1 8 


— 


'S xe, | | 
| and a (= 1. real = 1.60 +8 X 1.0 X 2 + &c 
= 2 +8 x 26, $43:54540 X 2 * &c) 


= 42. 949,672.96 + 214. 748,364. * 2 
+ &c, 


and | conſequently 4%? 42 = 4 * 


26. Ea + 177. $440,512 * 2 + &C 
= 4 X 26.843,545,6 + 4 X 117.440, 5 12 

N ＋ &c) = 107. 374,182, ＋ 469. 
. 762,048 X 2 Þ &ee, 
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and 1085 ( = 10 & 194485,76 + 32.7689 x 2 + Kc 


5 10 4 10. 485,76 * 10 X 32. 7680 
d 2 + & c) = 104-8576 + 327.680 
N * * + Ke, - 


{and get (= 5 X G55 + IEG RE + KT = * 
6.5536 + 5 * 16.384 * * + & e 
27810 + 81.920 * 2 + &c, 


and gen (= 5 FO fen * 5 
4.09 + 5 X 7:68 R's, ACN 
20.480 + 38.49 & 2 + 28 


and 10. ( 1% K T ee = 10 X 
2.56 + 10 * 3-2 X 2 + &) = 25.6 
1 


| and | 10x (= 10 X 15 += = 10 X 3.6 ＋ 10 K 


| ab 16 —+— 102. 


Therefore the compound oy * + 4x7 = * — 
10 + 53% = 5 = 10 — 10x will be equal the 
complicated quantity 


42.949 


$ 
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8 949,672,966 + 214.748,364,8 * X + * 
+ 469.762,48 Xx 2 & 


+ 107.374,192,4 
— 16.777, 216, 


— 103.857, 6 


+ 32.768, 0 | 


— 20.480 
— 25.6 
— 8. 


— 62.914.555 * * &, 


— 327.080 * — &e 


+ 81.920 


— 10 


X 2 & 
* = | 


- 183.091; A + DO Ia * * + 4e. 
225 { —123.714,816,00 — 479-994-560,0 X 2 — &e 


But the compound quantity * + 4x7 — * 


— 0.622,960,64. + 295-43 5585248. X 2 &. 


6 -— Fox? 


5 


Therefore 295. 435,852,8 & 2 ccc — 0.622,960,64. 
will alſo be = 5. And conſequently (adding 0.622, 
960,64 to both ſides, ) we ſhall have 295-435,852,8 X 2 
'(=5 + 0.622,960,64 ) =" 622,960,64, and 2 8 


K 622,965, 64 
295453785258 


will be (= 1. 6 + 0.019) == 


$1 


= o. olg. Therefore 1.6 Sy Z OT , 


1.619; that is, the leaſt 


root of the propoſed equation a. + 4 — * — fo 


+ 52 — 533 — 10x* — 10 = 5 will be 1.619. 


Art. 49- This value of » will be pretty near the truth, | 


* 


„ E. . 


but will exceed it by a very ſmall quantity. For, if we 
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ſuppoſe x to be = 1.619, we ſhall have xx = 2.621,16:, 
and & = 4.243,059, and «“ = 6.870,484, and a5 = 
11.123,213, and x* = 18.008, 482, and x7 = 29.155, 
732, and & = 47.203,130, and conſequently 4x7 (= 4 

X 29.155,732)) = 116.622,928, and 10x* (= 10 X 
11.123,13) = 111.232,130, and 5* (= 5 X 6.870, 
484) = 34.352, 420, and 523 (= 5 X 4.243,659) = 
21. 218,295, and io (= 10 X 2.621,161) = 26.211, 
610, and 10x (= 10 X 1.619) = 16.190, ooo, and 
+45) = 10% + gat — gut = 1 — 
JOXx = * : 


47-203,130 „ 

＋ 116,622,928 — 18.008, 482 
| — 111.232, 130 
+ 34.352, 420 — 21.218,29 
„„ — 26.211,10 
— 156.190, o 


198.178,48 — 192.860, 517 = 5.31, 961; which is 
ſome what greater than 5, or the abſolute term of the 
propoſed equation x* + 4x7 = x* — 10x5 + gx — 
Gat loxz? — 10 r = 5. Therefore 1.619 will be 

| ſomewhat greater than the true value of æ in that equa- 

tion. Oe Bi Bo | WE. 


Art. 50. We will therefore, in the next place, ſuppoſe 
x to be = 1.619 — v. | | 


And then we ſhall have 


ax [= 
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xx x (= 


wot x3 (= 


and 1 


and x5 (= 


: and #7 (= 


17619 —v)}* = T.019* — 2 * 1619 . 
v + &c = 2.021,161 — 3.238 X v 
+: S, 7 


1.619 — v} = 1.619)3 — 3 1.0199 
V + &c = 1.6190 * 3 X 2.621, 16 | 
* v Kc) = 4-243.659 — 7-863,483 
X v + &, Bo | ; 


£619 Dy = Tag — 4 x T 
v + &c = 1.619% — 4 X 4-243,659 

* v + &) = 6.870,484 — 16 974636 
X v4 &c, 


—_ — = 7.019 — 5 * 1.0 19 X 
vp +. Ke = 16195 3 * Wt bo 
Xx v + KG = 11. - 1239213 — 34.352, 
420 X v + Ke, 


= 1.019 — v}* = 1019 —6 * reihe * 


v + &c = 1.61905 — * 11. 123,213 
* v + &) = 18, 008,482 — 66. 739, 
278 * v + &c, | 
17619 — 97 = Tang! — 7 X DB79 & 
v + Ke = 1.010" — 7 X 18.008, 482 
* v + & c) = 29.155,73 126.059, 


a 374.X v + Ke, : 


D d 4 | and 
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and a* ( 1.519 =D = I:619* — 8 „ i.6ig) 


vo. * N ++! Kc = 1. 61905 88 X 29.155, 
732 X v + Ke) S a03, 0 
„ 233.245856 X v + EW 0 


and conſequently 4 (= 4 X 29. 155,732 — 4 X 
: 126.059374 X v + &c) = 116. 622,928 

= 504.237,96 * v +. &, | 
and 10x5 4= 10 X 11. 123,213 — 10 X 34. 352,420 
x v.+ &c) = 111,232,130 — 343.524, 
| 200 x 3 &c, 3 


* 


r 


5 and 55 fon 5 X 6 $70,484 - — 5 X 16. 974,636 X 

v + &) = 34. 352, 420 — 84.873, 180 

X v + ke, 

and a ge (= 5 X 4-243,659 — 5 * 7.863,433 X 

3 1 + ec) = 21. bes — 39. 377415 — 
X v + &o, | 

and 108 (= Io X 2. 621,161 — 10 X 3. 238 * v 
+ &) = 26. 211,610 — 32.380,000 K 

| SO &c, : 

9 IOx hw” 10 X 1.619 = — 10 X v) = 16. 190,000 


— 10. ooo, oo * v, 


and of + 4 = * — x 4 + 5 — 5x — lo 


— 0x = 


47-203, 


45.203.130 — 233-245,356 K v + & 
+ 116.622,928 — 504. 237,496 v + &c 
— 18.008, 482 + 66.7 39,278 Xx © — &c 
— 111.232,20 + 343-524-200 X — &, 
> 34.352,420 — 84.873,180 v + &c 
_ 21.2 18,295 — 39.31/½415 5 _ &c 
— 26.211,610 + + 32.389,000- a xc 
— 16,190,000 "+ 10.000,000 155 


+ 


E 5 


„„ 


198.178.478 — 822.3 56,532 4 v + & JF 
gg 192.860,517 + 491.960,893 X v &c 


= 5.317.961 — 330.395,30 & v Ke. 


But the compound quantity x + 4x7 — — 104x* 
+ 5 — 5 — 10 . — 102 12 * : 


Therefore 5. 5317061 — 330. 0.855560 * 1 7 alſo 
be = 5. | 


And conſequently 5. 317,961 will be = 5 + 330. 
030 * v, and o. 31,961 will be = 330.395,39 


* v. Therefore V will be = ä 
330.395,39 


1 and I. 610 — v will be (= 1.619, 00, n 
o. 00,902, 3) = 1.618, 037, 7; that is, x, or the leaſt 


root of the propoſed equation * + 4x7 — x* — 1045 


+ 5x* — 573 — 10 — Iox = 5 will be nearly equal 
to 1 618507. | Q. E. 1. 


This 


THAT HAVE MORE THAN ONE ROOT. 409 
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This value, r 618303747. .0f the leaſt root of the 
equation * + 437 — * — 10425 + gx* — 53 — lo 
— 10x = 5 is, probably, exact in the irſt ſeven places 
of beures 1.018,37. | 


An. 51. In order to diſcover whether the equation 
* + 44 — 4 — 10x5 + 5 — 5 — lor — 5 
10 = 5 has any other root greater than 1.0 18,037, we 
may proceed as follows: _ | 1 


Let the root already found, to wit, 1.618, 0 37,7, or | 
(neglecting the three laſt figures 377,) 1.618, be called a, 
as be fore; and the greater root of the equation (if there 
be any ſuch root,) be called b. | 


"Then we ſhall have bs + 44? — Js — 4 + 56 
— 53 — 10 — 1056 F;, and conſequently = a*® 
+ 447 — af — 1045 + 5a — 543 — 10a? — 10a. 
Therefore (adding 3 + 1045 + 5b + 10b* + 106 to 
both ſides of the equation,) we ſhall have 7“ + 407 + 
$6* = a* + 4a? — a* — 1045 + 1 — 
— tea + 36 + 1085 + 563 + 105 + 16h = 4 + 4a? 
+ b5 — as + 1085 — 1045 + 54 + 5b — 5a3 + 
106? — Ioa* + 1056 — 1ca, and (ſubtracting 4 + 44 
+ 5a* from both ſides,) 2˙ — af + 477 — 4a? + 56+ 
— 5a = be a + 105 ˙ — 1045 + 5b — ga* + 
106* — 10a* + 105 — 10a, or b* — 4 + 4 X 


+ 5 * 33 — 4 +10 Xx * — 4. + 10 * X 6 — ay 


and (dividing both fides of the equation by “ — a,) we 
hall 


THAT HAVE MORE THAN ONE ROOT; 


Is | | bY — as | 37 = 47 | 24-4 
WAS i oo te ab 1 
ENT +10 X IT as * OP 
32 — 43 — 4 | | | 
rn 6) + ba + b + % 


+ Wat + Bo + bot +7. + 4 x | 
5 Þa + b*a* +. 3 FI N z + +5x 
bY + b”a + ba* + af = 355 + a + b3d* + 38 + bas 


7 „% + 10 X © +FÞa + Þa + +@ + 5 X 
5 + ba + a* + 10 X 5+ .# 4 Io, or 57 þ 406 + a*bs 
+ a*b* + a3 + 459 + ab + 47 + 4b* + 4ab5 + 4a*b* 
| + 4333 + 40% + 445 + 4a* + 563 + Fab + ga*b 

+ Fa = bs + 'ab* + a*b3 + 430² + a*b + a5 + 1034 
+ labs + 10a*b* + 1030 + 10a* + 105 + 815 + 5a 
+ 105 + 108 + 10, * 


1 | _ b 


ny N 
5 eee 


* \ 
- x - . : ad 2 

, a 1 * - N 1 . 5 — 
6 _ EIN 2 oy — K — — . —— * > by 7 b; - + 5 982 * 

7 ²˙ A NO Nos _— Wy gr 2 - e 3 2 ry _ 

n N FM p . , EIN Sr N „ Vos: 4 . 2 5 vb 5 ; 5 8 — % & \ 
x x 4 Ag * OR SO 2 2 4 4 4 - - \ : = 
v > 7 7 GD. DOS n OS p A * n — — 
= * * 0 — * 3 4 4 
o l \ - = =_—_ : 41 
1 n ä — * 2 


ANI 2 
Te 


+ 465 + gals + da⁰ + 40% + dab. + 4a% +446 


f- + ab* + abs * 4³⁰⁰ 4 a4*þ3 3 4532 + 465 $08 | 
+ 56% + $@6 111 175 


re Fay As... e 
— 


K ‚ ed indie © 


0 35 ＋ 44 + 425 ＋ 2 + a% + 485 
1 + ow? + 10ab3 + 10a*Z* + 104% + 1044 


3 
3 


' + 55˙ + gab + $ga® 
+1208 + 10a 
+ 10, 


* 


een 
* —— 


and (uberacung a* + 10a* + ga? 4 10a 125 10 from 
both ſides,) 


"= 
K. 
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3 
2 
k- 
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04a + a*6s + abs. + 4⁴⁰³ + 4552 + 2% + a7 
+468 + wy I 40.5. + 4a%3 + 4a4}3 * 4a5b + 4a 
a * 3 + Fab + gab + 5a? 
— as 
5 10a 
* 
— 10a 
210 
3 + abs + 42 ＋. 93h? ＋ 75 
N 105 + 10463 1 104%3 +. 194% ... | 
1 + gab _ 
Fx TD + Ys. 


* 


K (cubtracting 68 both ſides of this equation all the 
terms on the left-hand fide of it that involve the powers 
of b, and placing all the terms that involve the powers 
* b on the left-hand ſide of the new equation,) 


| * + 53 + 100i + 1 1000 + 8&5 = 465 — 87 
+ gab +109%* + 4² + al4 hs nds _ a 
+ 104% + 435 — 5% — 44¼ — 4% 

+ a% = gab? 44553 — 234. 

— 54 — 44˙ — 4455 

9 44a5b — 3552 

— ob : 

= a? + 44a* — 4 — 10a* + 505 — 54 — 10a — Io, | 
or (if we range the terms in the ſeyeral vertical columns 
on the left-hand fide of this equation according to the 
oy of a,) 


104 
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10b +. 5 (= 58, 4 v. 4: | ng 
* 5ab * 5ab? + 10463 ＋ 45.4455 — abẽ * 
— Sas A 10/2 + ab Aub a aol 
+ 1095 + @* | —44333 i g3Þe | 
+ 8% — doe ns FF: 0.1 
7 — 455 — 48 : 85 = "HOY 28.888 


8 . 45 


= 47 + 446 — 45 — I0a* + 343 — 5a — 10a — 10. 


* But the octinomial quantity a? + . — 45 — 
10 a* +; 543 — 5a — 1034 — 10 1s 


af + 40% 46 — 10a + 54 = 2 — roa — 10a 
2 , \ 4 ** 4 * 


Il 


. 
. 3.090. 


— 


Therefore tho > complicate wp T4034 | x 


Os * r b5. „ 
* gab. = gab +10463 + aff — role en 


- 


— fab + 100*b> + 453 — 40% ws 2 {2,08 


+ 10a3b P e342 —443Þ3 — be 
+ 4 — 42 — 4% 
_ 40 — 455 „ CO „ 


Lo 0p | | | J 


will be _ 30000. | 


Art. 52. * let 1.618 be ſubſtituted 3 in tho terms of | 


| this equation inſtead of a. 
| And 


Ea 
AL 
- 


” % re 
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0 1 have 2a (= I.6I S I-) = 2.6 15,924, and 
42 = 4 ar tid a* 6.853, 526, and as = 


I. 1 and 4 17. 942,010, and 4 = 29.030, 


272, and a* = 46.979,818, and conſequently 5a (= 5 
X 1.618) = 8.090, and 5a* (= 5 X 26174924 ) = 


13.089, 620, and 10a { (= 10 X 4.23 55801) = 42.358, 


oro, and 4a5 (= 4 X 12 089,005) = 44.3 56,020, and 


10 + gab — 5a'b + 104 + a*b — 445 — a* (= 10b + 


8. ogo Xx 5 — 13.089, 620 x 5 + 42. 358, 10 X 5 + 6.853, 


526 x 5 — 44.356, 20 X 6 — 17.942,010 Xb) = 67.301, 


536 X 5 — 75.387, 650 Xx ; and 10 ( = 10 X 


2.617,924) = 26.17, 240, and 4a* (= 4 X 6.853, 526) 


27.414, 104, and 56 — 54. + 10a*%* + a3b* = 4459 
— a*b* (= 535 — 8.090 & Þ* + 26.17, 240 & b* + 
4.235801 X 5 — 27.414,104 X 5. — 11.089,005 X 
b*) = 30.415,041 X 5 — 46.593,109 X 6; and 10 


(= 10 * 1.618) — 16.18, and 4a? (= 4 X 4-235,801) 
= 16.943,204, and — 56% + Toab3 + a*%b* — 4 


2 2˙⁵ (= — 5b + 16.18 & 55 + 2.617,924 X 53 — 
16.943, 204 X b. — 6.853,526 X 6 = — 28.796,730 


x23 + 18.797,924 X 03; and 4a* (= 4 X 2.617, 924) 
= 10.471,696, and 106* + 46“ — 475“ — 40 (= 


206+ + 1.618 K 5. — 10. 471,696 X 54 — 4-235,80x 


X 6.4% = 11.618,000 X 54 — eee 3X b* ; and 


4a (= 4 X 1.618) = 6.472, and 5s — gab5'— a'b5 (= 
| 85 — 6.472,000 Xx ' — 2.617,924 * b) * 


9.089, 924 & b*; and — 40 — ab* (= — 4-000,000 


X b5 — 1.618,000 X be) = — 5.618,000 Xx b5. There- 
fore the left-hand fide of the foregoing equation will be 


equal. to the following compound quantity, to wit, 


67. 3015 


. , — " Bhat 


— 
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67.301, 530 X 6 — 75.38), 650 X 6 -+ 30.415,041 3 
22 — 46. 593, 10 X 6* — 28.795,30 X 5˙ + 18.797, 
924 Xx 6* + 11.618, c X 6* — 14.70), 497 X b* + 
1.000,000 X C — 9. 89,924 X 3 — 5.618, oo Xx 65 
— 57. Therefore this laſt compound quantity muſt be 
equal to 3.090 z or, in other words, the five quantities 
67.301,536 X 5 + 30.415,041 X h + 18,797,924 K 
b* + 11.618, 0 Xx ＋ 1.000,000 X s muſt be 
greater than the ſeven quantities. 75.387,050 Xx b + 
46.503, 1og Xx b* + 28.796,730 X 13 + 14.707,497 & 
54 + 9.089,924 X 55 + 5.618,000 Xx b* ＋ , and the 
_ exceſs muſt be equal to 3.090. But the ſaid five quan- 
tities are, reſpectively, leſs than the five firſt quantities of 
the ſaid ſeven quantities, and therefore, 2 fortior:, muſt 
be leſs than all the ſaid ſeven quantities, and therefore 
the ſaid ſeven quantities cannot be ſubtracted from the 
faid five quantities, as they are ſuppoſed to be in the faid 
laſt equation. And conſequently the ſaid laſt equation 
is impoſſible. . Therefore the ſuppoſition from which the 
ſaid equation is derived, to wit, the ſuppoſition that the 
equation * + 4x7 — 4 — 10x5 + 5a — 5x? — 10x* 
— lor = 5 has a ſecond real and affirmative root 6, 
greater than a, or 1.618, mult be a falſe ſuppoſition. 
And conſequently we may, at laſt, conclude that 1.618, 
or 1.618,037, is the only root of the propoſed equation 
4 þ 47 — * — 1045 ＋ 5x* — 5x3 — 10 — 10 
. =. $o 3 Q. E. 1. 3 


Ar. 53. This root, 1.618, is. pretty near the truth. 
For, if we ſuppoſe x' to be = 1.618, we ſhall have 
ep e I * 


rr 


— 4 — CC PP 
* 
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4 ＋ 47 — * — 1045 + sr — 523 — 10x* — lor. 
(= 46.970, 818 + 4 X 29.030, 172 — 17.942,10 — 
10 X 11 .089,005 + 5 x 6.853,526 — 5 X 4-235,801 
— 10 X'2.617,924 — 10 „ 1.618) = 46.970,818 


+ 116. 120,688 — 17.942,010 — 110. 890,050 * 
34.267,630 — 21.179,005 — 26.179,240 — 16.180,000 


2197.350136 — 192.370,305 = 4.988,831 z which 
is leſs than 5, or the abſolute term of the propoſed 


equation x* + 4#7 — — 1045 + 5a* — 543 — 
ror? — 10x = 5, by only the ſmall difference ©.0I1T, 


169, which is leſs than the 447th part of the abſolute 


term 5. Therefore 1.618 muſt be ſomewhat leſs than, 


but very nearly equal to, the true value of * in the ſaid 


1 2 E. v. 


ASC HOL IU M. 


Art. 84. Wi bare now gone through the 9 
of three equations conſiſting of terms marked with the 
ſigns — and + alternately, (and which therefore are 


capable of having more than one real and affirmative 


root, if the co-efficients of the powers of x and the 


abſolute terms of the equations are of certain relative 
magnitudes, with reſpect to each other, that are proper 
e N 0” | | * 


THAT HAVE MORE THAN ONE ROT. 47% 


fe that purpole,) to wit, the cubick equation 433001 
39x* + 479x =- 1881, and the equation x5 — 72. + 


20x3 — 155xx = 10, oco, and the equation +* + 47 


| ke „ — 1045 + 5’ = gx3 — flex — Tor = 5,5 
by mcans of the proceſſes deſcribed above in Art. 9, 10z 
11, 12, and 13, together with Mr. Raphſon's method 
of approximation, after à tolerably near value of the 
leaſt root of each of thoſe equations, ſo:mewhat leſs than 
the true value of it, had been firſt obtained by thoſe pro- 
ceſſes. And theſe proceſſes have been ſet forth ſo fully 
and diſtinctly that nothing more. is neceſſary, as I cons 
ceive, to be added, in order to explain and illuſtrate 
them. And I have likewiſe ſhewn, at the end of each 
of theſe examples, a method of reducing, when ſuch re- 
duction is poſſible, and of attempting, in other caſes, to 


reduce, the equation (after it's leaſt root, or it's only root, a; 


has been obtained, to a ſuſficient degree of exactneſs, by 
means of the ſaid proceſſes and of Mr. Raphſon's method 


ol approximation, ) to an equation one degree lower than 


the firſt equation, by putting 5 for one of it's other roots; 
which are greater than a, (if it has any ſuch other roots,) 


and dividing the terms of the equation reſulting from that 


ſuppoſition by the reſidual quantity b—a.' And by this re- 
duction, or attempt at a reduction, of the ſaidequation to an 
equation one degree lower, we can uſually diſcover whether 
the original equation has, or has not, any other root than a. 
For, if the equation obtained by this diviſion is a poſſible 
equation (as was the caſe in the firſt of the three fore- 


going examples, where the equation ſo obtained was the 
quadratick equation 30% — K = 20g, which is 2 


poſſible equation, and has two roots, ) the original equa- 
un, from which it was derived, will have more roots 


Ee 8 than 
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: than a, to wit, the root, or roots, of the ſaid ſecond 
equation, which was derived from it by means of the 
ſaid diviſion : but, if the ſaid ſecond equation appears 


to be impoſſible (as was the caſe in the ſecond and third 
of the three foregoing examples,) the original equation, 


from which it was derived by means of the ſaid diviſion, 
can have no other root than the root a, which has been 
already found. And in the former caſe, or when the 


ſaid ſecond equation is found to be a poſſible one, it's 
leaſt root may be found by a repetition of the proceſſes 


above-deſcribed, together with Mr. Raphſon's method 


of approximation, in the ſame manner as the leaſt root 
of the original equation had been obtained before. And 
then the next greater root of the ſaid ſecond equation, 
and the next greater than that, and ſo on, may be found 


in the ſame manner, till all it's roots are known; which 


are likewiſe roots of the original equation from which 


the ſaid ſecond equation was derived. And thus at laſt - 


all the roots of the ſaid original equation will be ob- 
| tained: which is all that can be deſired on the ſubject. 


- Art. 55. But I am apprehenſive that it may be thought 
that the number of proceſſes to be uſed in this method 
is too great, ſo as to make the inveſtigation of the value 
of a, or the leaſt root of the propoſed equation, 2 
tedious and troubleſome buſineſs. That it is fo, in 


ſome degree, I readily confeſs : but I apprehend that 


this difficulty and tediouſneſs are inherent in the ſubject 


itſelf, and inſeparable from it, and that the leaſt root, 


or any other root, of an equation of the eighth degree, 


A (as is the caſe with the 


* equation 
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Equation * + 437) — as —< 10x53 + Sr“ — x3 — 


tox — 10x = 5, ) cannot be found, by any method - 


hitherto diſcovered, with leſs trouble than was taken in 
the foregoing inveſtigation of the root of the ſaid equa- 
tion 2 + 4x? — x5 — 1045 + g = 523 a 1047 
— lor = 5. And it muſt be obſerved that the pro- 
ceſſes by which the near value 1.6 (which was made the 
baſis of the further approximation to the root of the 
ſaid equation by Mr. Raphſon's method of approxima- 
tion,) was obtained, though they were pretty many in 


number, were very ſimple and eaſy arithmetical opera- 


tions. For they were only ſubſtitutions of the ſeveral 
ſhort numbers 1, 0.7, 0.9, 1.2, 1. 3, 1.4, and 1.6, 


_ (conſiſting of only one and two figures,) inſtead of y, 
and a, and e, and x, in the compound quantities y* +. 


4 + 5% and 5 + a + 10a + ga + 10a + 10, 


and 5 + e + 1065 + 56? + 1c + ice, and of + 


437 — * — 1045 + 5x* — Fr — 10 — for. The 
remaining part of the inveſtigation of the value of a, 
or of the leaſt root of the equation & + 447 — 4 — 


10* + S* — 5x3 — 10 = 10 = 5, after we 
have obtained 1.6 for a near value of it ſomewhat leſs 
than the truth, is performed by Mr. Raphſon's method 
of approximation, which is ſubſtantially the ſame with 


Sir Iſaac Newton's, and is allowed on all hands to be 


the ſhorteſt and beſt method that can be taken for the 
purpoſe. I therefore conceive that the only anſwer that 


can be given to this complaint of the tediouſneſs of the 

| foregoing method of obraining the leaſt root of an 
equation of a high degree, is that which is ſaid to have 
been given by Euclid, the author of the Elements of 
"MES 2 — 


- 
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: Geometry, to Ptolemy Philadolybus, King of Egypt, when 
he made a like complaint concerning the difficulty of that 
method of arriving at the knowledge of Geometry, to wit, 
« That there is no royal highway to the knowledge of G. 
« metry, and much leſs to that of the method of reſolving an 
& eguation of the eighth degree, or of any higher order.” | 
End of the Scholium legun in Art. 54. 
—— 

Art. 56. In the foregoing three equations which ws 
have reſolved in the method defcribed above in art. 10, 
11, 12, 13, and t4, in order to iltuftrate the ſaid method, 
to wit, the cubick equation x* — 39x* + 47% = 1887, 
and the equation X5 — 7x* + 20 — 15 5 = 10,000, 
and the equation &“ + qr? — 4 — 1945 + 5 — gx? 
a= 10v* = 10z = 5, the higheſt power of x is marked 
with the fign +, or the ſum of the higheſt power of x 
and the terms that are added to it is greater than the 
ſum of the other terms of the equation involving the 
other powers of æ, and the latter ſum is ſubtracted from 
the former ſum, and the terms that compoſe it are. 
conſequently marked with the ſigh —. But the method 
deſcribed in art. 10, 11, 12, 13, and 14, is equally 
uſeful in inveſtigating the firſt near value of the leaſt 
root of an equation that has ſeveral roots, when the 
higheſt power of 1s marked with the fi ign —; of which 
it may be proper, before I conclude this Aifcourſe, to 
grve an example. I ſhall therefore now proceed to apply 
this method to the refolution of an equation of this kind; 
atid the equation I ſhall chufe for this purpoſe ſhall be 
the 8 equation 14,937 — Four + Cox? 


RT” 8 — 


"THAT RAVE MORE THAN ONE ROOT, = 42 


— * ooo, which we have already reſolved in the 


former part of this volume, and which reſulted from 
Dr. Wallis's Solution of Colonel Titus's Arithmetical 
Problem above-mentioned. This equation has been al- 


ready examined at great length in the former part of this - 
volume in the Appendix to Dr. Halley's Tract; and it 


has been ſhewn to have four different rea! and affirmative 
roots, to wit, the numbers 0.350,987, & e, 12.756,44 T5 
794,480, 744, 22, &c, 32.060, 290, , & c, and 34.832, 


280, &c, of which the ſecond, or leaſt but one, to wit; 


12.756, 441, 794, 480,744,022, &c, was inweſtigated in 
pages 65, 66, 67, &c = 96, and the other three 
were inveſtigated afterwards in pages 144, 145, 146; 


&c - - - 175- And in page 161 it is aſſerted that the 
firſt, or leaſt, of theſe roots, to wit, 0.350,987, Kc, 
would, if computed to a greater degree-of-exagtneſs, be 


found to be equal to o. 350, 987, o 5,866, f 4. This leaſt 
root I now propoſe to inveſtigate by the methad aboye- 
deſcribed, fo as to find a firſt near value of it that ſhall 
be ſufficiently near to it's true value to be made uſe of as 


a convenient n or baſis, of a _— | 


* — o * 


1 Mr. Raphſon'; j and 1 ſhall afterwards, by x means p 
Mr. Raphſon's method, continue. the. inveſtigation of it 


to twelve or thirteen places of decimal figures, but ſhall 


ſay nothing more of the other three roots of this equation, 
which have been ſufficiently oqubgered in the former 
part of this volume. d r 051008 TOR an? $ 

Art. 57. This leaſt root of the equation 14,937 '—» 
1998 * + 80 — * = 5000 is the more worthy of 
E | our 
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our attention and of a more accurate inveſtigation than 
has been already beſtowed on it, becauſe it is of uſe in 
the ſolution of Colonel Titus's Problem aboyc-mention- 
ed, as well as the ſecond root 12. 75d, 441,794,480, 744, 
 ©22, &c which Dr. Halley has inveſtigated : for it 
enables us (as we have ſeen above in pages 234, 235, 
and 236,) to find the ſecond ſet of numbers, or of values 
of a, , and c, in Colonel Titus's Problem, that will 
anſwer the conditions of that problem, to wit, the num- 
bers 0.418,919,470, &c, 3-912,226,866, &c, and 
4.044.884, 670, &c. This leaſt root of the ſaid equation 
14.937 — 1998x* + Bcr? — x* = 5000 I ſhall there- 


fore now proceed to inveſtigate in the method deſcribed x: 


appro is art. 10, 11, 12, 13) and 14. 


| An Inveſligation of the Leaſt Reet of the Biquadratick 
Equation 14, 937 — 1998 + SK — 4 a oo 
by Means of the Precgſes deſeriied in Art. 10, 11, 12, 
13, and 14, and Mr. Raphſor's Method of Approxi- 
mation. 1 


—} * n 


An. 58. In the firſt place we will ſeek the root of the 
curtailed equation 14, 937% + 80x? = 5000, or 14,937 
| + 80y* = Scoo, which has but one root. And this 
one root we will ſeek by conjectures and trials made in 
the manner directed by Stevinus and Kerſey. This may 
he done as follows i 


Let : 


THAT HAYE MORE THAN ONE ROOT. 433 


Let s fl foppſe 3 t6 be = 3 I, and ry the cn of 
ys 


Mw, i 1% = TI, we ſhall have y* alſo = 1, and 
and 805 (= 80 X 1) = 80. Therefore 14,937y + 
goy will in this caſe be (= 14,937 + 80) = 15,017; 
which is much greater than $5000, or the abſolute term 
of the equation 14, 937 + 805 = 5000. Therefore 1 
muſt be much greater than the true value of y in this 
equation, or the ſaid true value of b muſt be much leſs - 
than 1. : 


Secondly, Gnce y is leſs than 1, yy will be leſs than 3, 
and 5˙ will be leſs than yy, and, 2 fortiori, leſs than y. 
Therefore 80y* will be much leſs than 14, 937 and - 
| conſequently 14,937 y alone will be nearly equal to 

14,937y + 80%, and therefore to (it's equal,) . 5000. 
Therefore y will be nearly equal to 1275 , or to 0.33, 
Therefore, (by the Lemma demonſtrated in art. 10,) 
0.33. (which is nearly equal to the ſingle root of the 
equation 14,93% + 80y* = gooo,) muſt be leſs than 


5 the leaſt root of the original equation 14, 937 — 1998 


+ 80 — x* = 5000, and may therefore, if it is near 
enough to the true value of the ſaid leaſt root, be con- 
yeniently made uſe of as the ground, or baſis, of a 
further approximation to the true value of the faid leaſt 
root by putting x = 0.33 + , and ſubſtituting 0.33 +2 
inſtead of x in the terms of the equation 14,937 — 


= 1998 + 80x? — „ = $000, and reſolving the tranſ- 


famed equation reſulting from ſuch ſubſtitution as if it 
Ee = mn 
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were a mere Geapla equation, according to the directions 
of Mr. TERS. | 


Art. 59 We muſt therefore in the next place endea- 


vour to diſcover whether o. 33 is near enough to the true 


value of a, or the leaſt root of the propoſed equation 
14,937 — 1998x* + $0? — 4* = ʒocq to be fit to 


be made uſe of in this manner. And for this purpofe 


we muſt ſubſtitute it inſtead, of & in the quadrinomial 


quantity, 14:937x — 1998x* ＋ Sox — , and com- 


pare the value of the ſaid quadrinomial quantity reſulting 
from ſuch ſubſtitution with the abſolute term 5000, to 
which the ſaid quadrinomial quantity is equal in the pro- 


_ poſed equation 14,937 — 1998 * + Sc“ — * = 5000. 


Now, if x, is =: 0:33, we ſhall have x* (= 6:33") 
=" 0.1089, and x* (= 0.3 zu) = 0.035037, and ao oo 


3H) « = 0.011 8 59, 21, and conſequently | 47937 * (= 


14937 X 0-33) = 4929-21, and 1998 (= 1998 * 


o. 1089“ = 217.5822, and 80 (= 80 * 0.035, 937) 
r 2.874, 960. Therefore the whole compound quantity 


14,0% — 1998x* + 80x? — * will be (= 4929.2 
＋ 217-5822 + 2.874,960 — 0.011,859,21 = 4932. 
084,956 — 217.594,059,2T) = 4714. 490, 900,0; 


- which is conſiderably Jeſs than F500, or the abſolute 
term of the propoſed equation 13,937 — 1998x* + 


82:43 — * = 50080. Therefore 0.33 will be conſider- 


. ably leſs than the true value of x, or the leaſt root of 


that equation: and therefore it will be expedient to form 
another conjecture concerning the ſaid true value of x, 


that will be rather nearer to it. And, on account of 


e 3 of the difference of the foregoing reſult 
| RE | 4714. 
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4714.490,900,79 from the - abſolute term 5000, it 
ſeems reaſonable to conjecture that the ſaid true va- 
lue will be very nearly equal to 0.35. We will there- 
fore ſuppoſe » to be equal to 0.35, and will ſub- 
| ſitute 0.35 inſtead of » in the terms of the quadri- 
nomial quantity 14,9379x — 1998 x* + 80% — K, in 
order to diſcover whether the reſult of ſuch ſubſtitution 
will be greater, or leſs, than the abſolute term 5oco, 
and conſequently whether 0.35 will be greater, or leſs, 
than the true value of x, or the leaft root of the propoſed 
equation 14,937 x — 19984? + 80x? — x+* = 5000, 


and likewiſe whether the ſaid reſult will approach near 5 


enough to the ſaid abſolute term to make-it expedient to 
make uſe of 0.35 as the ground, or baſis, of a further 


Approximation to the true value of the ſaid leaſt root in 


the manner recommended by Mr. Raphſon. 


Art. 60. Now, if x is = ©. 35, we ſhall have * (= 
35 ) = 0. 1225, and x? Ce 0-35]*) = 0.042,875, 
and x* (= . 35\*) = 0.01 5,006, 25, and conſequently 
14,37% (= 143937 X 0.35) = 5227.95, and 1998x* 
(= 1998 X 0.1225) = 244-7550, and 80 (= 80 X 
0.042875) = 3-4 39,000, and conſequently 14,937 — 
1998 * + 80x? — * (= 5227.05 = 244.7550 + 
3 439,999 — O.015,00h,25 5231. 380, 00 — 244. 

770, ob, 25) = 4986. 609, 993,75 ; which is ſomewhat 


. leis than $009, or the abſolute term of the equation 


14,037 — 1998 + 8043 — & = $000; but the 
difference between them is but ſmall. Therefore 0.35 
will be ſomewhat leſs than the true value of xr, or the 
ſaid equation ; but the difference between them will be | 


but mall. „ 
| 6 Art. 61. 


* 
. r rr — EC ITY 
* 


9.1225 +0.70 X 2 + &c = 1998 X 0.1225 + 19988 
X o. 70 X 2 + * = 244-7550 + 1,398.60 X 23 
nt 8 and 
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Art. 61. We will therefore now take 0.35 for the baßs 
of a further approximation towards the true value of x, 


or the leaſt root of the propoled equation, in the manner 
recommended by Mr. Raphſon, and ſuppoſe x to be = 


0-35 + 2, and ſubſtitute the ſaid binomial quantity in- 
ſtead of - in the terms of the ſaid equation. This may 


be done in the following manner: 


Since x is = 035 + x, we ſhall have +* (= 


835 + z\* = 0.35] ＋ 2X o. 35 X 2 + &c = 0.39 


+ 0.70 X 2 + &c) = 0.1225 + 0.70 * 2 + &c, 


and 4 (= 0:35 + =} = T35] + 3 X 0:35 X 2 
+ &c = 0.35 + 3 „ 0.1225 X 2 
+ &c * 0.350% + 0.3675 Xx z + &c) 
= 0-042,875 + 0.3075 X 2 + &c, | 
and (= 0.35 + 2* = 0.3J* + 4 X 0:35} x 
z + & = 0.35 + 4 X 0. 042,875 
* 2 + &c = 0.39* + 0.171,500 X 
= + &c) = 0.015,006,25, * *71,80⁰ 
X z + &c. 


Therefore 14375 will be (= 14,937 * 0:35 += 
= 14,937 X 0.35 + 14,937 X 2) = $227.95 + 


14,9372; and 1998z* will be (= 1998 x 
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and Sox? will be (= 80 x . 04 2,875 + 0.3675 * e 
= 80. X 0.042,875 + 80 X 0.3675 Xx 2 + &) = 
3.430,00 + 29.4000 X 2 + &; and conſequently 
the whole quadrinomial quantity 14,937 — 1998 + 
or — x+ will be equal to the following compound - 
quantity, to wit, | 


5227.95 + 144937 X = 
— 2447559 = 1398.60 x = — & 
, 3.430, ſ + 29.4000 X 42 + &© | 
'S I _ 0.015,006,25 — O.17J1,,00Xz—&c 


x 5231.380,050,00 + 14,966.400,000 x z + & 
15 1 — 244.770, o06, 25 — 1, 398.7 71,500 X X — &C 


= 4986. 609,993.75 + 13,567. 628,500 X = Ec. 


Burthe 7 quantity 149375 — 1998s" + 
80x? — * is = $000. 


Therefore the quantity 4 be + 13,567. 
628, 500 Xx z &c will alſo be = 5000. And conſe» 


quently 13,567.628,500 X z will be (= oo. ooo, ooo, 

— 4986.609,993,75) = 13.390,006,25, and z will be 

(= 13.390,006,2 5 ) = | 
13,507.628,500 : 

0.35 + 2, will be (= 0.35 + 0.000,986,9) = 0.350, 

986,9, or, very nearly, 0.350,987 ; that is, o. 350, 987 

will be another near value of x, or the feaſt root of the 

ore equation 14,93) r — 1998x* + 80 — * 

= $OO0O, that will be much nearer than 0.35, or it's laſt | 

NEAT value, to it's true value. Q. E. I. 


o. ooo, 986, 9. Therefore K, or 


Art. 62. 
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Ant. 62. Now, in order to diſcover how near this laſt 
number, 0.350,987, will approach to the true value of x, 
or the leaſt root of the propoſed equation 14, 937 1998 

+ 80x* — a = 5000, and likewiſe to diſcover whether it 
will be greater, or leſs, than the ſaid true value, let 0.350, 
987 be ſubſtituted inſtead of + in the terms of the qua- 
drinomial quantity 14,937z — 1998 * + 80x3 — **. 
This may be done as ſollows: 


If K is = o. 350,987, we hal "il 12 on 01127, 
191,874,169, and à = 0.043,238,746, 338,954,803, 
and x* = 0.015,176,237,8601,290,729,440,561, and con- 
ſequently 14,937x (= 14,937 X 0-350,987) = $242. 
692,819, and 1998 (= 1998 X 0.123,101,874,169) 
246.137, 364, 589, 662, and 80 (= 80 X c. og3, 238, 
746, 338,954, 803) = 3.45 99,707. 116, 384,240. There- 
fore the whole quadripomial quantity 14,37 — 1998 
+ 80x? — * will be (= 5242.69,819, — 246.137, 
364,589,062 + 3.459,09, 05, 116,384, 240 — 0.215, 
176, 237, $61,270,7294440,561 = $5246.151,918,707, 
116,384,240 — 246.152,540,827,523,270,729,440,561) 


= 4999-9999377»879459H 113, 510, 559,430 which is 


leſs than 5000, or the abſolute term of the equation 
14,937 — 1998 +. 80x? — x* = Scoo. J here 
fore o. 350, 987 is leſs than the true value of x, or the 
leaſt root of that equation, FF = 27 


Art. 63. We will therefore now put x = ©.7 50,987 
4 2, and ſubſtitute this binomial quantity inſtead of » 
in the propoſed equation 14,937x = 1998r* + 8043 — 
* = 5000, and reſolve the transformed equation thence 
| ang 
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_ ing in the manner preſcribed by Mr. Raphſon, in 

| order to obtain a ſtill nearer value of x, or the leaſt root 
of the ſaid equation, than ©. 350,987. This may be 

done in the manner following: | | 


Since & is — 0. 350987 ＋ 2, we ſhall have v = (= = 


0. 359,987 + 2)* = ©. 350, 9871? +.2 * 0. 350,987 


X 2 + t 0. 350, 987) | + 0.701,974 X 2 + &c) 


= 0.123191,874,169 + 0.701,974 X 2 + &c, 


and & (= 0.350,987 + 213 = 0-350,957}3 + 3, X 


0.350,987)* X 2 + & = 0.350,987P 
+ 3J X 0.123,191,874,109 X 2 + & = 
5.350,87) + 0.369,57 5,622,507 X & + 


&) = 0.043,238,746,338,954,803 11 


o 369.878. bac, 30 * 2 ＋ Kc, 


e 355/07 + 4 * 


©. 359, 987'3 * 2 ＋ & = 0. 356,587 


4 4 X + 043-238,746,338,95 4.803 * 2 
+ &c = 3506, 987 + + o. 172,954,985, 


355:819,212 X 2 + xe) = 0.015, 176, 237» 


861,270,729, 440, 561 +6 172-954-985, 
DR X 2 + Ke. 


| Therefore 14,937x will be (= 14,937 X ©. 35 0,987 +2) 
= 14,937 X 0-350,987 + 14,937 & =) = 5242-0924 
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| and 1998x* will be (= 1998 x 


0.123,191,874,16y + o. . * = z + &c 
= 1998 X 0 123,191,874,169 + 1998 x 
0. 701,974 X 2 4 1446.1 37,364, 
589,662 + 1402. 544.052 Xx + & 
and 80 - will be (= 80 X ©. 043,238,746,338,954,803 
| > 80 Xx 0.269,575,622,507 X 2 + &c) 
= 3.459,99, 107, 116,384,240 + 29-566, 
049,800,500 x X + &c; 
and conſequently the whole quadrinomial quantity 
14,937 — 1998x* + 8043 — x* will be equal to 
the ** n, quantity, to wit, 


* 5242692919 | + 14937 X = SN 
| 137, 364, 589,662 2 1402. 544,52 X 2 — &c | 
17 3:459,099707,116,384,240 + 29.566, 49. Soo, so x | 
Tl 0.015, 176, 237,861, 270, 29, 440, 561 z + hs: 
= — 0. 175 955.3551810 Xx -& 


og 51,918,707, 1 16, 384, 240 
+ 14.966. 566, 049, 800, Sb, x z + &c 
2246.1 92, 540 825, 523. 25e, 59, 40.6. | 
— e * * — Ke 


= 4909 · 999537 7.879, 393.1138 10,559,439 — 13.563 


849, 042, 8 15, 204, 180, 788 * 2 K. 


But the quadrinomial quantity 3 — 1998 + 


Therefore 
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Therefore the quantity 4999 . 999, 377.879, 89371 1510, 
559,439 + 13, 563. 849, 042,8 15, 204, 180, 788 X 2 &c 
will alſo be = 5000; and conſequently the quantity 
13,563-849,042,815,204,180,788 X 2 &c will be = 

5000.000,002,000,000,000,000,000,000 | 
{ 1 4999. 999,37 7.879.593, 113, 10,559,439 ; 
c. doo, 62 2,120, 406, 886, 489,440, 561, | 
— _ | = o. oo, 62 2, 120, 406, 886, 489, 440, 567, EY 
and + will be = 13, 563.840, 04 2, 815, 204, 180,886 
o. ooo, ooo, o45, 866,06 &c. Therefore x, or o. 350, 98 


+ 2, will be = 0.350,98) + o. ooo, ooo, oa 5, 866, 06 &c 


2.350,98), 45,860, 6 Ke. Q. E. 1. 


Art. 64. This value of & differs from the number 


0. 350, 987, 45, 866, 14 (to which I had aſſerted in 


page 161 that the leaſt root of the equation 14, 937 — 


1998 * + 80x? = & Soco would be found to be 


equal, ) in the 13th place of decimal fractions; ſo that I 
muſt have made a ſlip in one of the two calculations by 
which I obtained theſe numbers in that place of figures. 
But, as this difference of the two numbers occurs only in 
the 13th figure, we may fafely conclude that the firſt 
twelve figures 0.350,987,045,866, of the number 0.350, 
987,045,866,06, that has juſt now been obtained by the 


foregoing inveſtigation, which are the ſame in both cal- 


culations, will be exact. 


End of the General Method of inveſtigating the Two or 
Three Firſt Figures of the Leaft Root of an 
Equation that has more than One 
| Real and Affirmative Roct, 
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A SPECIMEN of VieTA's Method of reſolomg 
 Algebraick E quations of any Order by Af 


fr ox1mation ; containing an Examſile of the | 


Reſolution of the Equation * — Fæ 
500x = 7,995,504, (which is the 3 


of the 15th Problem of fis Diſcourſe upon 


this Subject, according to his Method. 


Article I, FF the foregoing part of this Volume of 


Tracts I have endeavoured to explain and 
Hluftrate the three ſeveral methods of reſolving Affected 


Algebraick. equations by approximation that have been 


given us by Sir Iſaac Newton, Mr. Raphſon, and Dr. 


. Halley, and have compared them with each other, in 
order to enable my readers -to judge of their ſeveral 
merits, and determine to which of them they will give 


the preference. This compariſon has been made between 


Mr. Raphſon's and Dr. Halley's methods in the Appendix 
to Dr. Halley's Tract on this ſubject, which forms the 
Second Trad in this collection, and extends from page 25 


to page 183. In this Appendix I have reſolved each of 


the three . which Dr. Halley has brought as 
Ff2 examples 
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examples of his method of reſolution, to wit, the cubick 
equation wv? — fa“ + 54x = 350, and the biquadra- 
tick equations x* — 3 + 75x = 10,000 and 14,937 
— 1998x* + Sor — 2* = 5000, in two different man- 
ners, to wit, firſt, in the manner preſcribed by Dr. 
Halley, and, ſecondly, in the manner preſcribed by Mr. 
Raphſon, that the advantages and diſadvantages of each 


method may be the more apparent : and I have ſtated my 


reaſons for thinking that, in moſt caſes, Mr. Raphſon's 


method deſerves to be preferred to Dr. Halley's. And 1 


have compared Sir Iſaac Newton's method of reſolution 


with that of Mr. Raphſon in the Tract mtitled © O5- 


ſervations on Mr. Raphſon's Method of reſolving Afedted 
| Equations of all Degrees hy Approximation,” which extends 


from page 279 to page 323; in which Tract I have re- 
folved the only equation that has been brought by Sir 
Iſaac Newton as an example of his method, to wit, the 
cubick equation x* — 2 = 5, in two different marners, 
to wit, firſt, in the manner preſcribed by Sir Iſaac New- 
ton, and, ſecondly, in the manner preſcribed by Mr. 


| Raphſon ; and have compared the methods with each 


other in the ſeveral proceſſes of them, ſtep by ſtep, and 


mentioned my reaſons for concluding that Mr. Raphſon's 


method, though it differs but Ittle from Sir Iſaac New- 
ton's, yet deſerves, in ſome degree, to be preferred to it. 


And, as in all theſe three methods, of Sir Iſaac Newton, 


Kir. Rapliſon, and Dr. Halley, it is preſuppoſed that the 
calculator is already able to find the value of a, (or the 
firſt near value of x, or the root ſought, ) to a tolerable 
degree of exactneſs, (or to within one hundredth part, 
or, at Icait, to within one tenth part, of the true value 


of 
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of x,) either by conjeCture and trial, or otherwiſe, which 
firſt near value, a, is to be made the ground, or baſis, of 
a further approach to the true value of by their ſeveral 
methods of approximation ;-—and, as neither of thoſe 
eminent writers has given his readers any directions as 
to the manner of finding ſuch firſt near value I have 
endeavoured to ſupply this defect by re-printing the 

10th Chapter of Mr. John Kerſey's excellent Treatife on 
Algebra, in which that clear and eaſy writer has ſet- forth | 
and illuſtrated by examples the general method given us 
by Simon Stevinus, (the Flemiſh Mathematician of the 
former part of the laſt century,) for that purpoſe ; and 
to this method I have ſubjoined a little improvement of 
my own, which will be of uſe in ſome particular caſes, 
which might otherwiſe create ſome doubt and per- 
plexity: I meari thoſe cafes in which ſome of the terms 
which involve the powers of x jn the equation are 
marked with the ſign +, and others of them are n. arked 
with the ſign —, and in which it is conſequently often 
probable that the equation that is to be reſolved may 
have more than one real and' affirmative root ; in all 
which caſes the improvement here alluded-to will enable 
us to find a quantity that will always be leſs than the 
leaſt of the ſeveral different roots of the equation, if it 
has more than one ſuch root, or than the only root of it, 
if, notwithſtanding the appearances to the contrary, it 
ſhould have only one ſuch root; and from this quantity 
(which is always leſs than the true value of the ſaid leaſt, 
or only, root,) we may make gradual approaches, by 
Stevinus's method, or otherwiſc, to the ſaid true value, 
till we ale come near enough to it to make it expedient 


F£23 © Vu 
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- examples of his method of reſolution, to wit, the cubick 


equation * — 17 + 54x = 350, and the biquadra- 


tick equations K* — 3x” + 75x _ I 2,000 and 14.937 
' — 1998 + 80 r — 2+ = 5000, in two different man- 


ners, to wit, firit, in the manner preſcribed by Dr. 
Halley, and, ſecondly, in the manner preſcribed by Mr. 
Raphſon, that the advantages and diſadvantages of each 


method may be the more apparent: and I have ſtated my 


reaſons for thinking that, in moſt caſes, Mr. Raphſon's 
method deſerves to be preferred to Dr. Halley's. And | 
have compared Sir Iſaac Newton's method of reſolution 
with that of Mr. Raphſon in the Tract intitled “ 05- 
fervations on Ar. Raphſon's Method of reſolving Aﬀefted 
Equations of all Degrees by Approximation,” which extends 
from page 279 to page 323; in which Tract I have re- 


. folved the only equation that has been brought by Sir 


Iſaac Newton as an example of his method, to wit, the 
cubick equation x* — 24 = 5, in two different manners, 
to wit, firſt, in the manner preſcribed by Sir Iſaac New- | 
ton, and, ſecondly, in the manner prefcribed by Mr. 
Raphſon; and have compared the methods with each 
other in the ſeveral proceſſes of them, ſtep by ſtep, and 
mentioned my reaſons for concluding that Nr. Raphſon's 
method, though it differs but 1.ttle from Sir Iſaac New- 
ton's, yet deſerves, in ſome degree, to be preferred to it. 
And, as in all theſe three methods, of Sir Iſaac Newton, 
fir. Rapliſon, and Dr. Haley, it is preſuppoſed that the 


calculator is already able to ſind the value of a, (or the 
firſt near value of x, or the root ſought,) to a tolerable 


egree of exactneſs, (or to within one hundredth part, 
or, at Icaſt, to witkim onc tenth part, of the true value 


of 
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of x,) either by conjecture and trial, or otherwiſe, which 
firſt near value, a, is to be made the ground, or baſis, of 
a further approach to the true value of by their ſeveral 


methods of approximation ;-—and, as neither of thoſe 
eminent writers has given his readers any directions as 


to the manner of finding ſuch firſt near value l have 
endeavoured to ſupply this defect by re- printing the 
1cth Chapter of Mr. John Kerſey's excellent Treatiſe on 
Algebra, in which that clear and eaſy writer has ſet-forth 
and illuſtrated by examples the general method given us 
by Simon Stevinus, (the Flemiſh Mathematician of the 
former part of the laſt century,) for that purpoſe ; and 
to this method I have ſubjoined a little improvement of 
my own, which will be of uſe in ſome particular caſes, 


' which might otherwiſe create ſome doubt and per- 


plexity: I mean' thoſe cafes in which ſome of the terms 


which involve the powers of & in the equation are 


marked with the ſign +, and others of them are n:arked 
with the ſign —, and in which it is conſequently often 
probable that the equation that is to be reſolved may 
have more than one real and affirmative root ; in all 
which caſes the improvement here alluded-to will enable 
us to find a quantity that will always be leſs than the 


Jealt of the ſeveral different roots of the equation, if it 


has more than one ſuch root, or than the only root of it, 
if, notwithſtanding the appearances to the contrary, it 
ſnould have only one ſuch root; and from this quantity 


(which is always leſs than the true value of the ſaid leaſt, 


or only, root,) we may make gradual approaches, by 


Stevinus's method, or otherwiſc, to the ſaid true value, 


till we ale come near enough'to it to make it expedient 
Ff3 -- „ 
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to proceed afterwards to greater degrees of exactneſs by 
Mr. Raphſon's method of approximation. And in this 
laſt Tract I have likewiſe ſhewn how, when the leaſt, or 
only, root of the propofed equation has been ſo diſcover- 
ed, we may, if the equation has no other root beſides 
that which has been ſo diſcovered, determine with cer- 
tainty that it has no other root, and, if it has one or 
more other roots, reduce the equation to another equa- 
tion one degree lower than the former, which will in- 
volve the ſaid other root or roots of the firſt equation; 
after which we may, by performing the like proceſſes 
with reſpect to the ſecond equation, at laſt obtain the 
values of all the ſeveral roots of the ſaid firſt equation, 
to as great a degree of exacineſs as we pleaſe. And this 
ſeems to be all that is neceſſary to be done towards 
making this method of reſolving equations by approxi- 
mation, according to the directions given us by Mr. 
Raphſon, quite compleat. I therefore now hope that, 
after the careful peruſal of all the foregoing Tracts con- 
+taincd in this volume, the reader will find himſelf per- 
fectly maſter of Mr. Raphſon's method of reſolving high 
affected equations by approximation, and will be able to 
apply it readily to the reſolution of any Algebriick 
equation that may be propoſed to him to contribute 
to which was the principal object J had in view in pre- 
paring theſe diſcourſes for the preſs. I might therefore 
here with propriety put an end to this volume. But, as 
there is another method of reſolving all equations by 
approximation, which was invented by the celebrated 
Victa, above a hundred years before the publication of 
lr. Rap! hſog' s and Dr. Halley's methods, and which was 


generally 
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generally adopted and practiſed by the ableſt Mathema- 
ticians of thoſe times, and particularly by Mr, Oughtred, 
Dr. Pell, and Dr. Wallis, though it has ſince been aban- 

doned on account of the greater facility of the methods 

of Sir Iſaac Newton, Mr. Raphſon, and Dr. Halley ;— 

I conceive that it will be agreeable to the readers of theſe 
Tracts to be made acquainted with the principles on 
which it is grounded, and the manner in which we are 
enabled by it to inveſtigate the value of the root of any 
equation whatſoever. And for this teaſon I ſhall now 
proceed to lay before the reader a ſpecimen of this me- 
thod, by reſolving in the manner preſcribed by it one of 
the affected equations which Vieta himſelf has exhibited 
as an example of it : but in doing this I ſhall not adopt 
that writer's language, or phraſeology, becauſe it is now 
grown ſo obſolete that the uſe of it would only tend to 


increaſe the difficulty of underſtanding the method It= 
. 


Art. 2. The equation I ſhall ſelect for this purpoſe is 
that which is the ſubject of the 15th troblem of Vieta's 
Diſcourſe, intitled, De Numeroſd Potęſtatum Adfectarum 
Refelutione,” in pages 208, 209, and 210 of Schooten's 
edition of his works publiſhed at Leyden in the year . 
1 1646, and which is expreſſed as follows in his notation; 
to wit, 1QC — 5C + 5coN = 7,905,504 ; that is, 
the product of the multiplication of the ſquare (Q) 
of a certain unknown number (N) into the cube (C) of 
the ſame number, being firſt diminiſhed by ſubtracting 
from it 5 times the cube (C) of the ſaid number, and 
being then increaſed by adding to the remainder of the 
| F f + | ſaid 


Nr ey ne A ee —_—_ 
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ſaid ſubtraction 500 times the ſaid number (&) itfelf ; 
and the reſult being ſuppoſed to be equal to the given, 
or known, number 7,905,504 3 it is required to find the 
faid number (N) itſelf.“ This problem, if expreſſed in 
our preſent more convenient Algebriick notation, will, 
if we put æ for the unknown number ſought, be as fol- 
lows; „ If a5 — 5a? + SHOE: be = 7,905,504, it is re- 
quired to find the number ».” We will therefore now 
endeavour to ſhew in what manner Vieta procceds to 
oy the ſaid number x, or the root of the equation 


— = 5x + SS = 729953504» 


Art. 3. The trinomial quantity 45 — sr + 5coy, 
(which forms the firſt, or left-hand, fide of the equation 
7 Ju 55 + 500x = 7,906,504) is called by Vieta an 
Mected fifth powver of x, in contra-diſtinction to the 
ſingle quantity x* which he calls the pure f/th power of x; 
and he calls the ſaid trinomial quantity by this name of 
an offefed fifth peer of x, becauſe the quantity x5, or 
the pure fifth power of æ, occurs in it, but is intermixed 
with, and afefeg, or altered in it's magnitude, by, the two 
terms 5x* and 50cx, which involve two lower powers 
of x, of which the former term 5 is ſubtracted from x*, 
and therefore tends to diminiſh it, and the latter term 
Sooæ is added to x*, and therefore tends to increaie it. 
And Vieta's manner of inveſtigating the value of x in 
the ſaid trinomial quantity, or affected fifth power of x, 
to wit, x5 — 5x* + so, when the ſaid fifth power is 
ſuppoſed to be equal to the known number 7,905,504, is 
Gmilar to, and derived from, his manner of inveſtigating 
the yalue of x in the pure fifth power of x, to wit, the 

- ſingle 
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lingle qoatcity 45. when the ſaid pure fifth power of x, 


or the ſingle quantity +, is equal to the fame known 


number 705,504; or, in other words, his manner of 
reſolving the affected equation &“ — 5x* + SO = 
7,995,5C4 is ſimilar to, and derived from, his manner of 
reſolving the pure equation #5 = 7,995,5c4, or of ex- 
tracting the fifth root of the known number 7,905,594- 
Therefore, in order to underitand Vieta's manner of in- 
veſtigating the value of * in the affected equation 
* — 5 + 500r — „, 005, 5 4, we muſt firſt conſider 
his manner of inveſtigating the value of x in the pure 
_ equation PLE = 7,905,504, or his manner of extracting 
the 5th root of the number 7,905, 504. Now his man- 
ner of extracting this 5th root is as follows: 


The Extraction of the Fifth Root of the Number 7,90 $1504 
according to Vieta's Method of Inv:ſtigation, 


Art. 4. We muſt firſt compare the given number 
7,995,504, (of which we are required to find the 5th 
root,) with the fifth power of the number 10, in order 
to determine whether the ſaid 5th root, which we are 
ſaving: will be * or leſs, than 10. 


Now the bm b of 10 is 100,000, which is much 
leſs than the given number 77905, 0. Therefore 10 


will. 
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will be leſs than the aft root of the faid given number, | 
or the ſaid fifth root will be greater than 10. 


We muſt next compare the given number 7,905,504 
Vith the fifth power of the number 100, in order to 

determine whether the ſaid fifth root of 7, 905, 504, which 
we are ſeeking, will be greater, or leſs, than 100. | 


Now the fifth power of 100 is 10,000,000,000, which 
is much greater than the given number 7,9c5,504. 
Therefore 100 will be greater than the fifth root of the 

faid giren number, or the ſaid fitth root will be lefs 
than 100. | 


We therefore now know that the ſaid fifth root, which 
we are ſeeking, is greater than 10, but leſs than 100. 


But the higheſt figure of every number that is greater 

than 10 but leſs than 100 muſt be a figure in the place 
of tens, and muſt be either 1, 2, 3, 4, 5, 6, 7, 8, or 9 
in the place of tens, and conſequently mult be equal to 
either 10, or 20, or 39, OT 405 or 50, or 60, or 705 or | 
80, or 90. 


Therefore the higheſt figure of the number which is 
the fifth root of 5,955,504, will be a figure in the place 
of tens, and will be either 1, 2, 3, 4, 5, 6, 7, 8, or 9 
in the place of tens, and conſequently will. be equal 
either to 10, or 20, or 30, or 40, or 50, or 60, or 70s 
or 80, or 90. 

| Further; 
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Further, the number 9,905,504 is greater than 
3,200,500, or than 32 X loo, ooo, or than 15 x 30), 
but leſs than 24,300,000, or than 243 X loo, ooo, or 
than zs x id. Therefore the fifth root of 7,905,504 
will be greater than the fifth root of 3,200,000, or than 
2 X 10, or than 20; but it will be leſs than the fifth 


root of 24,300,000, or than 3 X 10, or than 30. There- 
fore the higheſt figure of the number which is the fifth 
root of 75,995,5-4 will be a 2 in the place of tens, and 
will repreſent, or ſtand for, 20. And thus we have 
found the kirſt, or higheſt, figure of the fifth root of 

7,995,504, which we are ſeeking. „ 


Art. 5. Now let a be put for 20, and 2 for the un- 
known remaining part of the fifth root of 790 504. 


| Then will a * 4a be = 45 N and conſe 
| quenUy a + 25 will be = 7905, 504. 


Put SY is = 25 + 5a's + 100%" + 104 "X* 
+ gaz? + 25. : 


Therefore as 4 S + 10452? + 104727 + $4288 
+ 25 will be = 79951504 3 and dae a5 from 
both ſides,) 544 + 1c + 1oa*2* + 5424 + 25 wilt 


be = 7,905,594 — 4 (= 7,905,504 — 2015 = 


7,995,504 — 3,200,000) = 4,705,504, which Vieta 
calls the Reſolvend. Therefore 5a*z alone will be leſs 


than 4,705,504, and conſequently z will be leſs than 


£79594 has LOSS 4.705, 504 


or than — 
> x 28 x 5 * 160, 000 * 
. or 


54 


— 
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45705, 504 
809,000 
fore ſuppoſe z (which we know to be leſs than 5.8 
&c,) to be = 5, and will ſubſtitute 5 inſtead of 2 in 
the quinquinomial quantity 5a + ICs + ic 
4 5a a + 25, in order to diſcover whether the Vas 
| Jue of that quinquinomial quantity reſulting from ſuch 
ſubſtiturion will be equal to, greater than, or leſs than, 
4,705, 504, and conſequently whether 5 will be equal to, 

greater than, or leſs than, the true yaluc of 2, 


or than or than 5.8 &c. We will therc- 


Now, if -= is = 5, we ſhall hae = 25, and 23 = 
125, and 2* = 625, and z = 3125, and conſequently 
5a*z + 204*%* + 1042? +a +3 (=$2* X5+- 
10c3 x 25 + 100 Xx 125 + 54 X 625 + 3125 = 5 
X 160, 0 Xx 5 + 10 X 8000 X 25 + 10 X 40 X 
125 ＋ 5 X 20 X 625 + 3125 = 850,000 X 5 + 
82,000 Xx 25 + 4000 X 125 + 100 X 625 + 3125 
= 4,000,000 ＋ 2,000,000 + $09,000 + 62, 500 + 
3125) = 6,565,625. This number is greater than 
4,705, 504. Therefore 5 muſt be greater than z, or z 
(which we before knew to be leſs than 5.8 &c) will not 
only be leis than 5.8 &c, but alſo leſs than 5. 


Let us therefore in the next place ſuppoſe 2 to be 
= 4, and try the effect of that ſuppoſition... 


Now, if z is = 4, we ſhall have z* = 16, and 23 = 
6a, and 2 236, and 25 = 1024, and conſequently 
8er + 10095) + 100'2) o+ ge. + 2 = ga „ 6 þ 
1043 X 16 + 10 * 64 ＋ 5% X 256 + 1024 (= 5 
2. | Ro 
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* 160,000 X 4 + 10 X 8500 X 16 + 10 X 400 > 
64 + 5, Xx 20 X 256 + 1024 = 800,000 X 4 + 
80,000. X 16 + 400 X 64 + 100 X 256 + 1024 = 
3,200,000 + 1 280, 000 + 256,000 + 25600 + 1024) - 
= 4,762,624. This number is alſo greater than 4,705, 
524, though not in any great proportion. Therefore 4 
muſt be ſomewhat greater than z, or z muſt be leſs 
| than 4, as well as leſs than 5.8 &c and 5. We will 
therefore in the next place ſuppoſe z to be = 3, and try 
the effect of that ſuppoſition. 


Now, if z is = 3, we ſhall have 2* = , and B = 27, 
and 2. = 81, and 25 = 243, and conſequently 5atz + 
XOaIZ? + 10a%?3 + 5 + 25 = 5a“ X 3 + 1ca* N 
9 + 1042* X 27 + 5a X 81 + 243 (= 800,000 X 3 + 
80,000 X 9 + 40 X 27 + 100 X 81 + 243 = 
2, 400, co + 720,002 + 108,c00 + 8, 100 + 243) = 
2,246,343. This number is leſs than 4,705,504: There= 
fore 3 is leſs than x, and conſequently z (though leſs 
than 4,) is greater than 3- Therefore the firſt, or higheſt, 
figure of the value of z will be a 3 in the place of 
units. Therefore a + 2 will be greater than a + 3, or 
20 + 3, or 23, but leſs than a + 4, or 20 + 4, or 243 
and therefore 23 will be the two higheſt figures of the 
value of a + 2, or of, the fifth root of the propoſed 
number 7,95 55504. . I 


Art. 6. If more fgwten of the value of the fifth root 
of 7,905,504 are wanted, we muſt proceed as follows: 


When à is = 3, ora + 2is = 23, we have ſeen that 


the Puno quantity 5a*z + 104%? + 1-023 + 
$az* 
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sax! + 25 is = 3,236,343. ut 45 is (= 2015) = 
23,200,000. Therefore a5 + 5a*z + 109%z* + 10a? 
+ $az* + 25 will be = 3, 200,000 + 3>236,343 — 
6,436,343; that is, a + 215, or 23), will be = 
6,436, 343. 1 | 


Now let a denote 23, inſtead of 20; and let z be put 
for the difference between 23 and the true value of the 
th root of the propoſed er 7290 52504- 


Then will a + A. be = 7,905, 504. 


But . is = 2 + 5a 2 + 10a'z* + 10a%3 + 
gant o+ of. 


Therefore a5 + 5a*z + 1045 + 10a'z3 + 5 
725 will be = 7, 905, 50g. 


But as, or 23), Is = 6, 36,343. 


Therefore 6,436,343 + 54˙⸗ + 19032? + 1Ca*z3 
+ $az* + 25 will be = 7,905,504; and conſe- 
quently the quinquinomial quantity 5a*z + 10a*z* + 
Ia 2 + 5az* + 25 will be = 7,905,504 — 6, 430, 343 
= 1,469,161. Therefore 5a*z, or the firſt term of the 
ſaid quinquinomial quantity, will be leſs than 1,469,161, 


| : 1 
and conſequently z will be leſs than : 25 5 = or than 
1,469,161 1469,61 1,469,101 
ec or than 1 or than eee 
5 * 2318 Sn | 1,399,205 | 
or than 1.04, | | 


We 
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We will therefore ſuppoſe 2 to be = 1, and will ſub- 
flitute 1 inſtead of z in the quinquinomial quantity 
5a + 10 + 10a + 5% + 25, (which is equal 
to 1,469,161,) in order to diſcover whether the reſult 
will be equal co, greater than, or leſs than, 1,469,167, 
and conſequently whether 1 will be equal to, greater than, 
or leſs than, the true value of z in the ſaid equation 542 
+ 19432? + 1990's? + 5gaz*? + 25 = 1,469,161, or the 
true exceſs of the Sth root of 7,995,504 above the num- 
ber 23. 


Now, if > is = 1, we ſhall have 54 + Loa + 
I0a*?* + 5az* +25 ( Sa X I + 10483 X 1 + 104” 
* 1 + $6.X 1 + 1 e 10a* + 5a + 
1 5 X l + 10 XK 290 + 10 & 25] + 5 X 23 4+ 
1 * 50 279,841, + 10 X 12,167 + 10 X 529 + 5 
X 23 +-1 = 1,399,205 + 121,670 + 5290 + 11G 
+ 1) = 1,526,231. This number is greater than 
1,469,161 ; and conſequently 1 is greater than the true 
value of 2 in the ſaid equation 544 + 10a's* ＋＋ 1 
+. 54%¼en + 25 = 1,469,'61, or than the exceſs of the 
fifth root of 7,905,504 above the number 23. This alſo 
might have been concluded from what was ſhewn in 


art. 5, to wit, that this fifth root would Bs leſs than 24, 


though greater than 23. 


We will therefore now ſuppoſe z to be = 0.9, and 


will ſubſtitute 0.9 inſtead of z in the quinquinomial 
quantity 5a*z + 10a2? + 108%3 + 5% + 25 (which 
is cqual to 1,469,161,) in order to diſcover whether the 


reſult will be equal to, greater than, or leſs than, 1,469, 


1615 and conſequently whether 0.9 will be equal to, 


« as * 2 * 
c ä * 
. 2 — — 5 5 


O e 5 
e * 
0 


n ; 


£ * . 
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greater than, or leſs than, the true value of z in the 
faid equation 5a + 1042* + 1047 + gaz* + 25 = 


1, 469, 161, or the true exceſs of the hfth root of 700 5s 


504 above the number 23” 


Now, if 2 is = 0.9, we ſhall hs z* 0.81, and 


2 = 0.729, and 2* = 0.6561, and 25 = 0.590,49. 
Therefore 5a*z will be (= 54 X 0.9 = 5 N 


0.9 =5 X 279,941 X 0.9 = 1,399,205 X 0.9) = 

1,250, 284.5, and 10@'z* will be (= 10 Xx a3 X 0.81 = 
x6 & 23]3 X O.81 = 10 X 12,167-X c. 81 = 121,670 
81) 98, 5 5. 70, and oa will be (= 10 X 4 
* c. 729 = 10 X 23\* X 0.729 = 10 X 529 X 0.729 


= £290 X 0.729) = 38 56.410, and 5a z“ will be (=5X 
23 X 0.6561 = 115 X 0.6561) = 75.4515, and con- 


ſequently the whole quinquinomial quantity 5a + 
+ 1002? ＋ ic 23 + 542* + 35 will be (= 1,259, 
284-5 + 98,5 52.70 + 3836-410 + 75 4515 + 0. 590, 9 
= 1, 361,769.65 1,09; which is leſs than 1,469, 161. 


Therefore 0.9 will be leſs than the true value of 2 in the 


equation 54 + Ia + 1092? + Gaze +. 2 = 
1,469, 161, and confequently z will be greater than o., 
though leſs than 1. Therefore 0.9 will be the firſt, or 


| higheſt; figure of the true value of z, and conſequently | 


23.9 will be the three firit, or higheſt, figures of the value 
of a + K, or of the fifth root of the 8 ne 


7.905, 504. 2k. 1. 


Art. 7. If more figures ſtill of the true value of the. 
fifth root of 7,905,504 are wanted, we mult now put 
a = 23.9, and a + 2 = * 17299525043 and conſe- 


quently 
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quently a + 25 = 7,905,504; or a* + 5a*sz + 10a%* 
+ 10a*z* + gaz + 25 = 7905, 504; whence it will 
follow that the quinquinomial quantity 5a%z + 10a%* + 
10a%23 + 5rd + 25 will be = 729954504 — a5 * 
7.905, 04 — 23-915 (= 7,905,504 + — 23 + 0.9] = 
9,905,504 — 2 — 5 X I X 0.9 — 10 X 23 
* 0.81 — 10 X 23]* X 0.729 — 5 X 23 X 0.9 
20. 5, 49 = 7,905,504 — 2s — 1,361,769 = 


70905, 504 — 6,436,343 = 1,361,769.651,99 = 1469, 


161 — 1,361,769.651,99) = 107,391-348,01, There- 
fore Sat alone will be leſs than 107, 391 348, 01, and 


conſequently = will be n than — De — , or than 

2222 4 or than 1272323 8 RAG or than 
5 x 23.9 5 X 326, 280.8641 | 

1 „ or a o. 06 &c. Therefore the firſt, 


1,63 7, 404.3206 


or higheſt, figure of the true value of 2 muſt be either 


0.06, that is, 6 in the ſecond place of detimal fractions, 
or ſome lower figure; and, if the value of the quinqui- 
nomial quantity 54 + 104%? + Ia + Fa + 2˙ 
reſulting from the ſubſtitution of o.o6 in it's terms in- 
ſtead of 2, ſhall be equal to, or leſs than, 107,391. 348,01, - 
(the abſolute term of the laſt equation 5 + 10a3z* + 
Ioa*s3 + 5gazt + 35 = 109,391. 248,c1,) the ſaid 
fraction 0.06 will at the ſame time be either exactly equal 
to, or leſs than, the true value of z, and in the latter caſe 
the figure 6, in the ſecond place of decimal fractions, 
will be the firſt, or higheſt, figure of the ſaid true value 

G 8 „ 
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of 3. We muſt: therefore now ſubſtitute 0.06 inſtead of 
S in the quinquinomial quantity 5a4z + 1043 + 10a%z3. 
＋ gaz* + 25, in order to diſcover whether the reſult 
will be equal to, or leſs than, 197,391-348,01. | 


Now, if z is = 0.06, we ſhall have 2 = 0.00306, | 
and 23 = 0.000,216, and z* = 0.000,012,96, and 25 = 
0.000,000,777,0, and conſequently 5 (= 5a* X 0.06 

= 5 X 23.91 X 0.06 =5 X 326, 280.8641 * 0.06 = z 
1,631,404.3205 X 0.06) = 97, 884.259, 230, and T0a3z? 
(= 10a X 0.0036 = 10 X 23.91% X 0.c036 = 10 X 
13,651.919 X 0.0036 = 136,519.19 X 0.0036) = 
491.469,c84, and 10% (= 1047 X 0.000,216 = 10 
X 23-9}* Xx o. ooo, 216 = 10 X 571.21 & 0.000,216 = 
5712. 1 X O. oo, 216) = 1.233, 813,6, and 5az* (= 5a X 
o. ooo, 012,96 == 5 X 23.9 X 0.000,C12,96 = 119.5 Xx O. ooo, 
012,96) = = 0.00 1,548,720. Therefore the whole quinqui- 


nomial quantity 3 + 10352 + 10023 + Sa + 25 will 


be (= 97,884-259,239 + 491-409,084 + 1.233, 813,6 
+ 0.001,548,720 + 0.0c0,000,777,0) = 98, 376.963, 
677,097,6; which is leſs than 107,391. 348,01. Therefore 
0.06 is leſs than the true value of z in the equation 
54˙Z⸗ + Io + Loa *23 + gaz* + 25 = 107,391. 348,01, 
and will be the firſt, or higheſt, figure of the ſaid true 
value. Therefore the four higheſt figures of the value 
of 2 + 2, or of 23.9 + &, or of the fifth root of the 
propoſed number 7,905, 504, will be 23.96. Q. E. 1. 


And in this manner we may continue the inveſtigation 
of this fifth root to as many decimal figures as we pleaſe, 
WG | gr 


FY 


ALGEBRAICK EQUATIONS BY APPROXIMATION. 451 


by putting @ for the part of the root that is already diſ- 
covered, and z for the unknown remainder of it, and 
proceeding in the manner that has been deſcribed in the 
foregoing articles; every new proceſs of the computation 
giving us a new figure of the ſaid root. 
A S8 CHOLIU M. 

Art. 8. Tuis method of extracting the fifth root of 
the number 7, 905, 504 is perfectly juſt and accurate, 
but is, as we have ſeen, attended with a great deal of 
labour. And this has induced the Mathematicians of 
the latter part of the laſt century to look-out for eaſier 
methods of obtaining the fame end. And in this they 
have been remarkably ſucceſsfull, partly by means of the 
noble invention of Logarithms, (found out by Lord 
Napier in the year 1614, and brought to great perfection 
by Mr. Henry Briggs in the year 1624,) and partly by 
Mr. Raphſon's and Monfieur de Lagny's methods of 
extracting the roots of numbers by approximation. For 
by the common Tables of Logarithms we may find any 
root of a given number exact to five places of figures 
with very little trouble, without making uſe of the pro- 
portional parts that are ſet down in theſe Tables; 1. and 
by the help of thoſe proportional parts we may obtain 
theſe roots to two figures more, that is, to ſeven places 
of figures, or, at leaſt, to ſix places of figures. And, 
when we have by this, or any other, means found the 


root of a number exact to any number of figures, we 
G 62 5 1 


452 A SPECIMEN OF VIETA'S-METHOD OF RESOLVING 


may, by only one application of the expreſſion given us 
by Monſieur de Lagny for finding a more exact value of 
it, find twice as many more figures, or, at leaft, twice 
as many more figures wanting one, of the ſaid root, as 
we had before obtained by means of the Table of Lo- 
garithms, or in any other way; ſo that, if the root 
already found (by means of the Table of Loga- 
rithms, or otherwiſe) was exact to five places of fi- 
gures, we may find, by that expreſſion of Monſieur de 
Lagny, ten more figures, or, at leaſt, nine more figures, 
of the ſaid root, that will be all exact. Of this I will 
now give an example in the caſe of the fifth root of the 
number 7,905,504, which we have juſt now extracted 
by the method of Vieta, and of which we have found 
: the firſt four my to be 23.96. | 


The 8 of the Fifth 5 of the ſame Number, 
7,905, 504, by Means of the Expreſſion given by Mor eur 
de Lagny for that Purpoſe. 


| Art. 9. Monſieur ie 3 Cal expreſſion for 
the value of any root of a given number, when a firſt 
near value of the ſaid root, that is leſs than it's true va- 


le, has been already found, is as follows: If the given 


number be called N, and the mth root of the ſaid num- 
ber be required to be found, n being any whole number 
' whatſoever; and a be a firſt near value of the root 
7 ſought, that is leſs than it's true value; the more accu- 
rate value of the ſaid wth root of the number N will be 


— 


— 


* r 


Now 


very ary. equal to a + 
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Now let it be required to find the fifth root of the 
number 75005, 50. And let it be ſuppoſed that we 
have already found, (either by a Table of Logarithms, . 
or in ſome other way,) that the three firſt hgures of this 
ſifth root are 23.9. 


Then will N be = 7,005,504, and m will be = 8 


and @ will be = 23.9, and a” will be (= 23.915) = 


7,798,112. 651,99, and N- a will be (= 7,905,504 — 
73798, 112.65 1,99) = 107, 391. 348,01, and 2a will be 


(= 3 x 23.0) = 478, and 24 * N- @” will be (= 


47.8 * 107,391-348,01) = 5,133, 306. 434,878. And 
m — I will be (= 5 —1) = 4, and m + 1 will be 


(=5 +1)=6, and = X N will be (= 4 * 
7,905, 04) 31,622,016, and m + M a” will be 
(= 6 X 7,798,112. 651,99) = 46,788, 675.911, 94, and 


m - I) Xx NAT Nn ＋ * 5 will be (= 31,622,016 + 
e 5675. HON = 78, 41,6 . 911,94. Therefore 


35 N 2..ö˙ ges 434.878 
a—xN+£4+0 x6" : mann 
24 X N — a 


1 0.065,466,9 Therefore a * — 
| = NN TAN 4. 


win be = 23.9 + o. e or 23. 965,466,9; that 
is, the fifth root of the number 7, 905, 504 will be very 
nearly = 23.965, 466, 9 . E. I. 


663 | 1 The 
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The Extraction of the Fifth Root of the ſame Numer, 
75905, 504, by Means of the Expreſſion given ty Mr. 
KRaphſon for that Purpoſe. | 


Art. 10. Mr. Raphſon's expreſſion for the ſecond near 


3 | - 5 
value of the mth root of the amps Nisa + 2 


— 


,9954504= fg. 
$* 733-9 of 
= 23-9 = a 


which in the 3 caſe is 23. 9 + 2; 


bY 7,905,504 — 7,798,112.651,99 
| uy 23-9 . 5 X 326,280. 8641 


107,391 348,01 8 3 
1,03 04.3205 23.9 + 0.0058) = 23.9658. There- 


fore, according to this expreſſion given us by Mr. Raph- | 
fon, the 5th root of the number 77,905, 504 is = 


83-0058. - * 1. 


This value of 55955584 agrees with the former 
value of it found above by Monſieur de Lagny's more 
accurate expreſſion, to wit, 23.965,466,9, in the five 
' firſt figures 23-965, which therefore muſt be exact: and ; 
conſequeatly this fimple expreſſion of Mr. Raphſon has 
given us two new figures of the root ſought, to wit, the 
two 3 o. 06 5, exactly. 


| Of the R blame 3 Vieta's 27 ei pod of extracting the - 
ſaid Fiſth Root of 71,905,504, and Mr. Raphſon's Methed | 
f extratting it. 


Art. 11. Though, 3 to Views method of 
proceeding in the extraction of theſe roots, we obtain 
55 EO | | but 


** 
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but one new figure of the root by every new proceſs of 


the inveſtigation (which makes the extraction of a root 


to ten or twelve places of figures by this method into» 
lerably laborious,) yet, in truth, each proceſs of the in- 
veſtigation would, if we continued the diviſion of the 
known number that is equal to the quinquinomial quan- 
tity 54 + 10a33* + Loa + 5 % + 25, or to 


75,90 5, 504 — 45, (which known number Vieta calls 2% 


reſolvend,) to more than one figure in the quotient, give 
us, at leaſt, as many new figures of the root, wanting 


one figure, exact as there are figures in a, or the part of 


the root that is already known. Thus, for example, in 


the laſt proceſs of the foregoing inveſtigation, if we had 


continued the diviſion of the laſt dividend, or re/olvend, 
107,391.348,01 by the diviſor 5a*, or 1 „531,404, 3205, 

(in art. 7, to two figures in the quotient, (which would 
have been the two figures o. 065, ) we ſhould have ob- 
tained the fifth figure of the true value of a + 2, or of 
the 5th root of 7,905,504, to wit, 0.005, as well as the 
fourth figure of it, to wit, 0.00, and we might have 
concluded that 23-965 was the value af the ſaid fifth root 


to five places of figures, inftead of concluding that 23.96 _ 


was it's value to only four places of figures. And this 
obſervation may, perhaps; have been the ground of Mr. 
Raphſor's very ſimple and uſefull method of extracting 
the roots of numbers by approximation, (which I have 


ſet forth and explained in pages 508, 509, and 510 of a 


Tract publiſhed in the year 1795 in a large volume in 
oftavo, containing Mr. James Bernoulli's Doctrine of 
Permutations and Combinations, and other uſefull tracts 


on mathematical ſubjects,) the very ſame operation of 


e with the fame dividend, and * Which is 
AM here 
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here performed in one of the proceſſes of Vieta's method 
of extracting the roots of numbers, being performed 


alſo in Mr. Raphſon's method of extracting them, but 


with a continuation of the diviſion to more than one 


figure in the quotient, and, in general, to ſo many fi- 


gures, wanting one, as there are figures in a, or the part 


of the root that is already known. But in the foregoing 


inveſtigation of the fifth root of the number 7, 905, 5s 4, 


(contained in art 4, 5, 6, and 7,) I have adhered ftrictly 
to Vieta's method of proceeding, by which only one new 


figure of the root is obtained by each new proceſs of the 


_ Inveſtigation ; becauſe the only reaſon for my exhibiting 
in the foregoing articles this example of Vieta's method 
of extracting the roots of numbers, or reſolving equa- 
tions involving only pure powers of an unknown quan- 
tity, was to lay a foundation for the more ready appre- 
henſion of his method of proceeding in the extraction of 
the roots of affected powers of an unknown quantity, or 
in the reſolution of affected equations. I therefore ſhall 
no endeavour to explain his method of reſolving the 
above-mentioned affected equation of the fifth order, to 
wit, x* — S + 50 75,905, og. 


/ | : | | 


A Refalution of the Aﬀected Equation a — $43 + 500 x 
= 7290335 * in the Manner ee by Vieta. 


Ari. 12. { View begins his reſolution of this affected 


equation by obſerving that i it's root muſt be nearly equal 
to the root of the pure equation xi = 75905, 504, which 


has the ſame donn n, or une term 7,905, 
| wh 


— 
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$04, as the ſaid affected equation: and he thence con» 
cludes that the firſt, or higheſt, figure of the value of * 
in the ſaid affected equation will be a figure in the place 
of tens, and will be a 2, and conſequently will be equal 
to 20; becauſe the firſt, or higheſt, figure of the value 
of x in the pure equation & = 7,905,504, or the firſt, 
or higheſt, figure of the fifth root of the number 
7,905,504, is a figure in the place of tens and is a 2, 
and conſequently is equal to 20; as we have ſeen in the 
foregoing inveſtigation of jt. Vieta then ſubſtitutes 20 
inſtead of * in the trinomial quantity ** — 5x3 + 500x 
(which he calls the fifth power of æ affected by the ſub- 
traction of 5 times the cube of x from it, and by the 
addition of 500 times the firſt, or ſimple, power of æ, 
or 500 times the unknown quantity itſelf, to it,) in 
order to diſcover whether the reſult of ſuch ſubſtitution 
will be equal to, greater than, or leſs than, the abſolute | 


term 799 55 504. 


Now, if 1 be Mer to be = 20, we ſhall have 
To = $8000, and x5 = $200,000, and gx* (= 5 X 
8500) =" 40,000, and 500x (= 500 X 20) = 10, ooo. 
Therefore x5 — 5x* + 500x will be (= 3,200,000 — 
40,000 + 10,000 = 3,200,000 — 30,000) = 3,170,000, 
which is leſs than 7,905,504, or the abſolute term of the 
_ propoſed equation x5 — 5x* + 500x = 7,905,504, or 
_ the true value of the trinomial quantity x5 — 5 
+ Sox in that equation. And hence he concludes 

| that 20 muſt be leſs than the true value of » in that 
equation, and that the ſaid true value will be ſome num- 
per greater than 20, but leſs than 30. 
| | . Art. 13. 


$38 4 SPECIMEN or VIETA's METHOD or RESOLVING 


Art. 13. This ooncluſion will be confirmed by, ſe- 
condly, ſuppoſing x to be = 3o, and ſubſtituting 30 
inſtead of in the trinomial quantity * — 5 + goox. 
For, if x is = 30, we ſhall have x3 = 27,000, and 
* = 24,399,000, and 5x* (= 5. X 279,000) = 135,000, 
and 500x (= 500 X30) = 15,000, and conſequently 
* — $48 + Sox ( = 24,309,000 — 13353, 0% + ; 
$5,900 = 24,300,000 — 120,000) = 24,180,000 3 
which is much greater than 7,905, 504. Therefore, 
While x increaſes from 20 to 30, the trinomial quantity 
a5 gr + Soo will increaſe from 3,170,000 to 
' 24,180,000 ; and conſequently there muſt have been a 
point of time, during the increaſe of » from 20 to 30, 
at which the ſaid trinomial quantity will have been ex- 
actly equal to any quantity greater than 3,170,000 and 
leſs than 24,180,000, and conſequently to the quantity 
7905, 504» or the abſolute term of the equation a — 
gx3 + 500x = 7,905,504 ; or there will be ſome quan- 
tty greater than 20, but lefs than 3o, that, being ſub- 
- Rituted inſtead of & in the trinomial quantity * — S&K 
+ 500x, will make the ſaid trinomial quantity be ex- 
aQtly equal to 7,905,504, or the abſolute term of the 
propoſed equation x5 — fr + 50 = 7,905,504 3 or, 
in other words, the root of the ſaid equation will be 


greater than 20, but leſs than 30. L. E. p. 
4 j 


Art. 14. Having thus found that *, or the root of the 
equation x5 — 5x* + 500x = 7,905, $04, is greater 
than 20, but leſs than 30, Vieta proceeds to inveſtigate 


the addition that muſt be made to 20 in order to make it 
equal 
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equal to æ, or the root of the ſaid equation. And his 
method of making this inveſtigation is in ſubſtance equi» | 


valent to the following train of n though ex- 
preſſed in other words. 


— 


Let the letter a be put for 20, or the part of the root # 


| that is already known; and let z be put for the unknown 
remainder of the ſaid root. 


3 a be = @ + 2, and conſequently x5 will be 
(Sa Tals) = & + 5a%z + 10a*z* + 109% + card 
+ , and x3 will be ( 2 TZI) = % + 3% + 

3az* + 23, and conſequently 5x3 will be (= 5 N 
fa3 + 3a's + 30 + 2) = 5a3 + 15a*z + 15az* 
+ 523, and g0ox, will be (= 500 X A = 5002 


+ 500z. Therefore the trinomial quantity x5 = 523 
+ 500x will be = the multinomial quantity 


a5 ＋ gat + 109322 + 1045 + 5a2* + 5 Y' 
— Fa — 15 — 15a — g23 


＋ 50a + ou } 


But the trinomial quantity ** — 528 + 500 is = 
e 


Therefore the multinomial quantity 


as + Fa + 109%? + 10% + Hans * 25 
— $43 — 15422 — 1 aa — 523 
„ 50 + 5090z FE: 
will alſo be = 1,905,504. NY 
: But 


2 


* — EY „ * — 
, 


| 


obs Dares aaa fp to 2 
— . r rere 
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But a5 — 5a + Soo has been ſhewn' to be = 


| $170,000; and 5atis (= 5 X 2c. = 5 * 160,000) 


.= 800,000, and 154 is (= 15 X 400) = 6000, and 
conſequently 54“ — 15a* + 500 is (= 8c0,000 — 600 
+ 500 = 794,000 + 500) = 794,500; and 1on? is 
(= 10 X 8000) = 80,000, and 15a is (= 15 X 20) 
= 300, and conſequently 1043 — 15a is (= $0,000 — 
300) = 79, 700; and 10a? is (= 10 X 400) = 4000, 
and conſequently 104 = 5 is (= 4000 — 5) = 3995 

and 5a is ( 5 X 20) = _ | 


£ Therefore the multinomial cures Þ 


— 5423 — Iga% — 15 = $7 
+ $002 + 5002 =» . * 


{. ; a + gon + 1oa 2 + ENS * = ＋ 3⁸ 


= the ſextinomial quantity 3,170,000 + 794, 500 
+ 79, ÿ & +. 39952 + 10 b. : 


Therefore the ſextinomial quantity 3,170,000 + 


= 794, 50OZz + 79,7002? + 399523 + 100z* + 25 will be : 
= 77905, 04. And conſequently (ſubtracting 3,170,000 
from both ſides,) the quinquinomial quantity 794,500z 


＋ 79,700z* + 3995z2* + 100z* + 25 will be * 
790580 — 3.170, oo) = 4,735, 504. 


Ls a ſingle term 704, 5002 will be leſs than 
4,735, 504, and conſequently 2 will be leſs chan 


a, * than 5.96 Kc. We wall therefore fow- 


. poſe 
9 
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poſe z to be = 5, and will ſubſtitute 5 inſtead of z in 
the quinquinomial quantity 794,500z ＋ 79,7002* ＋ 
39952? + fo + 25, in order to diſcoyer whether the 
value of the ſaid quinquinomial quantity reſulting from 
this ſubſtitution will be equal to, greater than, or leſs 
than, 4,735,504, or the abſolute term of the laſt equa» 
tion 794,500z + 70, 00 ＋ 3995 + 100z% + 25 = 
44735504, and conſequently whether 5 will be equal to, 
greater than, or leſs than, the true value of z in that 
equation. | | = 
Now, if zis = 5, we ſhall have z* = 25, and 23 = 
125, and 2* = 625, and 25 = 3125, and conſequently 
794,500 (= 794,500 x 5) = 3,972,500, and 79,700z? 
(= 79,700 X 25) = 1,992,500. Therefore 794,500 
+ 79, 00 will be (= 3,972,500 + 1, 992, 5 00 = 
5,965,000, which is greater than 4, 73 5, 04. Therefore, 
2 fortiori, the whole quinquinomial quantity 794, 500 
+ 79,7002? + 39952 + 1c0z* + 25 muſt be greater 
than 4,735,504 3 and conſequently 5 muſt be greater 


than the true value of z in the ſaid equation 794,500z'4, | 
79,7 c * 39952? + 1002? + 2 = 4573575504. 8 . | 


We will therefore in the next place ſuppoſe z to be 

= 4, and will ſubſtitute 4 inſtead of & in the terms of 
the ſaid quinquinomial quantity 794,5cos + 79,700Z* 
+ 39952* + 100z# + 85, in order to diſcover whether 
the value of the ſaid quinquinomial quantity reſulting 
from ſuch ſubſtitution will be equal to, greater than, or | | 

| leſs 


Z —_ * 
n ” NTA > WE. <a, IR 


** 
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leſs than, the number 4,735,504, or the abſolute term of 
the equation 794,500z + 79,7008? 39052 + 100z* 
+ 25 = 447353504, and conſequently whether 4 is equal 
to, greater than, or leſs than, the true value of x in that 


| on. 


e 2 is = 4, we ſhall have =* = 16, and & = 
64, and z* = 256, and & = 1024. Therefore 794, 
$OOz will be (= 794,500' X 4) = 3,178,000, and 
79.70 will be (= 79,700 X 16) = 1,275,200, 
and 3995z* will be (= 3995 X 64) = 255,680, and 
1002. will be (= 100 X. 256) = 25,600, and conſe- 
quently the whole quinquinomial quantity 794,500z + 
79,700z* + 39952 + 100z* + 28 will be (= 3,178,000 


— © 1,275,200 —.— 255,680 + 25,600 * 1024) * 4,7355 


504. Therefore 4 is exactly equal to the true value of z 
in the equation 794, 500 + 79, + 3095 + 100. 
+ 25 2 4957355504; and conſequently 4 ＋ 2, Or 20 + 2, 
is exactly equal to 20 + 4, or 24, or the root x of the 
propofed equation x5 — 52% + 500r '= 7, 905, 504 is 
exactly equal to 24. . . 1. * £520 


=" 


Are. I 5: And, "accordingly if we ſuppoſe x to be 


caqual to 24, We ſhall have xx. (= 24)) = £76, and 


* (= 201) = 13,824, and *. (= 24]*) = 3319776, 
and x3 (= 24\5) = 7,062,624, and 5x3 (= 5 X 
13,824) = 69,120, and 50ox (= 500 * 24) = 12,000, 
and conſequently a — 5x3 + 500x (= 7,962,624 — 
69,120. + 12,000 = 719743624 — 69,120) = 7,905, 

| pc. 
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Fog. Therefore 24 is the 3 value of x in . 
poſed equation #5 — as + zo = 7,905,504 | 


* E. 9 
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H Refelution of the fame Equation XS — 5x3 ＋ 500% 
2 7,905,504 LE, Mr.  Raphſor's Method Arme. 


mation, 


5 5 3 1 „ 
r 5 * — 5 
— 2 r 


eo 


8 


_ 


a | Art. 16. 1 will now reſolve the foregoing. equation 
45 — 543 + 500 = 7,905,504 by Mr. Raphſon's 
method of approximation, that the circumſtances in 

which it agrees with Vieta's method of reſolving it, and 
thoſe in which the methods differ from each other, may 
be the more apparent. And, in order to obtain the 
value of a, or a firſt near value of the root æ, to be 
made the ground, or baſis, of a further approach to it's 
true value in the manner preſcribed by Mr. Raphſon, it 
will be convenient to Proceed as follows: 


r 
a 1 A 


Let us, firſt, ſuppoſe æ to be 10, and ry the ele 
of that REN 


+ Now, if x is: =t0; we: ſhall have »s = a 
#5 = 100,000, and s = 5000, and 50 (= 500 * 
10) = 5000, and' conſequently x5 — 5x3 + 500x (= 
_ 100,000 — 5000 ＋ 5000) = Ioo ,000 3 Which i is much 
| leſs 


4 „ ; : f 8 * 
I ; 


* 
» * * * 
k FP . : 4 
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* C leſs than 74905504» or the abſolute term of the propoſed 
* - Equation x5 — $43 + 500 = 75905, Sog. 
TH 5 We will therefore, in the ſecond place, ſuppoſe x to 
* © be = 20, and try the effect of this ſuppoſition. 


> ran x is = 20, we ſhall have & = 8000, and 

= 3,200. 000, and 5x* (= 5 X-8000) = 40,000, and 

1 (= soo X 20) = 10,000, and conſequently a5 

$5235 + coor = 3,200,000 — 40,000 + 10,000 = 

23210,000 — 40.000 = 43,170,000; which is alſo leſs 

than 7,905,504, or the abſolute term of the propoſed 

equation. 

7 

we will therefore, | in the third has ſuppoſe æ to be | 

= = 30, and ty the <fſeQ of that 22892 5 


hes, if * 2 = 30, we ſhall bie af = $7,000, and 

* == ' 24,300,000, and 5a 2 5 X 27,000) = 135, 000, 
and soo (= 500 X 30) = 15,000, and conſequently 

x5 — $523 + 500x ( = 24,300,000 — 135, oo * 
15,000 = 24,315,000 — 135,000 ) = 24,120.000 
which is greater than 7,905, 504, or the abſolute term of 
the propoſed Os 


Therefore, white 3 x increaſes from 20 to 20, the tri- 
nomial quantity #5 — 5x* + 5oox will increaſe from 
3,170,000 to 24,180 ooo, and conſequently will, at ſome 
one inſtant of time during the ſaid increaſe of & from 
20 to 30, be equal to any quantity that is greater than 
3 170,000 and lets than 24,180,000, and therefore to the 

| quantity 
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quantity 7,995,504, or the abſolute term of the propoſed- . 


equation x5 — 5 + 500x = 7,905,504; or, there 
will be ſome quantity greater than 20, but leſs than 30, 
that, being ſubſtituted inſtead of x in the trinomial 
quantity 5 — 5 + 500x, will make the ſaid quantity 
be equal to 7,905,504 3 that is, the root of the propoſed 
equation & — 5x3 + 500# = 7905,504 will be greater 
than 20, but leſs than 30. 


Are. 17. We might now proceed to make further con- 
jectures and trials concerning the magnitude of æ, in 
order to approach a little nearer to it's true value than 
we have hitherto done, before we have recourſe to Mr. 


Raphſon's method of approximation to obtain a more 


exact value of it. But, as in Vieta's method of reſolving 
this equation, (which has been deſcribed in the preceed- 
ing articles,) the ſecond proceſs of the inveſtigation 


begins from a ſuppoſition that by the firſt proceſs of it 


we have only diſcovered that x is greater than 20, I will 
| take 20 for the value of a, or the firſt near value of x, 
from which I will begin the further approach to it's true 
value by Mr. Raphſon's method ; by which means the 
fimilitude of the two methods to each other, and like- 
wiſe the points in which they differ from each other, 
will be ſeen more diſtinctly. 


1 will therefore now ſuppoſe z to be equal to the ex- 


ceſs of the true value of » above 20, or a, it's near 
value, and ſubſtitute 20 + z, or 4 ＋ z, inſtead. of &, 


| in the propoſed equation x5 — 5 + 500x =. 7,905, 
504, nen all the terms that involve any higher 
1 h c powers 


n 


4 > do. 
+ N 
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powers of 2 than it's fimple power, or 2 itlelk, agreeably 
to Mr. Raphſon's directions. 


Now, if æ is = a + 2, we ſhall have * = a + 2* 
= 4 + Ja's + Kc, and as = a +25 = as 0 8 5a% 
+ Ke, and 3 (= 5 X 45 + 34 + Nc) = 5 + 
1542 + Ke, and 500x (= 500 * a+z) = 5coa 

+ Soda, and conſequently x5 — 5x* + SO = 


„ 
— 54 — Ia — & 2 Os = 
+ So + 509z 
37200, oo0 + 5 * 160,000 X z + &c 
_ 5 * 8000 — 15 X 400 Xx * — &c 
| + 500 x 20 + 500z 2 ps 


| 


3,200,000 + $092,000 X * 4 &c 
— 40,000 = G6000 x 2 — &c 


; + 10,000 + 500 * X 


I 3,210,000 + 800,500 x 2 + &c | 5 
1 — 40,000 = 60 x z &, þ 


2 3,170,200 + 794500 * 2 &C. 
But x5 — ga? + 500x is = 7,905,504- 


Therefore 3, 170, 00 + 794, 500 * 2 &c will alſo be 
= 7,905, 504; and conſequently 794,500 Xx z &c will 


- be (= 7,905,504 — 3,170,000) = 437352504 3 that is, 


794,500 
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794, 500 X 2 together with the omitted terms included 


under the &c, will be = 4,735,504. Thereſore 794, 


500 X x alone will be ſomewhat leſs than, but nearly 


equal to, 47 355504 3 and conſequently à will be ſome- 


or 5.96 


4735,50 8 
794300 


Kc. Therefore a + 2, or 20 + , or the root of the 
propoſed equation #5 — 5 + 500w = 7,995, 504z 


what leſs than, but nearly equal to, 


will be ſomewhat leſs than, but nearly equal to, 20 + 


5.96 Kc, or 25.96 &. 

We will therefore ſuppoſe z to be equal to 5, and 
conſequently x, or 20 + 2, to be equal to 25, and try 
the effect of that {uppolition. 

7 if x is = 25, we ſhall have * ( 2509 
15,025, and æ = 9,765,625, and 5* (= 5 X 15,625) 


= 78, 125, and Fo? ( = 500 X 25 ) = 123500, and 


couſequently a — 5x + For (= 9,765,025 — 


78,125 + 12,500 = 9,778,125 — 78,125) = 9,709,0903 | 
which is conſiderably greater than 7,905,504, or the 


abſolute term of the equation x5 — 5 + 500v = 
7,905,504. Therefore 25 is greater than the true value 
of * in that equation. 


We will therefore, in the next place, ſuppoſe ⁊ to be 


= 4, and conſequently 20 + 2, or x, to be = 20 + 45 | 


or 24, and try the effect of that ſuppoſition. 


Now, if & is = 24, we hal have ** (= — 


13.324, and x5 * (= Al. ) = 


Hhz2 4” 1 


” > ” . 2 ey _— — — — — 
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1 824) = 69,120, and Sc (= 23 * 24 


I! 


12,000, and conſequently 300 (= 

7:962,624 — 69,120 + 12,000 = 7,974,624 — 

69, 120) = 7,905,504, or the abſolute term of the 

propoſed equation x5 — 5.43 + Soo = 7,905,504» 

Therefore 2, is the true value of x in the ſaid equation. 
N 1 7 1 . 


A 8 


Art. 18. WE may obſerve that in this application of 
Nr. Raphſon's method of approximation to the finding 
a ſecond near value of * after having already found that 
it was greater than 20, we came to the diviſion of the 
ſame dividend 4,735,504, by the fame diviſor 794,500, 
by means of which we had obtained the value of a, or 
the difference between 20 and the true value of & in 
Vieta's inveſtigation ; ſo that the reaſonings uſed in the 
two methods in this part of the inveſtigation are the ſame 
in ſubſtance, and produce the ſame final reſult, namely, 
a near value of z equal to the quotient, 5.90, of the 
diviſion of the number 437 355594 by the number 794, 500. 
But in Mr. Raphſon's method of proceeding the four 
Jatter terms of the quinguinonual quantity 5% + ic 
＋ Toa 2 + 5%“ + 27, or 794,500z. + 79,7062? + 
29952? + 1003 ＋ 25, are omitted, as un important to 
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the final reſult, which is obtained by Cuppoling the firſt 
of thoſe terms alone, to wit, the term sax, or 794,500z, 
to be equal to the number 4,735,504, and dividing the 
ſaid number (which Vieta calls the reſolvend, by 54%, or 


794,500, or the co-efficient of z. This omiſhon is a 


ſaving of unneceſſary labour in Mr. Raphſon's method of 


proceeding, and ſeems to be the only advantage it has 


over Vieta's method in the reſolution of the foregoing 
_ equation : But, when a, or the known part of the value 
of æ in any equation, conſiſts or three, or ſour, or more, 
figures that are all true, or exact, Mr. Raphſon's method has 
A great advantage over Victa's, which is owing to his conti- 
nuing the quotient ariſing from the diviſion of the reſolvend 
by 547, or the co- efficient of z, (which diviſion occurs both 
in Vieta's method. and in Mr. Raphſon's,) to more figures 
than Vieta does, namely, to as many figures, wanting 
one, as there are figures in a, or the part of the value 
of x that 1 already known ; all which figures will be 
cxact: whereas Vieta continues this diviſion to only one 
figure in the quotient, and ſo obtains but one new figure 
of the true value of , or the root of the propoſed 


equation, by every new proceſs of his inveſtigation z 


which makes his method of reſolving theſe equations 
Learn, laborious and tedious, when their roots are to 


be obtained to ten or twelve places of figures. If Vieta 


had happened to obſerve that theſe diviſions might be 
ſafely continued to ſeveral figures in the quotients, or 
that ſeveral figures in the quotients, (namely, as many, 
wanting one, as there are figures in «, or the part of 
the value of & that is already known,) would be exact, 
and had conſe quent! directed his readers to continue the 
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diviſions to that number of [RIA in the quotients, his 
method would, as I conceive, have been the very 
fame with Mr. Raphſon' 8 and the art of reſolving 
equations of all kinds by approximation would not only - 
have been invented by him, (as it has been, ) but would 
have been brought by him at once to the higheſt degree 
of perfection of which it, probably, is capable. He 
thereſore ought to be conſidered as the original founder 
of the whole doctrine of reſolving equations by approxi- 
mation, or (as Lucretius ſays of his favourite philoſopher 
 Epicurus,) as the Pater et rerum Inventor on this ſubject, 
though Sir Iſaac Newton, Mr. Raphſon, Monſieur de 
Lagny, and Dr. Halley, and perhaps ſome ſubſequent 
Mathe maticians, have made valuable improvements on 
his method, by which the Practice of it has been very 


much facilitated. 


The Ead s the Specimen of 2 reta's M, * of refolving 
Algebraic Equations, 
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REMARKS on the Ale of Negative and 


Impoſſible Roots i in » Algebriich Equations. 


By WILLIAM FREND, M. A. 


FELLOW OF JESUS COLLEGE, CAMBRIDGE. 


Article 1. SR Iſaac Newton, Mr. George Campbell, 
| the celebrated Mr, Mac Laurin of Edin- ; 
burgh, the late Profeſſor Waring of Cambridge, and | 
other eminent writers on Algebra have laid down rules | 
for finding the number of impoſſible roots in any pro- 
poſed Algebraick equation: but theſe rules are far from 
being clear and ſatisfactory, and ſome of them are abſo- 
lutely unintelligible ; which indeed is not to be wonder- 
ed-at, ſince they are all ſounded on a falſe ſuppoſition,, 
which vitiates all the concluſions derived from it. This 
ſuppoſition, (which they lay down as an indiſputable, 8 
and almoſt ſelf-evident, maxim),) is, © That every 4 
Das briick equation has as many roots as it has dimenſions,” f 
though in truth there are very few equations in which 
this maxim n really takes place; to wie, only one ſingle 


form 
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form in each Join or order, of equations. Thus, for 
example, of all the three forms of affected quadratick 
equations, to wit, * + p f, 4X pr = , and 
pr — X = 9, it is only the third form, px — xx = 9, 
that can ever have two roots, and that only when the 


— 


abfolute term 9 is leſs than —, or than the iquare of 


2, or of half the — p, of the PEN. 


quantity *: and of all the thirteen different forms of 
affected cubick equations, to wit, * + px* = r, 43 — 
„„ + 4 x, a3 ORE gx = 7, 
3 1, * + pa? + gie-== „ a” + pat — ga = 8 
x3 2 + qe = 1, x? — N — Ox = r, — x5 + px* 
+ gx = OST a — an 
+ gx rx, it is only the ninth form, * — px* + ge 
= 7, that can ever * three e and that only when 


the ie term r is \ toſs than EN „ or be cube of =, 


or of the thir -d part of, p, the co-efficient of e and of 
the forty-five different forms of affected biquadratick 
equations it is __ the form — * + pas — gr + rw 
= FS, Or rr — gr? + px — * = « that can ever have 
four roots, and Hat only when the abſolute term i is leſs 
han 2 — „or the fourth power of 2 „or of the fourth 
25 

part of, p, the co. eſſicient of x?. 1 when theſe 
authors have laid down the foregoing general propoſition, 
(by which they extend what is true in only one form of 
every new degree, or order, of affected equations, and 
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not always even in that one form, to all the ochies forms 
of equations of the ſame order,) they find themſelves 
under a neceſſity of giving ſpecious names to a parcell 
of quantities which they endeavour to make paſs for 
roots df theſe equations, though in truth they are not ſo, 
in order to cover the falſehood of their general propoſi- 
tion, and give it, in words at leaſt, an appearance of 
truth; and with this view they call ſome of theſe quan- 
tities negative roots of the equation to which they relate, 
and others of them it's impoſſible rozts. And to deter- 
mine the number of the ſtrange quantities ſo denomi- 
nated, and diſcover how many of the ſuppoſed roots of 
a propoſed Algebriick equation are negative, and how. 
many are impoſſible, has been made by theſe myſterious 
writers an object, of great importance and moſt ſubtle 
and profound inveſtigation. | 


Art. 2. That the aforeſaid general propoſition con- 
cerning the number of ropts of an equation is falſe, 
will appear by examining only one form of an affected 
cubick equation that has all it's terms compleat; and 
that ſorm ſhall be the ſimpleſt form that can be choſen, 
namely, that in which all the terms involving the un- 
known quantity x are added to each other, and their ſum 
is declared to be equal to a certain known. wann to 
wit, the equation ** + * + qu = Ie 


aw this equation evidently can have only one root, 
For, if any particular number, being ſubſtituted inſtead 
of x in the trinomial quantity & + px? + , would 
make that quantity, e is the ſum of che three terms 
X's 
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23, px?, and gx.) become equal to the known quantity 7, 
or, in other words, is the root of this equation, it is 
evident that any quantity greater, or leſs, than that num- 
ber, being ſubſtituted in the ſaid trinomial quantity, 
would make it greater, or leſs, than it was before, and 
conſequently greater, or leſs, than the abſolute term r, 
or, in other words, would not be a root of the equation. 
Here therefore the myſterious Algebriiſts, who maintain 
that every cubick equation has three roots, find them- 
ſelves at a loſs to ſupport their aſſertion by aſlligmng any 
poſſible quantities for the ſecond and third roots of the 
equation; and therefore they get out of the diſſiculty by 
declaring that this equation * ＋ px* + gx = r has 
one real and poſitive, or affirmative, root, and tab ime 
po/ible roots. This is firange language to be uſed in 
treating of Algebra, or Univerſal Aritbniclick, which is, 


in itſelf, the plaineſt and cleareſt of all fciences ! 


Art. 2. In the foregoing equation & + pr* + gr = r 
we have ſeen how the myſterious Algebraifts, in order 
to ſupport their fundamental, falfe, poſition, are obliged 
to have recourſe to the introduction of 11:p2/i6.e roots. 


We will now take another form of cubick equations in 


which they get rid of their difficulties by the introduction 
of only negative 70s, which ſeems to be a fiction ſome- 
what leſs bold and abſurd, or, at leaſt, leſs ſhocking to 
the ear, than that of impoſſible roots. But it is till 
a fiction, or falſe aſſertion : for it is introducing the 
roots of another equation, and declaring them to be 
roots of the equation under ee Let us ſup- 
| poſe the . equation to be 5a 3 

| "which, 


q 
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which, if the abſolute term r is leſs than a certain quan- 
tity, may have two roots, but never can have three. 
Here then theſe writers, to maintain their general po- 
ſition, © that every equation has as many roots as it has 
dimenſions,” (according to which this cubick equation 
ought to have three roots, ) find themſelves under a ne- 
ceſſity of providing it with one root more; which they 
do in the following manner. They change the figns + 
and — of the terms qr and s, (Which involve the odd 
powers of x,) into the contrary ſigns — and +, and 
thereby convert the original equation pr? + ax —_ 
Dr into the equation pr — gu + = r, or & + 
pr — gu r, which is always poſſible, and has only 
one root; and this one root of this latter equation & + 
Fa — gu r they call a negative root of the former 
equation p + qu — * r. And thus, with this 
negative root of the ſaid original equation pa + gu — 
r = r and it's two former roots, (which really belong to 
it, if e is leſs than a certain finite quantity,) they compleat 
the number of three roots which, according to their grand, 
fundamental, propoſition, it ought to have. And, if 7 
ſhould be greater than the certain finite quantity juſt now 

alluded-to, and conlequently the original equation gr . 
gx — x* r ſhould become impoſſible, or, rather, falſe *, 
they then, to maintain their grand, ſundamental, Propo- 


* For an equation is nothing more than a propofition affirm- 
ing the equality of one, or more, unknown quantities, or terms 
involving the powers of an unknown quantity, to a known 
quantity, and, therefore, when tie former quantities cannot be 
equal to the latter, ought rather te be called 7a//e than im- 
 poffbe. | | 353 85 2 75 


ſition, 
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ſition, (according to which this equation ought to have 
three roots,) declare that this equation has two oline 
roots and one nn, root. | 


Art. 4. By the negative rats of an equation we are 
therefore to underſtand the real roots, or, in the lan- 
guage. of modern writers of Algebra, the poſitive, or 
aihrmative, roots, of another equation which is derived 
from the propoſed equation by changing the ſigns + 
and — that are prefixed to thoſe terms of it which in- 
volre in them the odd powers of the unknown quantity 
* into the contrary ſigns; which negative roots of the 
propoſed equation will often be ſufficient in number to 
increaſe the number of it's real, or poſitive, or“ aſſirm- 
ative, roots to the number required by the above men- 
tioned grand, fundamental, propofition laid down by the 
myſterious Algebräiſts, to wit, the number of dimenſions 
of x in the higheſt term of the equation, or the number 
of units contained in the index of the higheſt power 
of x. And by the impalſille roots of an equation we are 
to underſtand certain fictitious quantities which are not 
the roots of any equation whatſoever, and of which no 
clear and diſtinct idea can be formed, but which are in 
1umber equal to the exceſs of the number of units con- 
Jained in the index of the higheſt power of x in the 
equation above the ſum of both the real (or poſitive, or 
aHrma:ive) roots and the negative roots of the propoſed 
equation, and are therefore ſufficient to make the whole 
number of roots of the equation, real, or poſitive, ne- 
gative, and impoſſible, be equal to the number of the 
dimenſtons of the equation, or to the number of units 
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in the index of the higheſt power of x in the equation, 
_ agreeably to the grand, fundamental, maxim above- 


mentioned that is ſo much m by modern Al- 
e | | 


h Art. 5. And hence it is evident that, to find the 
number of impoſſible roots belonging to any equation, 
we need only, firſt, aſcertain the number of it's real, or 
Poſitive, roots, and, then that of it's negative roots, or 
of the real, or poſitive, roots of another equation that 
is derived from the firſt equation by changing the ſigns 
+ and — that are prefixed to all thoſe of it's terms 
which involve any odd powers of x, and then add theſe 
two numbers together, and ſubtract their ſum» from the 
number of the dimenſions of the equation, or the num- 
ber of units in the index of the higheſt power of in 
any of it's terms: for the remainder ariſing from this 
ſubtraction will be the number of the impoſſible roots' 
of the equation. 


See on this ſubject the foregoing part cf this preſent 


Collection of Tracts, pages 285, 286, and 287. 
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